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@ Exercise-1: Single Choice Problems

1. f(x) =log (2 -2log 1(16sin? x + 1))
0<log (16sin x +)<log,17 =2-2log,17<2-2log ;5(16sin? x + <2
= 0<2-2log 5(16sinx+1)<2 = f(x)<1 ‘

2. ForanybeRel*?is
el

le-bl_3

1

b\\é /nin

-2

Iel"'b| — a| has four distinct solutions a> 3 50 a & (3, «)

3. Domain =[-1, 1] and both are increasing functions. .
x = -1, we get minimum value & x =1, we get maximum value.

2 B
4 (22x2+2y _22x+2y2) =1-22x 2y 2x+2y+1 5

2

2
1 ; 1
= (X+EJ +(y+§) <0
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AY
AL
5. \y > X
(0.—8) /
7. sec”} D x24222
2 2(x%+2)
=sec”! —§+ 21 (21 51)
2 (x*+2) x2+2 2
= -1 5. 1 5 1
< -2)=7-— 2 -= S-S 4=-=-2
sec " (=2)=n —sec” " (2) (2+x2+2 5*3 )
| _2n
3
8. f’(x)=x2+ax+bisinjective ifD<0
a? -4b<0
If a=1,b=1,2,3,4,5 Number of pair =5
a=2,b=1,2,3,4,5 Number of pair=5
a=3,b=3,4,5 Number of pair =3
a=4,b=4,5 Number of pair =2
a=5 b has no value
9. f(x)=log.[x] = f(x)el0,1]
g(x) =|sin x| +|cos x|
= g(x) el1,2]
10. f(x)=2x%-3x2+6
fi(x)=6x%-6x20. = xe[l,®)
and f(x) e[5,x)
11. 0<{x}<1
A -D({Ex}+2)20
= {x}=0 = xez
14. 1+sin? xe[1,2]

b
—_c€|-,1
1+sin?x |2

N
1+sin?x) [6 2
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15. flx-y)=f(X)f(¥) - fla-x) f(a+y)

Put x=y=0

f0) =[£(0)1? - f(a) f(a)
= fla)=0 [ f(0)=1]
Put x=aand y=x
fla-x) = f(a) f(x) - £(0) f(a + x)

=  -fla-x)=fla+x) = f2a-x)=-f(x)

18. f(x)=4x-x2=y
x% -4x+ y=0

fl=2-Ja=x

19. [Ssinx] + [cosx] =-6
= -1<cosx<0 and -5<5sinx<-4

ﬁe[" "} Ke[1,3]

--155inx<—i
5

'20. f(x) =ax +cos x
f'(x)=a-sinx
if f(x) is invertible, then
f(x)200r f'(x)<0
= a2lora<-1

21. f(x) =[1+sinx]+[2 +sin§}+[3 +sin§]+...+[n +sin£]
n

=(1+2+3 +...+n)+[sinx]+[sin£J+[sin£]+...+|:sin£]
. 2 3 n

x%iax+1 '
T x%ix+l

(y-Dx?+(y-a)x+(y-1=0

D20

(y-a)?-4y-1n?20

-3y2 +y(8-2a)+a%*-420V yeR

Not possible
23. f(x) =[x] +[-x]

22, y
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“_:“F'Tv.
fea={% Xel
g(x) ={x} .
h(x) = f1g(0] = f({x}) {x}=0 xel
{x}={x} xel
_[ f(0) xel _[0 xel
“”’{ﬂun sal T T {4 xel

Hence, the option (b).
24. f(x)=[x}[—5] x€(0,90)

15| x

0<x<15 f(x)=0

15<x<30 flx)=-1

30<x<45 f(x)=-2

45< x <60 f(x)=-3

60<x<75 f(x)=-4

75<x<90 f(x)=-5

Total integers in range f(x) ={0,-1,-2,-3,-4,-5}

1
28. g(x)_f(IXI)

g(x) = even functions = symmetric about y-axis
= x—-o f(x)>0
atx =x; f(x)=0 = glx;) >
26. Homogeneous function = f(tx,ty) =t" f(x, y)

' 2x+3 <1
a7 f(x)=[a2x+1 ;>1

For x<1 f(x)<5

So for range of f(x) to beR.

= a?+1<5anda#0

= ael[-2,2]

Hence,a={-2,-1,1,2}
28. log,/3(log4(x~-5))>0

O<log4(x-5)<1

l<x-5<4
6<x<9
4 ’
29. f(x)=log ( ;—2Sx<2
N2 vx+i2-x
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30.

31.

32.

33.

34. y

s/2+x+«/2-x=y
4+2 4—x2 =y2
y€l2,242]

4 4
Range f(x)=|:10 —,log, —
g2 2‘/5 g2 2]

f(x) lies between B ) 1]

|x2+5x|+|x—x2|=|6x| = |x2 4+ 5x|+|x - x?| =|(x? +5x) + (x - x?)|
la|+|bl=|a+b|] = ab>0

(x? +5x)(x-x2) 20

x(x+5)-x(x-1)<0 = -5<x<1

fx)+ /(1] - f(x)f(lj
x x
= f(x)=1+x"
f(2)=33 =>n=5
Hence, f(x)=1+x°
Here, S+ f(=x) =0.
Hence not an odd function.

o5 = sinx +sin7x Isi xl___25in4xc033x+| inx]|
COS X + cos7x 2cos4xcos3x
: =tan 4x +|sin x|
8(x) period ==
x-1 x =o0dd
fx) = 2 f(X):N>Z

-— Xx=even
2

Let x=0odd=(2n+1;n>0

£ = 2”__+21 i’ SESgTEN integer

Let x =even =2m;m >0
£ = _27’" =-m = -veinteger
= Range = codomains = onto and clearly f(x) is one-one function,
Hence, bijective.
2x+l _gl-x 92x+l _o9
= ¥ L 2% - 22x +1
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y¥ +1) =% -12
2% .y 4 y=2%.2-2
22 (y-2)=-(2+Y)
22x ()’+2)

T(2-y)

35. ly|=x C:x>0)

= y=x y=20
y=—x2 y<0
36. f(x)=log (9 —x?)

S 9-x250 . - a2
Domains [x]>0and[x]¢1} = x€[2,3) » f(x)=log,(9-x*)
Range =(-oo,log 5 5]

37. Gives e* +ef¥) =¢
ef) —e_eX
= f(x) =log,.(e—e*)
Domain e —e* >0
x<l=>xe(-mo,1)
Range (-, 1)
38. Gives y+|y|=x+|x|
If x>0,y>0=>2y=2x=>y=x
x<0,y>0=>2y=0 =y=0
x>0,y<0=>0=2x =>x=0
x<0,y<0 =0=0 = whole region of III quadrant.

For person to be safe there should not be point common to the given curves and the voltage
field graph. Only y =m +| x| does not have any point of intersection with the curve.
39. Gives | f(x)+6-x?|=| f(x)|+|4 - x?*|+2

= [ fOX) +2+(4-x2)|=| f(x)| +]4 - x2|+2


http://www.jeebooks.in

www.jeebooks.in

e U Y R P G i S S

Since |a+b+c]=|a|+|b[+|c|
If a20,b20,c200ra50,b50,c50
= fx)20and4-x?20 = -2<x<2and f(x)>0
40. f(x)=cos px +sin x
Period : L.C.M. of (2_7:,2_1:)
p 1
For period to exist p should be a rational number.
41. y=f(e*) + f(In|x|)
Domain f(x) =(0, 1)
= O<e*<1 = x<0 (1)
and O<ln|x|<1 = 1<|x|<e= xe(-e,-Du(le) e
Taking intersection x e (e, — 1)
42. Givens  f(1)=2, f(2)=3, f(3)=4, f(4)=1, g(1) =3 and f[g(x)] = g[f(X)]
atx=1. fleM]=g[f(D] = f(3)=g2) = g2)=4
atx=2 f[g2)]=g[f(D] = f(4)=g3) = g(3)=1
atx=3 f[g]=g[f)] = f(D=g(4 = g4)=2
43. Gives [y +[¥11=2cosx = [y]+[yl=2cosx=> 2[y]=2cosx; [y]=cosx (1)

where- y= 31 [sin x + [sin x + [sin x]]]
- 31 [sin x + [sin x] + [sin x]]

y =§1(3 [sin x])

y =[sinx] (2
From eqn. (1) & (2),
[sin x] =cos x
= cosx=0,1,-1
Hence, no solution.

xn e

1 1
(x2n Sgn_".)2n+ 1

44. f(x) =

: (x2") |ex —e x
when f(x)=(x2n)2n+1 1 1
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2n b S X
X ex —e
- ; x<0
f(x) _(x2n)2n+1 _1_ __l_ }
eX +e X

Clearly, f(x) = f(-x).Hence, f(x) is even function.
45. f(n)=2(f() + f(2)...... + f(n-1)
f2Q)=2f(1)

£3) =201 + £(2)) = z[f—(:l . f(z)] -3£(2)

£(4) =2[£D) + £(2) + f(3)] =2[@ " fts)] =3f(3) =32 £(2)

m-1
=f(1)+2(3 _1) =3m—1

B-1

46. Gives F(x) = —=

\/1+x2

FUF(x)) = ——=
J1+2x2

X
fUFCf())) =
\/1 +3x2

X X

fofo...... fof(x) =J == -
n times 1+nx Jl+(zl)x2

47. f(x)=2x+|cosx|
Range f(x) =R =codomain = onto.
Clearly, f(x) is increasing function = one-one function.
48. Gives f(x) =x% + x? +3x +sinx
Since, f(x) is continuous function.
and f(x)=wasx— o
f(x) =-was x = -
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49.

50.

51.

52.

53.

Range f(x) =R =codomains = onto function
2
and f'(x) =3x2% +2x+3 +cosx=3(x+%) +§+cosx'=> f(x)>0

Hence, f(x) is one-one.
fO) ={x} + {x+ 1} +...{x + 99}
Since {x}={x+1} where I =integer
) = {x}+{x}..{x}
Ty
f(x) =100{x} = f(/2) =100{y2} =100 x 0.414 = 41.4
[f(V2)]1=41

|cot x + cosec x| =|cot x| +|cosec x|; x & [0, 27]
= cotx20and cosec x>0 = 1** quadrant

or cotx<O0andcosecx<0 = 4t quadrant
Hence, xe 0,E () 3—“,21t
2 2

If f(4+x)=f(4-x)

= f(x) is symmetric about x = 4.

Roots of f(x) =0 are of the form
c4-0,4+0,4-B,44B,4-7,4+7,4-5,4+8

fO)+x-6=(x-1D(x-2)(x-3)(x-4)(x-5)

= f(6) =120

f(X)=Vx-2 +J4-x

f(x)

* [5]-[5]

x €[1,9) U[11,18) U[22,27) U[33,36) U [44, 45)

X+=

55. log[ 1](2x2 +x-1)

2

[x+l]>0, [x+—;::| 1& 2x24+x-1>0
2
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= x+%22 & x-D(x+D>0

xz%&x(-co.-l)u(-zl-.w) '

= xe[g,w]
2
56. [x?1+[x]-2=0
Let [x]=t
= t2+t-2=0
= (t+2)(t-D=0
= t=-2ort=1
= [x]=-2o0r[x]=1
= xe[-2,-DU1,2)
58. f(x)is many one function.
59. f(f(x))=2+ f(x) flx)20
‘ =2 - f(x) f(x)<0

fUf(x)=4+x x20
=4-(x) x<0
2
60. [ =02 —2X+3) 4 . st

(3 +3x -4x2)2

Y?/

61.

62'

[@)=-2

=
"
w
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63. f(x) =sin(log, (cos(sin x)))
cos(sinx) <1 = cos(sinx) =1 = f(x) =0
64. -3<|[x]|<2 = -2<[x]<2 = -2<x<3
65. f(x)::;t—+cot‘1 {-x}
0<{-x}<1=Zccorl{y}< ™
4 2
66. f(f(x))=x
7 2
T f2008(xX) + fp09(x) =x+f(x)=x+M=2L,*;5
2x-3 2x-3
1 1
67. f(x)=(x+;+1)(x2+—2); x2+i222; x+i+123 = f(x)26
X X X i
68. f(x)=ex3—3x2-9x+2
f(x) =e("3'3"2‘9"+2)3(x -3)(x+1
= f(x) is many one.
atx =-1, f(x) =e’
atx — -, f(x) - 0
Range of f(x)is (0,e”].
69. D;:(-2,1) =
-w<log o= < '
1-
—ISsm[lo ( .. ]]
1-x
70. ’(x)>0VxeR = 3x2+2(a+2)x+3a20V xeR
= D<0
= 4(a+2)*-4.9a<0
= a%?-5a+4<0 = (a-1D(a-4)<0
= aell,4] ‘
71. Min. value of 3x% + bx +c=0
= D=0
| -1, _neain-1 ‘T
72. f(x)=sin"" x-cos™" x=2sin x—E
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73.

80.

81.

is one-one when
23=mn1+52-3b+10

= b2-3b+2=0

= b=1,2

We have, [x]* -7[x]+10<0

= ([x]-5)([x]-2)<0
= 2<[x]<5

= [x]=3 0r4

= x€[3,5)

and 4[y)1?> -16[y]+7<0
@2lyl-7N@2[yl-D<0

1 7
= E<[y]< 2
= [yl=1lor2or3
= yell,4)
Therefore, x+yel4,9)

[x+yle{4,5,6,7,8}
Hence, [x + y] cannot be 9.

| x| -x
eXl —e
f:R>R fx)=———
e +e™*
e e if x>0
X -X
f(x) = :_,*_‘e_, .
if x<0

e +e7*

Many one into function.
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82. Alx)such 1-x) +2/(x) =3x V x e R

.\*—s(-l-+.\')
2

f(%-.\*)ﬂ’. (%+.\')=3(§1+.\*] w1
.\-»(l-.\-)
2
f(%+.\')+2f(-;l_—.\')=3(§l—x) w0 (2)
D+ @ :
3(f(%+.\')+ %-.\')):3; f(%-.\*)=l—f(%+-\‘)
l+f(%+\)=%+3\, f(%+\)=—143\
. D e
x= 2:}'(0) 273 1

83. f:[0,5]- [0,5]
flx)=ax?® +he+c a,b,ceR,abc=0

or

0 5
25a+5b+c=0
f(5)=0
ax? + hx + c=0(a) £=5xf3
cx2+bx+a=0(l) p=2
a a
(3)
So, roots are| a, - |.
5
84. f(x)=x2? +Ax+pcosx
f(x)=x
85. f(k)=o0dd

fltk+1)=even k=1,2,3
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86.

87.

88.

89.

90.

91.

f() = odd
f(2) = even
f(3)=odd
f(4) = even

Hence, 4 functions.

f() = even
f(2) = odd
f(3) = even
f(4) = odd

f() = odd
@)= even | Hence, 4 funcrions,

f(4)=odd

Hence, 4 functions.

y =tan(sin x).

Here function is continuous and differentiable and y p,, =tan(1); y mis =—tanl
2

f ==

: : y| ‘
S, QJ[UE\
y=2+ 2 : .

(x-1)

1(1.0)
(y-2)(x-D=2 R’

Ry =[-2,4]
R, =[-1,2]

f=Gx*+D+ —zi—
x“+x+1

0< f(x)<1 ¥
0<7f(x)<7 =, 1
~1<sin(7f()) <1

In|In|x||>0 N |x|?2-7]q+10<0

|ln]x||>1 ' (1x|-2)(|x|-5)<0
In|x| e (~»,-1) U[1,) 2<|x|<5

lxle(O,l]u[e,m) xe(-5,-2]u[2,5]
e

xe(—oc,—e]u[-%,o)u(o,—z]u[e,w)
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2
92. 108[x1+3(x)[([.¥]—§) +%J20 = [X]+3{X}>1

93. x-3=X |X|+|Y|=5
y-1=Y
X+y-4=X+Y |X+Y|=5

number of pairs of (x, y) =12
&) N
(5. 0)
(-5.0) Ix+y| =5
x| + 1yl =5

(0. -5)
f(1)=1
—
95. f(2)=3 f(2)=4

f(4)=2

f(3)=4
f(3)=2 f(3)=3
f(4)=3 f(4)=2

96. x?-x#0= x#0,1
97. Total one-one function - (at least one get right place) + (at least two get right place)
— (at least three get right place) + (at least four getright place)

=6C, x41- %y x °Cy x31+ *Cy x 4C; x21-4C5 x 3¢, + *C, =181

98. f(x)=x2-2x-3
g =fl0)=1+Jx+4 x2-4

f(x)=g(x) = f1(x) = f(x)=x
___3+Jﬁ

=> x2-3x-3=0 =>x 2
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b

. f(—4) = f(4) =40
£(-13) = f(13) = f(3) =19
f(-1D) = fAD = f(D =2

1-tan?(x/2)
1+ tan?(x/2)

[7-]

. fx) =cos'1[ ] is defined when

x T
2 #(2n-1 3
= x#(2n-Dn
Domain=R -{(2n-D=n: nel}
Range =[0, ©)
f(x) =cos 1 (cos x)
f(x) is even function.
when x € (x, 27%), then f(x) =2n — x is differentiable.

0<|k-1]-3<2
= ke(—4,-2)u(4,6)
5. (@) Dy eR

b) Df €R
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© flx)= 2coszx+cosx+é1-

D/ €R
(d In(1+|x])20

D, {(Zn : ) n}

o 1[3)-
[E)-
[
)-

=
2

-
le

le \_/ .M\o
le

“n
\H

|__n
-hl\o

(2)-2
f(f ;)J 1
)

8. ffx))=f(f(x)=x
if fF) =f1(x) 2 x= ()
if fOF1 ) = 7100 = SO = 7)) = f) = £ f(x) = x

x ﬁ'\/l—xz]
2

9. f(x) =cos™! x + cos"[a +

-

Let x =cos®

f(x) =cos ™} (cosB) +cos” ( =cos0 + ?sm GJ

=cos™! (cos0) +cos™ ( e = _JJ

- 0<o<X
3 3

n T
=20 -— —<0<n
3 3
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10. f(x) =cos™(-{-x})

—{-x}e(-1,0] =cos(-{-xDe [g ; n)

12. h(x)=[Inx-1]1+[1-Inx]

-1, Inx-1¢I
= h(")‘[o, Inx-1el

14. f(x)= % , f(x) is periodic & constant function.

-X

16. f(x)=-~ D
1+x E E\
f'(;d:fm . . —
(1+x)? 2|
W—Z —1-e

17. [x)=-2X0 2001 + )
x+{x}  [x]+2{x}

= [x]? =2{x}?

1
= x=1+— (- xeR"Y)
2
18. ||x-1|+a|=4
if a>0 if a<0
\4” Ty
\/ a/\/
aT .
+ > X t — X
1 1

(a) if eq. has three distinct real root then a<0 and a = 4

(b) 4 distinct roots for a € (—x, - 4)

(c) if -4 < a< 4, there are two distinct real roots

(d) if a> 4, no real root.

19. (@) f,(x)=(sinx)? + (cosx)/?

Jsin_x>sm2x; Jeos x > cos? x :'m+m>l

(b) £2(x) =(sin x)1/2 + (cos x) /2 = fo(x)=1atx=2kn

© fr(x)=(sinx)"? + (cos x)V/2; f5(x) =(sin )"/ + (cos x) /3
if x e (2kn,2kn + 1/ 2) O<sinx<landO<cosx<1
As power increases, value of function decreases.
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= fo(x) < f3(x)

(@) f30x) =(sinx)3 + (cos x) /3
f5(x) =(sinx) Y5 + (cos x) /5
= f3(x)< fs(x)

2 2

20, -1<logs| 2|21 = 1<* <3
3 3. w3

Range is [0, 1].
3x-1
=n
2

[4n+5]+[4n+5+1 .
9 9 2]

n.=2

21.

n=10

22. sin®0+cos®0=1-3sin%0cos?0
=1_§ __1-cos40 E+§cos(4e)
4 2 8 8

5 3
==+ =cos(x
3G (x)

23. (a) g(f(x))=In(sinx)
M) x2+(a-Dx+9>0V xeR

(a—l)2 -36<0 = -5<a<7
© FOf00)=(2011-(2011 - x2012)) V2012 —

1 1507 [1, 151 [1 199]_
—— —+—|+...+|=+—[=50
24. [4+2oo}+[4+2oo] 4 200

-+

@ Exercise-3 : Comprehensior Type Problefis %
Paragraph for Question Nos. 4 to 6
Sol. f(x)=+6x* -2(6% -3)x-120

g(x) =In(x? - 49)
if domain of f + g is same as domain of g. Then
0x2 -2(02 -3)x 12020V x € (-, -7) U(7,)
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10.

13.

14.

W "\ Solution of Advanced Problems in Mathemati
= 0e [é , Z]
7 2
9
h(6) =ln[j 4cos?tdt 0% |=In[20 +5sin20 —62]
0
Paragraph for Question Nos. 7 to 8
7. For xe[5%,5%]
£(x) =a4[2 Sl —3”
54
a=2
() max =32
8. a=5
£ =54[2 1% -3 ‘]
5
2007
2007) =542-="L 43| =
f(2007) [ =t 3] 1118
Paragraph for Question Nos. 9 to 10
— X 0<x<2 )
9. fO)—

L—» -x -2<x<0
f(x)=f(x+4)

{£(5.12)} ={f(1.12)} =0.12

{f(7.88)} ={f(3.88)} ={f(-0.12)} =0.12

Paragraph for Question Nos. 13 to 14
flx)=3
3+Inb;,3 +Inb,,3 +Inbj are in AP
y =3x? ‘

Let slope of tangent be m.
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Function . =
= y=m(x-2)
= m(x, —2) =3Xf
Also, m =6x,;
= 6x(x; -2) =3x2
x; =4
m =24

Paragraph for Question Nos. 15 to 16

4_4.2
15. y=2""%" = x*% _4x2-log, y

4+.,/16 -4lo
2= 5 82Y YO YO oy e '——4—10g2y

16. g(x)=1+

g = Range [-5,-2
sinx —2 gel[-5,-2]

@ Exercise-4 : Matching Type Problems e

1. [x]+ {x} + [yl + {2z} =12.7 (D)
- XTI+ {y}+[z]+{z}=4.1 - ... (ii)
{x}+[yl+{y} +[2]=2 4 ... (iii)
Adding (i), (ii) & (iii), o
= [x] + {x} + [y1+ {3} + [2] + {z} =9.4
= {y}+[2]=-3.3, {x}+[y]=5.3, [x]+{2}=7.4
= {y}=0.7, [z]=-4, {x}=0.3, [y]=5

[x]=7, {z}=0.4
4. (A) f(x)=sin?2x-2sin? x=2sin? xcos2x,
Function is even, hence many one, function is also periodic.

2
f(x) =(1—cost)cost=%—(cost—%)

2 1
Range of function is [-2, ZJ

(B) f(x)=4x

(C) f(x) =+/In(cos(sinx))
In(cos(sinx)) =0
= cos(sinx) =1
= f(x)=0
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2
D) f(x)=tan"[ o= )

x?+43
f(x) is even & hence many one.
MEE:
Range is [E , z)
7. (A) Domain of g(x) is [0, 3].
(B) Range of g(x) is [0, 3].
© fUf(f2N) =1

FOFCf3))) =2
(D) m=3

@_Exercise-5 : Subjective Type Problems e

1. fl)-2x+1=(x-1(x-2)(x-3)(x-4)(x-5)(2009x —a)
2. f(x)=x3-3x+1

fUf(x)) =0

Let f(x) =t (:)(;31))
= f(t)=0 B _ \[; _
= t=a,B,y -2 7 4 O vv 2
= f(x)=a, ae(-2,-1)

No. of solution =1

f(x) =B, Be(0,D
No. of solution =3
fl) =y, ve(,2)
No. of solution =3
3. Putx=y=0 fM=4
Putx=0,y=1 f(2)=9
2x -3 3

. -1 —<1 = —<Xx<—
4 153 2 2

12 -3% -:—Zzo - (3* -3)(3% -9)<0 = 1< x<2

5. sin"(O) +cos'1(-1) =n 0<x? <i

9
sin} (1) + cos™1(0) =7 %sz <%
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8. Let P(x)=ax® +bx3 + ox2 + dx+2
P(D=a+b+c+d+2=5 RN ¢
P(-)=a-b+c-d+2=5 ...(2)
= b+d=0anda+c=3
P(2)=16a+8b+4c+2d+2=2 ...(3)
P(-2)=16a-8b+4c-2d+2=2 .(4)
= 4a+c=0 and 4b+d=0
= b=d=0 and a=-1c=4
= P(x)=-x*+4x2 42
9. (x+1)2+_);2=1 s y>0) y
x+y=k IV /.r.
L 2.0) (1,0 Id TEECy
V2
—ﬁ—l<k<ﬁ—1
= 0<k<+2-1 ¢ k>0)

10. _[[x]+ . R |
! 2 3
when [g] is an integer then definitely ‘[x] + [%} is also an integer.

So, [[x]+ [%] =2 and [g] =1 (and check like this)

[x]+[§]=4, [g}l = x€[3,6)

when x €[3, 4)

x —-—
[x] —3)[5:, —1

So, x e[3,4) satisfies.

when x e[4,5) [x]= 4[%] =2 = [x]+ [g] =6+#4 not satisfies, similarly on checking all

possibilities we have only x € [3, 4).

a=3,b=4
2011/ 2011
1 1-x
11. f(f(x)) = o ~
201{/1-————-
1-x2011
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-1 -X
20 (1 B 2011 ) 2011 2011
FUCFCO) = 2 X V1-x

=1 = 1 =X
20137~ 2011 2013, _ 2011
fao13(x) =x ={-x}
12. f(x) =0 0<x<6
=-1 6<x<12
=-2 12<x<18
=-3 18<x<24
=—4 24<x<30
=-5 x =30

13. (f(x, y))? -(glx, y)? =%

f(x,)’)'g(xd')=§

V3

= flx,y)=x*-y? =E-

S(X,}’)=2x_)’=:t%

14. f() =333

Vx? +1

1
15. f(x) is injective for x € (-oo, E]

1 -
‘*]={§]'°

3
16. f:R—»Rf(x)=3%—+(m—1)x2 +(m+5)x+n

f(x)=x%+2(m-Dx+(m+5)20
As<O
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Lt 8 SRS R T G Y

4m-1%-4(m +5)<0
m? -3m-4<0
m-49)(m+1D<0
-1<m<4 -
(x-D(x-3)
(x-2)(x-4)

f(x) =0 has three solutions.

17. f(x)=

YA

decmdecn -

o
-
N

e e Lt YT Ty pepupppp. W

(x+D(x+3) _
(x+2)(x+4)
3

X~ =CO0SX

e ™™ =0 has three solutions.

f(=x) =

/ one solution

—n/2 0 /2

there are total 7 solutions.

18: cos'l[ - 1) =n(1-{x})

(1+x)2

there are total 76 solutions.

P1
19. f(x):xz —bx+C=0<p2

p1 +P2 =b (Odd no.)
= p1=2
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20.

P1p2 =¢C
b+c=(py +2)+2p, =35
= py,=11
= f(x)=x2—13x+22
81 T

2. = fxX) min )

o)
f)=lm ——~~7

1

x-0 b ¢ 6
x——
7

= f(x):%-.»l = f(42)=8

21.

g(x) = f(x) 05x<% AY
1 1.4
4 2 1

=3-x 1<x<2

104 1 )| 10 Wi
x=_§ —_—— =1+ =+ +1_L_i_i_ 1
4 r-2

ras r+2 4

:Sx49( +i L+i.
9 200 303 408

0

[x]=5
f(x) =x has two real roots.
7

2 +(d-a)x-b=0
o +(d-a)x <11

. T W
(o

c

if f(f(x))=xVxeR :(ac+cd)x2+(d2—az)x—(a+d)b=0
= a+d=0 = a=-d

f(x) will not attain the value%=9.

A=(1,3)

p<-211 p<213

1-2(p+7)+5<0and9-6(p+7)+5<0 = pe[—4,-1]
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Functlon 2o N8 27.
1
x__
25. y= lx Lett:x-l>0 forx>1
% g %
3
x
t 3

28.

29.

30.

32.

33.

= 1
y=— v T
t(t? +3)+2 3 t(t* +3)

t

343042
1 t2+3=t2+1+}23
=T t t t
t2+;+3 -‘-t2+%+326(AM2GM)
1

O | =

Ymax =5——————=
(tz +§+3)
t min

P=1:q=6

a+ar+ar?=1

azr_+a2r2 +a2r3 =ﬂ :a_r(a+a]-+ar2)=ar

a3rd =y
m=5C,x1=15

n=—2" 4% 41-1560

3111111131 @2n*

n

Z[logz rI=0+1+1+2+2+2+2)+(B+3+...+3)+...
g 8 times
=2-1+4-2+8-3+...+
3
[(x-2y)(y + ) (x+3y)|=f(x,¥)
No rain, then f(x, y) =0 hence 3 lines.
Cubic =(x2 - 5x + 6) (x +a) + 2(Bx + 100 - 4a)
(x2 =5x + 4)(x +a) + Bx + 100 - 4a
Both identical B =-2
a =50
Cubic =(x2 -5x + 6)(x +50) — 4x - 200
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34.

35.

36.

37.

38‘

f(®)=0 = 8=-5%45
= fUf(x)))=-5++5
Since f(x) =(x +5)% -5
U =-5++5
((FUFN) +5)2 =515
(f(NH+52 =45
f(f)+5=454
f(f)=-5+5Y4
(f+5)2-5=-51+5Y4
(f+5)% =514
f+5=15Y8
Let Inx =t
_2t*+3t+3

= =>(y—2)t2+(2y—3)t+(2y—3)>0
t+2t+2

D20 = (2y -3)(2y -5)<0 '=>%Sy<;

P(x)=(x-3)Q;(x)+6 = P(3)=6

P(x) =(x? -9)Q(x) + (ax + b)

P(3)=3a+b=6

If equation of odd degree polynomial, then b=0,a =2.
f(x)=2x3-3x%2 +P

f1(x) =6x2 —6x =6x(x-1) /\ 1/

6 + —»X
f(0)20n f(D<O F %R/

= P20NnP-1<0
1
flx) =

yIn(cos™ x)

In(cos™ ! x)>0 =>cos P x>1

..(1)

Chapter 2 - Limit
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@ Exercise-1 : Single Choice Problems

e

tanx + X\

. [(x-=tanx) .
2sm(———2——)sm(

1 lim 2 ]\ .\*-n\n\\‘)'.\w- tzm.\‘)\_l‘
Y x=0 x-tanx)(tanx+x 3o X 4
2 2
. X (—l) 2= i (use expanstons)
2 Ry 3
. (In(1+cos2x -1 (cos2x-1) 2
8. a=lim — W
x-0 cos2x -1 | KRN 3
s 2094 4.\‘2
b=lim(sm 2‘) =4
x=0( 4x° 3(1—6')
3 2=
x
i Jx(1-x) A
c=1l1m DY
x=1 M)(,v_n(\/}-»n -
x-1
4. f(x)=§-3tan'l.\‘

g(x) =2tan"! x
f(x) - fla) _fl@ __3

g g0 -gla) g@ 2
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In(1+x) )
2| ——-1
4 i = [e( * —1}

Eln(l‘+x)—2 E—X- x—’OSin—X
5. lim|e* =e

x—-0

z[ln(lu)_l]
4 |el * -1

lim ——
x—08in x 2( ln(1x+x)_1)

X

” 2[1n(1+x) 1]

=e

x-X s 1
lim 8] —2 1 |x—
x—0 X sin x
=e
_8
=e 2:3_4
6. 3(x_|x1)_3_p=3
x»ox\4 |4 4 4
= p+q=7
n n
x(1+ —) ]
x n
7. f(x)=lim =X;x>—~

lim Tix<z '
n—»w( 3x n-1 3’ 3 . X
(—) +1 /3

T

3
T T
=—; X<=
3 3

Option (d) is wrong.

— sin(n — n cos(tan(sin x)) i sin [ sin 2 (tan(sin x))] y n(sin (tan(sin Jc)))2
x—0 x2 x—0 nsinz(tan(sin x))

x
(x+3)x
. . 27y 7 -9 1-cos(x -3)
; = lim f(x) = lim =~—— "= lim A—M—
9. xh_ir;_f(x) Hs‘f() L == e
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e RN e 31
‘\-2+3.\'_,,
338 ¥ "
= lim al
-3 333*3_.p 2
. 1x%2+3x-18 A 1 A 2
= llm—“=— — 0 =— =
x>33 9(x-3) 2 :279 2 = A 3
g—x E—x E._x E_x
2sin cos sin 3 cos 3
2 2
10. lim = lim
T
Xy 2(cosx -cos E) =3 LI Tix
3 2sin 3 sin 3
2
11 1
Zﬁ 3
> ‘
sinE
10, Ty = 2 _1_2
rXcos Isin®x]  cos}(0) W2 =
(X}_ _1
13. lim {x}= lim x-[x]=1; lim E—{Jz(}—=e—2
x—I~ x—=I" x=I" {x}
[+
16. ]jmx,:xsc_l(1+z+-£5-J —1J=1
X—>® X x
Case-I: 5¢—1>0, then[—>®
Case-II: 5c—1<0, then [— -
Since limit is finite and non-zero so 5¢ -1=0 = c¢=—
1/5
2
K=limx[(l+z-+—5-J -l:l
X—®© X x
1\(7 2 Sz, i : y
=lim x|[1+| = || =+— [+ (by binomial approximation)
X—»® 5){x x
7

5
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17.

18‘
l9l

x=0 x2 xn—z n-2

X

" lim ._.1_.,,{ s.l‘_‘,x:")
1 (form) = ex~01-cosx\ X =dX-V/6 _ o-1/3

lim [Vx2 —x +1-(ax + b)]=0

X—x©

X
lim cosx—l(cosx—l_(e 'D]=o=. n=12,3

So a> 0, on rationalizing
2 _ Tt o il
lim {(x x+1)-[a“x“+Db +(2ab)x]} -0

e Vx? —x+1+ax+b
So, 1-a®=0 -1-2ab=0
a=1
lim sec?[kIn(-1/2)]=1=a
n—w
20. f(x+T)=f(x+2T)=...... = f(x +nT) = f(x)
n(n(n+1))
nf(x)(1+2+3+...+n) - lim 2 =§
nowo flx)(1+22 +3%2 +...+n?) naen+H@2n+1) 2
6
. h?® +3 8 _ 53x3
Al 955 ,Pﬂ‘o( f(l—h)—f(l)](sinSh) =TS o
-h h
53x3 '
_— [ £(0)=-53]
=3
22. lim cos? x -1

x-0cosx-x2-(x+1)

; sin? x -1 o

l‘-’?o_[ x2 ]cosx(x+1)

flx+y)=f()- f(y) .

o fler )= £ fOOfR) - flx) _f-1
f'(x) = lim = lim h =f0q| lim =

-0 h h—0

2
If fCh) =1+ hBCA) + hQUR) = F() = £ lim PO LRQAW. _ pg) )
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'Limit

(1 —tang)(l -sin x)

24, lim
x> 1+tan> 3
2 HE (n—-2x)

({3 )

x—»g (n-2x)°

Let x=£+h
2

t‘fm(-ﬁ] (1-cosh)
; 2
lim s

x—0 (-—2h)3 32
. -5
x 1 =2
25. lim (X _sj =e"mx(x+2] =e™>
x—>0\ X + 2

27. Inc=1I, (I einteger)

= c=el

cis rational whenI =0

— | asin bx
o8, dimlas asin bx]l/x =e,}‘_'3)§[1+TmT_l] — et
" x50 CcoS X
2
X 1 Lox“-1 ..ox+1 x-1
=lim| — - = lim =lim Rl W i) |
& 2 ,chl—rPl(hlx xlnxj xl-—>l xlnx x-1 x InXx
b=—4,c=1,d=-2
32. f(x):x2 -1<x<0
= x=0
=—1— 0<x<1
%2
lim {f(x)}+ lim {f(x)}+ lim_{f(x)}=0
x—0" x—1" x—-1
33. Let sin™' x=0
g 2l 26 —2
= lim cos” sin29 _ 2 =22
+ + T
0= 5in 6 —sin — e->§ ' _% 9+z
. 4 2sin cos
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=f
lim cos™ " sin20 -2 «/E

9=
4

n
34. li in—— —si L + lim cos—"  _cos
nl—l::oé(ngk sm2(k+2)) n-bwg( 2Ak+2) ok

A . T . T . T . T . T . T . T s T
= lim Sin — —Sin — + SIn — — Sin — + SN — —Sin — +...+ SIn — —SIN
n—o 2 6 4 10 2n 2(n+2)

T T
—Cos—
+2) Zn)

2 T |} :
sin® —sin— S
4

s T T T T T T
+ lim (COSE—COSE+COS§—COS—+COS——COS—+...'+ Cos

n—o z(n
: 3 1
=1+—+2———=3
\/5 ‘\/E #
11
ot (e
36. lim 23X =1 lim
x=0 x2 x50 x2
2 X
sin® =
=lim—2(l—'l) L T
x—0 m n) x2 2mn
37. lim x+xacosx—bsmx=1
x—=0 x3
Using expansion, _
2 3
bs x B , 3 3
x+.xa[1—2—!]—b(x—ﬁ} x+ax—£l-—bx+bL
= lim = lim 2! 3!
x—0 x3 x-0 x3
Clearly, 1+ a — b =0 for limit to be finite (D
b a)x® b a
im|l———|—=1 =>=—-=—=1= b-3a=6 (2
= ,lf_'?o(s! 2!)x3 6 2 | 2
5 3
= From (1) and (2), a=-=,b=——
2 2
e*(cos x —sin x)
aCOSGX————;Kx‘— 1
. i A ==
88 xlino sin bx + bx - cos bx 2
2 5
cos® x—cosx+sinx _1 fa’ a2y
x—0 cos x (sin bx + bxcosbx) 2
n(n+ D> n@n+D@+D
18 42343% 4n®) -2 +2%.40% 2 6
39. a=lim( )= ( = lim

n—w nt n-wo n?


http://www.jeebooks.in

WWwW.jeebooks.in

3x +sin? x

et faon ot ; 35
2
= i l(1+1j _@n+D(n+1) i
n-w| 4 n 6n3 4
2 sinx + x x —sinx
40 limcos(sinx)—cosx - lim 2 2
x-0 x4 x—0 x4
- 2 (sinx+x) (x-sinx) [.sinx+x oo x-sinx_
x—>0x4 2 2 2 2
s hml 1+smx Xx —sin x :l
x—02 x x3 6
42. i, g 30 by ; (D)
2 g% v "
. lun i s gL g B .. (2)
2 22 23 2n 2ﬂ+l
Substracting equation (1) and (2),
1[1_L)
2 n
u—;-=%+£2—+2—];;-+...+—2ln‘——27n32>y-2ﬂ-= f —2:+1
w -3)
2
1 (T N
= U, =2(1—-2—;J—2n+1 ) r}linoun “.2
. -1
. (cosx-1) Sln2x-2x+6x-tan 3x+3x""
m = . . 2% X "
43, x°0 sin“x 2 _T+2
x=0]n(1+3x +sin x)-(3x+sin2x)+xe" e

44. tan%(1+secx) =tanx
o) =tan£(1+secx)(1+sec2x)...(1+secz"x) =tan2" x
2

1 1
)ln(tanx) - lim (l)ln(tanx) =1
n

45, lim (1+[x]
X—Dzr- xX——
4 4
{(a —n)nx —tan x} sinnxxn -0

46. lim >
x—0 X

1
= {(a—n)n—l}n=0= a=n+;
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3n3+4

47. y=lim ("—') Lo

n—o\ nt

3,4l gk o L3 E
Iny = lim 3n4+421n(1)=—4—]‘lnxdx=—? = y=e/*
n-w© 4n "1r=1 n 0

2
. axZ+bx+c . ax+b+(c/x) . (a b)
8. 1 s e T — = lim| =x+=
e dere Lok dRleE]  wed

=+oo if (%j is positive.
sl G- "
=-o0if (E] is negative.
Alternate solution :

ax? +bx +c —h a+(b/x)+(c/x2)
X—>0 dx +e X (d/x) + (e/xz)

e d :
Here —5 <<= Therefore,

x X,
ax? +bx +c lim &
X—®© dx+e x—md/x
Y a . +oif a>0and d>0
_griidx0 {—coifa<0andd>0
) a., -wif a>0and d<0
0—_-1fd<0 {+ooifa<0andd<0

2

sin — 2
49. f(x)=n'h_1’1:°tan'1(4n2.25in2 i)=lim tan~!|8n2[ —20 | . X _|_tan-1(2x2)

2n n—»w X 4n2
2n
2 ln(l+c0523nf—1} -
g(x) = lim sl 5x (COST—1)=x2
n-wo 2 COSZ——]. q
n
. sin?x 1 2
50. hm0 S =§=>f(x)=x (ax+3); a=0
xX—>
2sinx _ ,sinx _ sinx ¢ sinx _
51. lim 2¢ e -1y e e -D_3
x=0  (x2 +2x)eSn¥ x>0 x(x+2)es"* 2
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52. x"+ax+b=(x-x1)(x=-x,)(x-x3)...0x - x,)
lim x" +ax+b

=(X1 —X X1 - X5 -
o — (_1 2)(x; x3)...(x1 = xp)

1.
(1+—sm2 x+...)—(1—%(2tanx) +J

53. lim =1
x-0 sinx +tan? x o2
cosx 2Sinx tan
1 2 0
54. limM=lim 1 1 1 (=1 1 1/(=-1
x—0 xz x—0
1 2-°1

1 2 1

e T

@ _Exercise-2 : One or More than One Answer is/are Correct

lim L(p tan gx2-3 cos? x+3)
1 ex-»03x2

limﬂ+3(l_c°szx)
x-0 3 3x2
% % 1=§; pq=2

3. aze>2
5 ¢ . - 1/x
= i 1+|— e[ (=
(@ L a,}ﬂ[ (a) (a) |
2 e 1
“ 0,|—-|—0,=>0

So, L=a
(b) Ifa=2e>2

X X 1/x
L= lim (2% +(26)* +¢")/* =2¢ lim [(l) +1+(%) } =2e(1) =2e

Pl x|\ e

e

=

(c) If0<ase

ed (&2 ]
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e
d —->1
(d) a>2

x 1/x 7 3 1 % e x 1/x
’ 2a _ ; 1 2 = =0
L=}1_r&|:2" +(7) +exj| -Za&[(a) +(2) +(2a) J
5. f(x) =cos(sin x)

Range is [cos 1, 1].

3 3
8. f(x)= x(i + 3 [cos x])

9, Ifx# _1._ then f(x) =0butif x= _1_ then lim f(x) = lim (—l)n 3 hence does not exist.
22" 22’? ' x—0 n—o
Also, if x =——127then2x # % = f(2x)=0
2

S N P
M}/Zx—xz -sin‘l(l—x)

-1 o] 2
. cos T (1-x)sin""(1-x) .. ( 2x—-x“-
11. lim = lim
x—0* Vv2x(1-x) x—0* V2x(1-x)
cos (-x)sin}(-x)  n

lim i
x>0 2(x+ 1) (—x) 2.2

. (sinx—x sinx + x
Zsm( 5 )-cos( 5 ) 1
120 lim T

N|A

x—0 ax3 +bx5 +¢ 12
; (sinx—xJ
2 sinx—x) sinx+x) -
1 Jeo8| —— ==
sinx —x ( 2 2
2 =
lim -1
x50 ax3 +bx5 +¢ 12

14. cosz(nn " g)

15. sina +sinp =_s'm_B = sina =sinf -
sina 2

16. lim [S-2x]=0
x—2*

lim [|x-2|+a%?-6a+9]=0 = (a-3)2<1

x—2"
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@ Exercise-3 : Comprehension Type Problems 2

Paragraph for Question Nos. 1 to 2
1. Sl =1,52 =7,S3 =19
= S, =1+3n(n-1

S_"=3
n-w n2
1 1
2. n=lr==r==
LR T T
or r, = 1
" 2n-1
limnx 1 =l
n»o 2n-1 2

Paragraph for Question Nos. 3 to 4
3. x>0, x<tanx
x<0, x>tanx = x—tanx>0
[x-tanx]=0
lim f([x -tanx]) = f(0) =4
x>0

4. x>0 x<tanx

<1
tan x
fim g2 L X s 4=
x—0* (tanx| tanx

. X = lim (L): 1 )=2+5=
xlin;+(f{tan x}] x—-0* f tan x ok ¥ 7
Paragraph for Question Nos. 5 to 6
5. flx)=1-|x-2|

x-2%, f(x)> 1 andx—>27, f(x)> 1"
1 lim )1

RHL. = lim (f(x)) m(%J =em+ ' (%]

x—»2*
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lim 1-(x-2);1 ,
G NN

- ex—Oz‘

=e xX(2-x)

T
sin—(2 -x
2( )

T
—(2-x
2( )
=e2/1t
1 lim f(x)'l

x-’TinE)
3(2

LHL = lim ( f(x))“m{%) =e

Im 9, (x-2)-1 Im ,_2

=ex2 T "7~ —exa2
sing(Z—x) %(Z—x)
- e—2/1!
Limit does not exist.
6. [1,3]
as f(3x) =af(x)
xel1,3] f(x)el0,1] 1

3xe[3,9] ; f(3x) =af(x) €[0,0a] /\/\
9x e[9,27] ; £(9x) =af(3x) € [0,a?]

. 1
area between [1,3]is A, =§x2x1=1

. 1
area between [3,9]is A, =§x6xa=3a

; 1
area between [9,27]is A3 =-2-x18 xa?=9a?

1,3a,90%,...... is converges when (g.p.) |3a|<1 ae (—% . %)

Paragraph for Question Nos. 7 to 9

(1+bx)—(1+ax)(1+£-ﬁ+ﬁ]

 [A4+b) -1+ a@dVIex] . 2 8 16
7. lim 5 = lim 5
x—0 x x—0 x

2 3 2 3

b g X X g O K

_ 2 8 16 2 8



http://www.jeebooks.in

www.jeebooks.in

R A M

00| =

= coefficient of x and x2 =0 =>b—a=%and

DA

3 4

= a=—,b==
4

N

' 8. a+b=1

1 3
o l==—; b==
? 4

Paragraph for Question Nos. 10 to 11

Sol. sinx +siny =1

—cos x
y'=
2sinx -sin? x

2 x—sinx+1

)3/2

»_ Sin

(2sin x —sin? x

05 Exercise-5 : Subjective Type Problems

' 1-tanfx
lntan(g —ij In [(——1 e 1J o 1]
1. lim- =

x=0 tan ax T x50 tanox

= =2

2

p

3. a(x®-D+(x-D=0
(x-D(ax? +ax+a+1=0
a,p # 1s0, o, are roots ofax? +ax+a+1=0

a+1
a+p=-1, aB=T

 (Q+ax®-x?-a_ (x® -x?) +a(x® -1
1™ —D(x-1D  xot (1™ —1){x=1)

x>
a

, [x2+a(x2+x+1)]= lim (1+a)x? +ax+a

= lim
x>t (e -1 x—»l[el-ux —1](1—ax)

a a
1-ox
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1
[(%) *+(Dx+ 1] (afx? —(a +B)x + 1)
=lim a _

= I e ol (-
e tim @ 3= @0A-@)x) _ala -p)
P | (1-ax) o

X _ 1 (8X _1y(7X _1
4 lim @ =067 =D =D _opomsmy
x—0 xsin? x

. axcosx + bsi
fii bsin x
x>0 x? sinx

5.

Chapter 3 - Continuity, Differentiability, and Differentiation


http://www.jeebooks.in

WWwW.jeebooks.in

ST A T T - 1

\7 O (: TR l,-’.-,'_..r TSRy, -‘__1::’3-{:‘:;,. T-é,x.-.,, -
ONTINUITY, DIFFERENTIABILITY
t' \‘ AND DIFFERENTIATION

iExerclse-:l Single Choice Problems

fOx+h) = f) _ . f0O) + f(R) + 3hx(h +x) — )
h h—0 h :

fi(x)=3x% + f(0) = f'(x)=6x

1

1. f'(x)=lim
h-0

2. + + + +—
2 -1 [01 2
-1

f(x) is non-differentiable at five points.

3. % is integer at 21 points in [0,100]

X s integer at 51 points in [0, 100]

But when x is a multiple of 10 then f(x) is continuous.
So that respective points should be subtract from both i.e., multiple of 10 are 11 points in

[0,100].
21+51-11-11=72-22=50
4. f(x)has isolated point of discontinuity but| f(x) | is continuous at '
x=a
So, lim f(x)and f(a) has opposite sign, with same magnitude. /.//
xX—a
So, lim f(x) =-f(a) / 1
x—a
lim fi (X) + f(a)=0
x—a

. f(4x) -3 f(3x) +3f(2x) - f(x) -12
x=-0 x
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9.

fiii 4f'(4x) -9 f'(3x) +6f'(2x) - f'(x) —12

x—0 3x2
fiis 4% f1(4x) - 27 £'3x) +12'2%) - f'(0) _,,
x>0 6x '
fiin 43 f7(4x) —81£"(3x) +24£"(2x) - £"(x) _ -
x=0 6
(4% -81+24-1) f"(0)=12x6
6f"(0)=12x6
fr0)=12
o 1 1 :
Y= 1+(tane)sin6—cose + (tane)cote—cose ® s (tane)cose—sine & (tane)cote-sino
1
+ 1+ (tan®) cos@-cot® + (tane)sine—cote

e (tan §) *** N (tan6) *i"°

(tane)cose +(me)sme +(tan9)°°t9 (tane)cose +(tane)$ine +(tane)cot9

& (tane)cota
(tan ) “*° + (tan 6) **® + (tan) “*°

y=1
Y o
dx 0=n/3
£1(x) =sin(x?)
y=fx?+1)

dy 2
—=f 12
I fl(x* +1)2x

Y 3. f2)=2sin4

x=1

Clearly sin x, cos x are negative at x = 7?"

So, f(x)=-(sinx + cos x)
f'(x) =(sin x —cos x)
2sinxcosy =1
cosxcosy —sinxsiny y'=0 = Y(n/4 /4 =1
y'=cotxcoty
y" =-cot xcosec?y x y' —cot y cosec %x

Yins4may ==(1x2%x1) =(1x2) =0


http://www.jeebooks.in

WWwW.jeebooks.in

Contmtaty, Diﬂéreﬁtiability,_and Dx_'ﬂ'erentfatiah -

10. g'—x=2tf'(t2), %=3t2f'(t3)

dt
& _3¢¢)
de 2 fr(e?)
d%y _3 f’(tz)(f'(t3)+3t3f'(t3))—2t2f'(t3).f'(t2)‘ L
dxz 2 (f:(tZ))Z : dx
&y =§[f’(1)(f'(1)+3f'(1))-zf'(1). fm) .13 f'(1)+f'('1)J
dctl, 2 (F()? 2f 4\ (fF)?
11. LHL =a+1
" RHL.=b+1
they are continuous L.H.L. =R.H.L.
i B L
12, y=—X x 4
Y ~1_a+(1_a (l_BJ+(1_aj 152
x x o % X x !
1 Y 1
2 o2 3

(o)) G- BI6)

x
1 1 1
ol 2 2 2
ly1=_+ 1x 4+ lx 4 lx
T
x x
( 1 1 1
v Y X X X
=< +
B B B
Zoa] (o8] (2-v
x x x
Y[ @ B ¥
== + +
g x\Yx-o 1x-P l/x—y)
e -1
13, f(x)= 1*‘_5“11_"
l-tan™" x

In f(x) =—;—[ln(1+ sin™! x) —=In(1-tan"! x)]
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14. sin? x =-sin

15. f(x)—

16.

18.

19.

20.

21'

22.

O I SR
flx) 2 (1+sin™? x),h_xz (l—tan‘l x)(1+x2)
f0)=1

2x = 2sin®x=0 = x=nn

> tan x tan x < cot x

% )
1

— :ta'an-cotx' .
Points of non-dz':rivabill.it'y=£,3—",S—R,7—1t
4 4 4 4
&) =|||x-1|-1|-1]
=x-3 x>3
=-(x-3) 2<x<3
d’x _ 1 d%
dyz_ dy 3 4x2

(&)

&

=1+e*, —=¢*
dx

dy , d%y
atx=h12,a= ,F=2
d?x -2
&2 27
. 1
g(f(x))—m
f(x)=—4atx=-2
= g(4=—1—=l

fi(=2) 2
f(x)=2-x x21

=X 0<x<l1

=-x -1<x<0

=x+2 x<-1
f(x) =cos x?

f'(x) =-2xsin x?
fg)) =x = f(gNFGI =12 g(x) ==L =14 (gx))"

f'(g(x))
g(x) =5(g(x))* g'(x)
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4

23.

24.

25.

26.

27.

28.

29,

30.

f(x) =x? x21
=X 0sx<1 :
=2x -1<x<0
=x-1 x<-1
Clearly it is non-differentiable at x = 0,-1and 1.
f(x)=lim[cos£-cosi-cosi ...... cosi)=lim sinx__ X
n—ow 2 22 23 n

=%

tan(%—x) -(1+tanx)

. (l-tanx)_ B
x—»’_‘; 4x -7 x—»% 4(x_£) 2
4
1
£ = lim JOFR=FO _ i, 7 Ping
) h “h>0 h
dy
—=2 10
i
jdy =2j'dx
y+5
In(y +5)=2x+c
y=5(*-1) (- c=In5)

f(x) +5sec? x=0 = e?* +tan? x=0

f(i ]= lim sin{cos x} _ lita sin(cosx)=_1
- 3 T
x-»%- X—E x-»-’iz— X—E

f[n+]= lim sin{cos x} _ lim sin(cos x +1)

+ T + T
el X—E x> X ==

2 2
Let g(x) = f(e*)
g(x) = f'(e*)-e*
g”(x) =f.(ex) _e2x ¢ f,(ex)ex
ef _lnx = f(x)=In(nx) = glx)=f1(x)=e®

\

b X+ x
gl(x) =ee _ex ___ee
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32. In f(x) =4In(x-1) +3In(x-2) +2In(x - 3)
fo)_ 4 . 3 2

f(x) x-1 x-2 x-3
f'(x)=f(x)( 8 .3 4.2 )

x-1 x-2 x-3
34. f(2*)=0= ¢c=0

f2my =28} _ o4y 0 = b=0

{-x}
tanx _ x _
35, f(0)=lime e* +In(sec x +tanx) - x
x>0 tanx - x
tan x-x - - - 1 3
—limex & 1)+lim1n(secx+tanx) X _14 lim €<% 1.3,.1.3
x50  tanx-x  x-0 tan x — x x»0gec? x -1 2 2
36- f(O_)=e°
f(0)=b

c=1

2 2
0+ = — b: d=_
fo") 3 = e g

37. \/m+ y-x=5
Jx+y=S—Jy—x
Sq. both s’i;des,
= x+y=25+y—x—10JyTx
= 25-2x=10y-x
_10(y'-D
2y -x
= -2/y-x=5(y'-1

= —(5-2—;-)=5(y’—1)

—5+2—5x-=5(y’—1)

= -2

2

38. g(x)=f"1(x)
= f(gx)=x
= f'(gx))g(x)=1
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39.

40.

41.

42.

43.

45,

46.

1
f'(g(2))
f()=2
= g2)=1

1
@ =l
= 8T
1

flx)=3x2 +4x3 + 2
X
fl()=8
1
12 el
= g'2) s

= g'(2)=

f(x) =| x| X e(-o,-1)
=x2 xe[-1,1)
=2x -1 x €[1,)
Function is not differentiable at x = -1.

800 =(fON? +(FG)? = g'x) =2f(x)F(x) + 2 (IF"()
or g'(x) =2 f(x) f'(x) =2 f(x) f'(x) =0 = . g(X) =c ='g(8) =8

-t (1(£)] -

Using L Hospital’s rule, we get

X—p0

a2, a
l=¢2 £"(0) e 2
'd
L o=@ L g1 (0= 00 fua (D

= fn (x)fn—l (X) ...... fz(X)fl (X)
y =tan‘l(xl/a)‘—tan_l(al/a)
4k -1 _ 4k +1

. f(x) is continuous at x =0 then 5 =

" 0
Put x =sin0 then y =tan 1 tanE

x —In(1 -1
lim & €08 X In(1+x)

x-0 X

(e* 'l)cosx-ln(1+x) +(cosx—1]=0
x x

lim
x—0 X
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49.

50.

51’

52.

50 * Solution of Advanced Problems in Maihe'm'aiic.v»for JEE
y =1-cos x
27 ' Y =COS X
| A
47. AN ': y =sinx
n/‘2
Clearly 3 sharp points.
48. g(x)=f1(% fA)=2 = g2)=4
1 1
G(x)=—— '4)=—= g'(2) =16
2 f(A)=1c= gQ)

-1 -1 -1
G'(x) = g'(x) = G'Q) = g@2)=—:16=-1
8(x))? ¢

(glx (g(x)? 16
Yﬂx

m\ AL
0 1 i » X
9
f(x)=maximum(x4,x2,l)=l pe
81 81 9
=x2 L
9
=x* x21

f(x) is non-differentiable at x = % ,1

2 2
fi P2 +h7)) ~In(f(2 -h%))
h—0 h2

Apply L Hospital rule,
2hf'(2 + h?) L 2hf'2- h?)
. f2+h?*)  f(2-h%)
lim
h—0 2h

=4

f(x) =(x? =3x+2)|(x -D(x-2)(x-3)| +

w(x3)

Not differentiable at x =3, 3—“ J n

4
h(x) = f(2x g(x) + cos ¢ —3)

h'(x) = f'(2x g(x) + cos mx - 3)[2g(x) + 2xg'(x) - nsin nx)

h'(1) = f(2g(1) - 4) [2g(1) +2g'(D)] =32
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51

53.

54.

55.

" 56.

f(x)=(x+1)7w/1+x2

0) =
PR (f@) =D
In f(x) =7In(1+ x) +%ln(1+ x%)-6In(x% -x+1)

ffx)_ 7 L X 6(x-1
fO) 1+x 14x%2 x2_x41

£(0)=13

-sin2x; x>1
fOI{ In(1+x); x<1; fQAM) = f17) = fQ)
In2 -sin2
2 3
[ f(x); if f(x)isrational
| 1-f(x); if f(x)isirrational

x=1

fUF())
r x; if x is rational
fUf(x)) [1-(1-x); if xisirrational
[x; if xisrational

| x; if xisirrational

SUf(x))

y = [x>—x-2|

+ y = x?-3x

—

Clearly, 3 non-differentiability points.
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57. g(f(x))=x
sin2x _
58. lim In(2 —cos2x) K= lim e 1
x-0" In%(1+sin3x) x-0* In(1+tan9x)
lim 1—cos2x=K= lim sin2x
x—0" sin?3x x—0* tan9x
59, &X__3 2 _-3-2t

60. ——=y'=22(-2sin2x)
y

2 2
("2 =8 — (242 cos x) 2 =8—(i-1}

Yy y2
1% _8y*-a-y*»?
y® y*

(r)? =8y* - y2(1-y*)? then diff
61. f(x)=x satisfy the equation.

f(5) =5
X x<0
62. f(x)| x? 0<x<1
2x-1 x21

1 x<0
f(x)|2x O0<x<1
2 x21

f(x) is not derivable at x =0.

63. y=(x+vV1+x2)"
\/1+x2

&<
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Continuity, Differentiability and Differentiation 1. 53
1+x2y’— yx
d2y=" 1+x* :(1+x2)ﬂ+xd—y‘=n2y
dx? 14:x* de?  dx
2 [1_+2
64. g'(x)=f'(x-V1-x2).[1+ X = 1_(,(_\/1_,[2) J x+yl-x"
' V1-x2 1-x2
=2x(x+\/1—x2)
' . fx+h) - f(x) . f(h) -1 '
66. f'(x)=lim -~~~ J**°/ _ s ol - f'(0) =3 f(x ¢ f1(0)=3)
£00 = lim S im0 B2 0 102 2300 f
2n _:
67. £(x)=lim log,(2 + x) —x“" sinx
R 1+x%
In(2+x) |x|<1
—sinx [x[>1
£ = w il
gl x=-1
2
x i _pX ”_
68. lirnx—e +1—§1 cost}:‘hmx e* +1-1+cos2x
x—0 x x=0 x2
x—eX +cos2x .. l+x-e* (cos2x-1) 5
i = lim + =-=
= il—IPO x2 x=0 X2 x2 2

69.
y = [x2-10x+21|

(0,21)

(0.4) F==\c,
of @30 (7.0

71. Xy = const.

y+xy'=0 =y’=—%

72. f(x) =-1+|x —2|is a continuous function.
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g(x) =1-| x| is a continuous function.
= f(g(x)) is a continuous function.
f(k+ h) - f(k)

h

K K tan(nk + mh) —ktankn '
h—0 h

= lim k(‘a“"h) ki
h—0 h

73. f(K*)= hm

sin x -sinx _
4. lim % + be C_o
x—0 x2
a+b-c=0 ) (D)
Applying L Hospital Rule,
sinx _hp-Sinx
lim 3¢ cos x — be COSX _o _azb
x—0 2x

75. tanx =seca -tany

sec2 x =seca -sec? yy'

T T
y'= 1at(4 4)
2sec? xtanx =seca (sec? y-y"+2sec? y-tany-(y)?) = y"=0
76. We gave, y=(x2-9)(x% - (x%-Dx
={x® -14x* + x2(49) - 36} x
=x7 -14x> +49x° -36x

Therefore, % =7x> -70x* +147x% -36
2
Thus, DY _ 4255 —280x° +294x
dx2
2
ii-% =42 —280 +294 =56
dx x=1
77. f'(x)=lim f(x+h)—f(X)=lim f(x)f(h)—f(x) 11 f( ) f(h) -1
h—0 h h-0 h

= f(x)=f(0), f(x)=> f(x)= e (where k = £'(0))
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Continuity, Dtﬂ"%rentzabxltty é;dDif.f‘ére;ztiation SRR AR

1 1

78. f(g(x)) =x; FH)(x) 1= §6) = oo
=80 =5 " FO

dy _dy/dx _ f(x)

L dz dz/dx—g'(x)
i(d_y
22_y=£(d_y _dx\dz) gf" - sy’
2 dz \ dz iiz_ - (g;)3
dx

f(x)
80.

f(x) +1=x+2,x € (0, - ) x = -1, 1non differentiable
gL =(f) -D? =(x+1-D2 =x2,x e (-1,0)
(Jx-1}-D3,x20

81. f(x) =[sin x] + [cos x]

1 L o °
o nl2 n 3n/2 2n
*——o0 —— o
L ——
cos X , xe[0, n]

82. g(x) ={

sinx-1 , x>n
gr7)=gn)=g(n*)=-1
but not differentiable at x = .

o f7(0) f(0) f'(0)  f"(0)
' ® P YR TR TR

r=0
n-4"!  n(n-1)-4"2
1! 2!

= "Co4n + nC14n_1 + nCz4n_2 g R

=4n+

=(4+1" =5"
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- Function is discontinuous at x =-1,1
f(x) is not differentiable at x =-1,1

85. f(g(x))=x
; ; (=7 1 1
FlENZ)=1 = g (?) > (g(‘l)] &
6
86. f(x)=0 x>0
=4x2(1-2x)2 x<0
Differentiable everywhere.

88. f(x)is discontinuous at x =1,2

x=1
= gx)=x> —ax+b=0<
x=2

89. fl(f(x)=x
SN f(x) =1
FLUON f( =1

-1c3 '-_-L:l
f@N ORE

90. f(0*)=lim A" sinl=0 =n>0
h-0 h
£(07) = lim (k)" sin(—l)=o =550
h-0 h

2 -cosl=ﬁnite=>n =2

f(x)=n-x"7 sinL - x"
x X
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g

@ Exercise-2 : One or More than One Answer is/are Correct = ="

1. f(x) has exactly one point of discontinuity so that sgn (x* —Ax + 1) is equal to zero for some

values of A.

D=0
= A%2-4=0
= A=t2

2. Answer from the graph.
' AY
/ Ly /%2
2
1 2 "
2(x+1)

3. (@ LH.L.=lim
x>0~ 2 -—el/X

. 1/x | -1/x
M= lim x .3_+_4e_ =0(i]=0
x_’od- 2 _el/x X—>0+ 2e—1/x _1 _1

1/x
x(3e +4)=0(%]=0

R.H.L. = lim
f(0)=0
f(x) is continuous at x =0.
[Sel/" + 4]
1/x
. f(x)-£(0) i 2-¢e
07%) = =2 -~ =lim x-—m—=
®) f1O ) xl—l-)n(;" x-0 x—-0* X
' o BidEHE
= lim — -

po- i P50 i S22
fi(0*) = f(07)
(© f(*)=-3
) f(0)=2 exist
4. Given| f(x)|<sin?x
Clearly| f(0)|s0 = f(0)=0
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RS Solution of Advanced Problems in Mathematics for JEE
lim | f(x) | =|lim f(x)|=0
x-0 x—0
|f'(0)|=‘lim S0 = O | i 9 <0
x—0 X x>0 X
, 3 o
alil—x[x—x_...ﬂ +b[1-x_ + x_"'J+5
5. f(07)= lim , -
x—0" i

va+b+5=0 ' ..(1)

—(a + 2) =3
2
2(1 + b = 6 -'-(2)
On solving (1) and (2),

a+b+5=0
2a+b+6=0

-a-1=0
a=-1
b=—-4

a+b=-5
£'(0*) is exist when c =0
lim (1+dx)/* =3
x—0

lim 2 (dx)
ex—box =3

= ed =3

d=In3
7. (a) f(x)=3,/x2|x|-1-|x|

But x?| x| =|x|?

So, f(x) =|x|-1~-|x|=-1is every where differentiable.
So, no where non-differentiable.
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(b) lim [x(tan™?(x +1) — xtan"!(x + 1))] + [Stan " (x + 1) —tan "} (x+ D]
X=>0

= lim 4tan~ (x + 1) =4[12‘-)=2n-

X—>x
(© f(=x) =Sin(ln(—x +Vx2 + 1)) =sin[ln—1———J
x+vx?+1
=sin(—ln(x +Vx2 + 1)) =—sin(1n(x +Vx? + 1))
=—f(x)
* So, f(x) is an odd function.
_ a2
@ f(x)= : o 5 is discontinuous at where denominator is zero, 4x — x3=0
X —x

= x=0,x=%2
a, b, c only correct.

8. g(x)=ae™ + f'(x) = g0)=a-5
g'(x) =aZe™ + f"(x)
g'(0) =a? +3
= a2+a—2=0; a=-2,1

10. f(0*) = f(0) = f(07) =0

11. j f’(x)dx:j F1(—x) dx
= f(X)+ f(=x)=c

12 | flgsx™
= f(0)=0
lim (<h*") < lim f(0+h) < lim(W* = f(0+h)=0
h—0 h—>0 h—0

im (= (<) %) < i —W<lim(-*" = f(0O-h)=0
Jim (—(-R)*") 5 lim, OIS Y

= f(x) is continuous at x =0.

; _ f(0+h) - f(0) _ it O+ h) - -fO . "
FOF)=lim =5 —— ¢ R0 B hl-po h & =g
= f(x)is differentiable at x =0.
13, g(x)=0 - xel
=x2 xﬁl

gof(x) =0 for xeR

|
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14, If AX) is continuous at X =2 then 3p + 10q = 4
AN is differentiable at x =2 then 2p + 11q =+

«
16, AN) =x+ -2sxs0
a ) O<axl
A} - o ¢
= X" 1sxs2

SRV
17, 0= iy KNI gy A

Q -0
le + ﬂ -1
= X l‘ PSS S
N hlﬂ\o h

So, ft0 =L pry
In(AX)) =3Inx+Ine
M) =’
A =1s0c=1
Ax) =x3
So, we can check options.
18. Ax) =(x-D(x-D(x+Dlx+=(x? -D(x? - 4)
FL)=(x? = D2x+(x? -9 (2x) =2x(2x? -5) =0

x=0,i\[§

19. If f{x)is continuous at x =2 then3p +10q=4
f(x) is differentdable at x =2 then2p + 11g=4
20. y —exsnx’ | xin(nx)
% =¥ [ cos(x)3x? +sin(x)] + e~“m(mx)(ll'l(tun x) + -\"'m;l\ —sec? "’)

y'= e“d"(”)[BxS cos(x3) +sin(x3)] + (tan x)*(In(tan x) + 2x cosec 2x)

21, fx)=1-Q-2) +Q-0)x? +Q-0)A-x)x3 +. + (1= -x2)...(1-x" ) x"

=1—(1—x)(1—.\'2)(1—.\'3)...(1—.\-")=1_IL[(1_x')
r=1

(f - =-[[a-x"

ra]
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22.

28.

24,

25.

26.

27.

28,

f and g must be continuous.
l+a=2+b

= a=1+b

3+b=1 = b=—2
a=-1
—>a’+b; 0<x<1

f)—

—>2cosnx+tan‘1x; 1<x<g2

is must be continuous and differentiable at x = 1.

a+b==2+1 ..
2 ey

1
3a=0+— (2
5 )

We get, aandb

flf(x))=2+x 0<x<1
=2-X l<x<2
=4-x 2<x<3

In(f(x)) =In(x + 1) +In(x+2) +...... +In(x + 100)

f_ 1 1 1

= + ¥
flX) x+1 x+2 x +100

FOIF700) - (F1N? =_( Lo anls g
(fOx)? (x+D?  (x+2)2

if g(x) = f() f'(x) - (f(x))* =0

1 . I

T erD? xe2? (x +100)2

= g(x) =0 has no solution.

h(x) =-1 x<1
=|x-2|+a+2-|x| 1<x<2
=|x-2|+a+1-b x22

if h(x) is continuous at x =1, then a =-3
if h(x) is continuous at x =2, thenb=1
lim f(x)=1= lim f(x)

x—0*

x—=0"
Clearly, C =1and use L Hospital’s rule.

Differentiable w.r.t. ‘X’
2f(x)f')+2y=2f(x+y)f'(x+y)

(continuity)

(By differentiable)

1
(x +100)2
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putx=0

k+y=f My

integrate on both sides, :

2 fz(y)

A T AL

put x = y =0 in given equation, we get
f20)=2

£(0) =2 as (f(x) > 0)

put y=0in (1)

(1)

l1+¢c=0=c=-1
also put y =+/2

k~/§+1=%—1
kv2 =0

Hence, we can answer.

30. f'(x)=mmf(—x)=umw

h h—0 h
_1im TP 4 2 2 x2 4 (0); F) =x2 <1
h—»0 h
32. f(l')=f(1+)=f(1)=§1
f'(x):x 0<x<l1
=4x-3 1<x<2
f(x)=1 0<x<1
=4 1<x<2
34. gof(x)=0
fog(x) =0 xel

=[x?] xel
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35. f(g(x))=x
f(g(x))g'(x) =1
1
f'(g(x))
_ 1 _ 1
fige) f(1) e+1

-1
(X)) =———— f%( . o'
(f'(g(x)))? it

-1
g'(e) = D.g
a2’ 0 E@
36. f(2+) = 1irr21+[x -1]=1

g'(x)=

g'(e)

> 2 |
)= My, Ry ‘
x—2"
f(3—)= llm [X—l]:l
x—3"

f(3%) = lim (x? -8x+17) =2
x—3*

S e g

@ Exercise-3 : Comprehension Type Problems * == 2 @

Paragraph for Question Nos. 1 to.2

, tan(In(sec(x/n))) y (In(sec(x/n) -1) + 1) y sec(x/n) -1 (x T
In(sec(x/n)) sec(x/n) =1 (x/n)? o ( )

2. f(x)=1limn

2
X
f(x)——z-

Paragraph for Question Nos. 3 to 4

4. f'(x)=2x+g'1)
fr(x)=2 g =2f(D+2+ f'(1)

f()=2-3=-1 = f(h)=-2
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£x) =x? -3x g'(2) =2(-2) +2(2) =0
-2=1+g'(D) '
gx)=-2x% + x(2x-3)+2 g(1)=-3
==-3x+2

fD+g(-)=-2+(3+2)=3

Paragraph for Question Nos. 5 to 6

5. Clearly, 3 is non-repeated root where as 1 is repeats and also (x —2)*/2 is not diff. at x = 2.
at 3, 2 is non-diff. and sum is 5.
6. h(x) is continuous.
x-1=x2-x-2
x? -2x-1=0
(x-1D?=2
x=1+2

tan%:l+«/§,tan(§)=~/§—1

tan'%t=1—«/i

V2 - 1is not differéntiable.

Paragraph for Question Nos. 7 to 8

Paragraph for Question Nos. 9 to 10

o o o + —X
n/2 n 3n/2 2n
o——. >—b
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11.

12.
13.

Sol.

Sol.

Sol.

Sol.

Paragraph for Question Nos. 11 to 13

0 0<x<1

- X 1<x<2

f(x)—Z(X—l) 2<x<3
3(x-1) x=3

No. of values where f(x) is discontinuous =2
f(x) is non-differentiable at x =1, 2, 3.

No. of integers in the range of f(x) =5 . '
Paragraph for Question Nos. 14 to 16
Flix) = I&i—%w = £(0) f(x)
= fl)=e* (f(0)=2)
g)mix?
Paragraph for Question Nos. 17 to 18
o o o . (1-cosx)(A = f(R))
g'(x)=Asec”“x+(1-A)cosx—1= 00
Paragraph for Question Nos. 19 to 21
2 .
= x x<0
sl x2+1
— X = 0
=2 x> 0
Paragraph for Question Nos. 22'to 24
£x) =g (Wsinx +(8"(2) - Dx
’ n ",
= fi(x)=g(1)cosx+ g)-1=f (E) =g"(2)-1
o T it
f7(x) =—g'(Dsinx = f (5) =-g'(1) |
‘ T R § |
g(x):xz—f'(gj'x+f[-§) = g'(x)=2x f(z)
g'(X)=2 = g"(2)=2

f(x) =sinx +x and g(x)=x%-x+1
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Paragraph for Question Nos. 25 to 26
B fO) + fCh)

f(x)
Sol. (0 = Jim SN S0 _ g 12 LD
- 2
£ = lim, iy =L
f’(X) = }IITO f'(())(l = f(x)z) | (f(o) =0)
2x
> f)="r -1
e +1

f'(x)z_OVxeR

-2x
lim (f(x))* = 2"+ _1
x—0

Paragraph for Question Nos. 27 to 28

Sol. f(x)=3(x+6)(x+1(x-2)(x-3) +x2 +1then k why!
27. lim 3(x+1)(x—2)(x—3)(x+6)=_@
x—-6 x+6 2

1
28. = T e D -2 (x-3)

Paragraph for Question Nos. 29 to 30
Sol. f(x)=g(x)

xlnX 2y

(Inx)%=2+Inx

X=qQo =-1- ’ﬁzez
e

lim fx)-cp _ f'(x) —4

29- x—e? g(x) —[32 g'(x)
C=82
30. h'((l) s g(a) fl(a) = gl(a)f(a) - e(—zez) _62 —-e =_3e

g% (a) (e)?
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@ Exercise-d: msfeﬁing Type Problems 7]

T
0 cos?x

?Jog(sin x) wa ' /2
=2 | ———dx=2| |log(si 2 N . w2 [ €Osx
-[ cos? x [ _([ 0g(sin x) sec “ x dx | =2| log(sin x) tan x| J' - tan x dx

n/2
=2(0-0) - zjdx 0- z(gj— n=k

= k=n
3
_k=3>0’1’2
T

(B) e +e¥ X =1 \ &
eX+e ™ =Y

e -e™=eV(-y)

ef+e™ =V (-yN+e” (y)?
e =eV(-yN+e”(y)? = y'-(y)2 +1=0
; k=1

(C) Let fl=g
g{f(x)}=x = (gf(x)) f'(x) =1
g'(2In2) f'(2) =1

; B 1
§2(n2) =12
2
=14/ = 0,1
2(f7)'(n4) 1+1n2>
1
(D) 1= lim (xInx) ¥*+1
X—>» 0
1,11
Inl= lim lnx-»-ln(lﬂx)_l1 x_Inx x_g
X—> 0 x2+1 X—> 0 2x
In(D=0 = (=1

—>»sec2, -2<x<-1
2. g(f(x)) ——>secl, -1<x<0
L—»secx, 0<x<2



http://www.jeebooks.in

www.jeebooks.in

Solution of Advanced Problems ‘in“hlathé}h&t»ic.; ]’of JEE

FE) \\2/

1

3B o 2 - W3 23 n and
° U X °
O _‘2" . —O—®
@A AN =fQ7)=-1
3 3 2 3 3
(B) j([-\']~{.\'}—|x|)-dx:I(Z(x—Z)—x)dx=(x——4x] =—
2 2 2 2 2

© x]-{x}=-1 x<0
.\'=—3~|~l,—2+l
3 2

@) 1= lim_ {00 = lim (G} {x} ~|x) =4

x4
2x+1
2 —1 \2x1
(&) lim x“+2x-1 =l
x->= 2x2 —3x -2 2
. lo cos X
®) lim 8 secx/2

x—0 X
108 coc x COS 5

2

. . Incos x

= lim cosx)? =lim| ——= | =2
x—boﬂog sec% ) x—»O(ln secx / 2]

© 37 N A
/
® el 23

fAN)=fA7)=fD=>b=0
fB7)=fB")=f(3)
3=9p+3q+2 =3p+q=0
f(x)=2ax-a x<1
=1 1€x<3
=2px+q x>3
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fBM)=f(37)=f13)
6p+g=1= p=%,q=—1

faty = fa)

a#l

@ Exercise-5 : Subjective Type Problerss 111

1.

4.

S.

f(x) is discontinuous at x = L| f(x)|is diff. every where
fD=-f*)=-f17)
= 3=-(0+b)
= b=-3
fN) =-f(17) (as| f(x) |is differentiable every where)

1=-(2a-a) = a=-1
Continuous at x =3,

So, 5=9p+3q+2

= 3p+q=1 ..(1)
f'(x) is continuous at x =3

So, f'(37)=f'(3%)

= 6p+q=1 | 52D

On solving (1) & (2) we get, p=0,g=1
So, |a+b+p+q|=|-1-3+0+1|=3
sin™! y =8sin~! x

y: 8
\/l—y2 V1-x2
1-x)(y)? =64(1-y?)
(1-x%)y"-xy'=-64y
Yy'=4a
(y)? +yy"=0
f(x)isdiscontinuousatx=-~/§,—«/§,\/5,\/§,\/§,«/€,ﬁ,ﬁ
sinmx=0atx=-2,-1,0,1,2,3 ’
So, continuous at these points.
Let f'(x) =K
= f(x)=Kx+c
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= f(9)- f(-3)=12K
Maximum value of f(9) - f(-3) =96

. g(x) =sinx® -x3 +1 x21
=sinx? +x3 -1 0sx<1
=-sinx3 - x3 -1 -1$x<0
=-sinx® +x3 +1 xs-1

Function is not differentiable at x =-1,1

« F(x)=g(x) x>l
=f(x);g(x) c=1
= f(x) -l<x<1
=f(x_);gm x=-1
=g(x) x<-1

If F(x) is continuous at x =1
F(1*)=F()=FQ")
b=a+3

If F(x) is continuous at x =-1
F(-17)=F(-1) =F(-1%)
a+b=5

. fUx)=2-x 25xs5
=2+x -2<Xx<2
e fO)+2f(1-x)=x% +2

2
fA-0+2f(0)=1-02+2 = f(x)=F=D" —32)

. gx)=x(x-3)(x-7)
f(g(x)) =sgn(x(x -3)(x-7))
2

. —2(sinzx—sinx+1).=—4sin2 X+sinx+2
dx

. f(x)=acos(nx) +b

f'(x) =-ansin(nx)

3/2 24 9

I f(X)dx=-—+b==+1 = a=-1, b=1
172 n %

ca'(x) = f1(x)-2f(2x); B'(x) = f(x) -4f"(4x)
a'() =f(D)-2f(2)=5
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7

a'(2) = f1(2) -2f'(4) =7 \
B = (1) -4f(4) =a'(D) +2a'(2) =5+ (2x7) =19
B'(D-10=19-10=9

14. g(f(x)) =x
g fOf(x) =1
f=-7/6

f(D=2+1+1+1=5
S 1
h(x) =ax 4 +bx4
-9 -3
R =-28x4 + 2,7
4 4
h(5) =0 = -2.5%4,b s34 _g
4 4

= 5a-5%2=p
a 51/2

= —_-=
b

() -

a _ 51=5
.:Z) 5x =
6 5

| N

5b2g:

1

16. Let i ( foo+| f(t)dt]:l
0

[e"jf(f(r) dt]
=1

0

X—® (ex)

(1)
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e"j f(£)de
= lim —2 =1
X—>®© ex '
= lim j f(t)dt =1 a(2)
X—-)t!)o '
From (1) and (2) we get, lim f(x)=0
17. £(0) =0, f'(0) =1, f"(0) =1, f"(0) =2
g f(x)) =x = g(fO)f1(x) =1
" _f,(x)
= g'(f(x)=
()3
o O 0 = _[(f’(x))"' - £700) =3 (SN (1)) ]
(f'(x))°®
Put x=0
g,(0)1=_[1x2—3x1]=1
1
L ("(“Eﬂ‘f )
TR L ol . JERT
19. f = SIS i S
g T (“ﬁ) h
f) T\ X) gy f(x)(——) f(1+ﬁ)
. 1+h/x x - : x x
= lim . =}111_I110 o~ ™
et h[1+—j
3 X
h
f(1+—]—fc1)
e (LT X (as f(1) =0)
X h—0 xz(h)
X

=19, f—zl—)
X X

X0 + fO) ==
X

%(xf(x)) i

- 4

xf(x) = [~ dx
x

xf(x)=Inx+k
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21.

22.

23.

24.

Put x=1,we getk=0
fo=20%
x

H) =t e X
f(x) Inx

Inx-1-1

H'(x) =
(In x)?

H(x)2e
" H(e)=e
’ 1
lim|——|=2
xl-r?e[f(X)]
2X2 3

fl) =tant(x?) + == 4 4x
1+ x4

4 -
£ = 2x o (1+x7)-2x - x“(4x”) T2
1+ x4 (d+c*)?

dl:M:—Bsin'ecos():—ésinze
dx dx/de 2
d*y —3cos20
dx? sin@
2 2
t“+16 +8t t“+16-8t |t+4|+|t—4|
Let8x-16=t% = \/ +\/ =
8 8 2.2
f(x) =[x] O0<x<1 - :
5
= 1< x<—
{x} 2
3 5
=x-= —<x<2
P 4
No. of points where f(x) is non-differentiable are three.
4 53
x=1)—:_
4°2
Qaaa

Chapter 4 - Application of Derivatives
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W Exercise-1: Single Choice Problems 7 ey

1. Maximum value of f(x) =3
Minimum value of f(x) =-1

2 fU(x)=6x-6
fi(x)=3x% -6x+3 G f(2=3)
f()=x3-3x% +3x-1 ¢ f2)=1)

5.V =§n(10+r)3 —gn(IO)s

L 4nr0+7y2 9L
de

dr
ar_ 1
I—m (.T—Scm)
(x| -D(|x|-
6. =
= =) (==

&(x) is an even function so there is an extrema at x =0,
Also number of extrema for x > 0 will be equal to number of e

Xtrema for x < Q
forx>0

(x-D(x-2)

X)=— - NF &)

- (x=3)(x-4)
Number of extrema =2
=  Total extrema =5
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2
7. A'B’=\/[700 —%t) $

9.

10.

11.

12.

13.

(AB") min att =30sec

f(07)2 f(0) =>a23
—> 3+k-x,

f)—

x<k

L» -2+ —Sinﬁt,;k) , x>k

= fi(k*)> f(k), f(k™)> f(k)

So, lim (a2 -2) +30(x=K) _ .2 ;.4

x—k* (x-k)

a’>4
la] >2
%=3x2—4x+c1

_Y=x3 "2x2 +C1X+C2

Also, EX] =0 and yl;x-1 =5
) at x=1

dx

m, =Q:| =2a+b
at(1,2)

dx
)
m =g'(x)=__
: dX Jar(-2,2)
7
Also, 2=a+b+—2—
dy 2
18y —=3x
Vidx
dy _3x?
dx 18y
2
= 8 7= q?=bb
6b
Also,9b2=a2
dy 2
—=3x“-4x+c
i x

1
P 2 +b_—__
2 = 2a

»

-

-
s p 20 s

790 =

»
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Y _3x? 4y 41
y=x3-2x2+x+d
atx=1,y=5 = 5=1-2+1+d
= d=5
14. A(0,2)
dy dy -15a2x2 -200x -1
5a2(3x2)+10u 2x)+1+2—=0 = L=
(2x) dx dx 2
dy 1
= —atA=-=
dx 2
Equation of normal at Ais y =2x +2
Let normal meets the curve at B
5a2x® +10ax? + x + 4x+ 4 -4 =0
S5x(ax +1)2 =0
1
x=-=
a
So, B(_—1,£+2]
a a
Slope of tangent at B w200 -1 =2
1 1
15. f(x)=cosx+ Ecos 2_x - Ecos 3x
f'(x) =—sin x —sin2x + sin 3x =2 sin x(2 cos x + D(cosx-1)=0
16. Closest distance exist always alone the normal
1-Jx dy -1
2=x dx &
1—w/;x 1 s ' P(x,4X)
2-x  2x
Let +/x =t
2+43
X=
2
17. Let x=2sin®
2
y=1n(3i2cie)—2cose=ln M —2cosH
2 -2cosH 2sin? 0/2

=2ln(cotg)—2cose
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18.

19.

20.

1
dy (—cosec & —g—) +2sin0

de =cote/z

%=%+Zsin9=_2%r::9

%=2cos9; %:—cote

(y —Zln(cot%) +2cose)=—cot6(x—23in6)

T =(0,21n(cot %) —-2c0s0 + 2cose)

P =(2$in9,21ncot%—2cose)

PT? =(4sin2 0 + 4cos20) =4
g'(x) =(2x2 =Inx) f(x)

1.2 1
fi(x)= 3x° -
In x3 Inx
x% —x

Inx
x(x-1)
Inx

223(

fl(x) =

f'0) = >0V x>1; f(x)>f(1):f(x)>0Vx>1v ,

For g(x) is increasing

g)>0= 2x2% —Inx>0as (f(x)>0)

Let H(x) =2x2 —-Inx ’

4x? -
x

H(x)>H(1) = H(x)>2

gx)>0V xe (1,)

g(x) is increasing on (1, ).
f'(x) =3x%2 +12x+a
f(x)<0in(-3,-D
Product of the roots =—§ =3 = a=9

1>Owhenx>1

H’(x)=4x—l=
x

1-x

Ji€9) =tan‘1(———)

1+x

) 1 -2 _ 2 _ 1 >0
fa= [l_x)?-((uxf) 2(1+x%) 1+x?
+

1+x
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f'(x) is decreasing V xR
So,in[0,1] f(0)=tan™'(D) =% (max)

£(1) =0 (min)
21. f(x)=3x% +2(a+2)x+3a
D<O
a®-5a+4<0
ae(l,4]
22. f'(x)=0
cos? x - Yx + x1/3 —%:0

f:osz.vc=l
2

cosx=ii

V2

total number is 12.
AY

23. (_ 2

b +122
25. f(x) is continuous and differentiable in [-1,1).
26. e e -sinx; = x; =-cot X,
Xy

Point (x, , cos x, ) always lie on i =i +1
yz x2
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27.

29.

31.

32.

33.

34.

35.

36.

x+-%>2Vxe(0,oo) '
x .

fl) =x3 —2x2+a>0Vxe(0,oo)
f'(x) =3x2 —4x=3x(x—§)
Minimum value at x =§

64 16 32
—=2|—|+a>0 kil
27 (9) * =%

f'(x) =cos® x +cosx+2>0

f(X) min = f(0) =0
f(X) max = f(27) =5n
f)=x3-3x+¢=0

F)=3(x%-1

“—‘i
= f(DA(-1)<0 | . | / i
(c-2)(2+0)<0 ;
fi(x)=e*(x-D(x-2)<0

%‘Z—=Bax2 +2bx + c=0has one root = D =b? -3ac=0 = b-z -6

Let x =tan then y =cos? @

dy ; 3

~E =|2sin6cos” 6|

dy T

'E - ato =g

h(x) = f(x) — g(x) =2x —3sinx + xcosx

h(0) =0 )
h'(x) =2 —2cosx —xsinx

h'(0) =0

h"(x) =sin x — xcos x

h"(0) =0

h"(x)=x,sinx>0‘v’xe(0,g)

f(x)=2tan"(g(x)) - |g(x)|<1
=n-2tan"" g(x) g(x)>1
=—m—2tan"" g(x) g(x)<-1
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28'(x)

"x) =—281X) |g(x)|<1
L 1+(g(x))?

— 180> 1
1+(g(x))’

R [Z [mm 7 f(x))] 1 (sin f(x))] 2
x»e?| 3| 7f(x) 30 f)
38. If f(x) is strictly decreasing for all x,
f'(x) =log,,3(log 3(sin x + a)) <0
= sinx+a23VxeR
= a4
39. f(x)=aln|x|+bx? +x

2bx% +x+a

fO=2+2bx+1=
X X

if x =1and x =3 are point of extrema.

1 a
e il e
= T ey,

f(x) has local maximum at x =0.

41. f(x)= j (t —a) 2" (t —b) 2™+ dt
1

£ =(x -a) 2" (x - ) >

No sign change of f'(x) about x =a.

f'(x) will change sign from negative to positive at x =b = Point of minima.,
43. Let point P on the curve y2 =x3is P(tl2 ,ti’).

Equation of tangent at P(t,t}) is
3
y-ti =§t1(x—t12)

If this intersect the curve again at Q(t3,t3)
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44.

45.

46.

47.

48.

49.
50.

51.

tano _ (3t1/2) _
tanp (3t,/2)
yi=ax®-p
if (2, 3) is lie on the curve

8a -p=9
Slope of normal at (2, 3)
—l——i > a=2
4 2a

Equation of tangent at (0, 1) to the curve y —1= kx meet x-axis at (a, 0) then

-2S—l< -1 :>ke[l ]
k 2

J_—u_ T
J() = j x w/;.fe"
0 0
where t = &

X

= f(x)=KJx, K>0
f'(@)=0 = x=aq is the point where concavity changes.
/'a b\/c

flx)=x5 -x-1

fl()=6x°-1>0V xe[1,2]

If f(1) =~1<0and f(2) =2° -3 >0 then f(x) has one root in [1, 2].
Every line passing from (a, b) is normal to the circle (x a)z +ly-HZ 2k
f'(x) =cos x(3sin? x —m) =0

sin?x="" = 0<M<1
3 3

O<m<3
Let y = xV*
y' =xW*2(1-Inx)
f(x) is increasing (0,¢)
and f(x) is decreasing (e, )

..(1)
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52. Lety =mx
Point of tangency be (x;, 1) ;
= mx1=xf+x1+16&m=3x_12+1
= x,8xf+1)=x} +x +16
X, =2
m=13
53. y'=3x2-6x+6
y"'=6x-6=0
x=1
y'=3
54. Let H(x) =In(f(x) + f'(x) +... f*(x)) - x
= H(a) =H(b)
= H'(c) =0 (by LM.VT)
- f'(C)+f"(c)+...+f"’“1(c)_1=0
fQ+ f'©+...+ f'(0)
= M0 = f(0)
55. h(x) = g(x) + x
= h(x)=g'(x)+1
= g)=h(x)-1
= g'()=h"(x)
= h'(x)-3(h"(x)-1D>3
= h"(x)-3h'(x)>0
d =3x1,
= E(e h'(x))>0
Let P(x)=e 3*h'(x)
= P’(x5> 0
= P(x) is an increasing function.
- P(0)=h'(0)=0
= P(x)>0Vx>0
= h(x)>0V x>0
= h(x) is an increasing function V x> 0
56 o € o 1o(x+D?=c

b (x+1)?

Point (vc ~1,v/c) lie on the line x + y =3 = \c =2
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57. |sinx|=e~*"

60. x" +ax+b=0
X is even.
" +a= f(x)

f(x) /

n

S\

VxeR

max

2

61. f(b): sin x + -
3 +sinx

+b

sinx =t
2
g(t)=t+m tel-1,1]
2
B+1)?
B+t)2%2-2>0
B+t=-+2)(3+t++2)>0

g =1- >0

gt)=t+ i increasing V € [-1,1]
3+1

3
g(t)max=5
&) min =
S kb i 3
fb)=[2 ifb>-=
JF 4
b<——
-3 3
min off(b)=—(—;—)—z
{x®
62. y-_% & _
y T = dx (1+x2)?

-3-JZ -3

+Z. -1

=312
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63.

64.

65.

66.

67.

70.

T —

=l = -1 X
f7(x) =2cos (3)

d ., -2 1
L= (—)
dx x2 \3
%
9
f(x) =sinx +tan x —2x

f'(x) =cosx +sec? x-2=0

cos3x—2coszx+1=0 = (cosx—l)(coszx—cosx—1)=0
cosx=1’i
a+2c 4

= =0 12b=0
b+3b+3 < 3a+4b+6¢+12b
= la+2+d=0
4 3

4 3 2
Consider f(x)=2+ bx” | ox® + dx
4 3 2

then f(0)=0=f(1)
f(x) satisfies the conditions of Rolle’s theorem in [0, 1].
Hence, f'(x) =0 has at least one solution in (0, 1).
F10) =¢(x) -(x-2)?
$(2)>0 = f'(x)>0 = f(x) T
$(2)<0 = f(X)<0 = f(x){
f)=fB) >a+b-5=3a+b-27 =a=11
f()=3c%?-12c+a=0 = beR

3at _ .3/2
Let X—ZZT,_}’—(H

8.2
2(904;3 )
dy 2

= o2z~ ot =Vt =-2"3cotq
9a“t

3/2

3at at

and P =cosal| —— - ———
22/3  _cota

= =COSO.C0!20.

Q|
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Q Exercise-2 : One or More than One Answer is/are Correct == “fw

1. Equation of tangent to y = x3

5'

3 2

Y —xy =3x7(x-x)
Equation of tangent to y = x1/3 is
173 _ 1

2 T ,.2/3
3x2

If these tangents represent same line
1 9xfx§/ i

y—-x

(x-x3)

—2xf

1 1 §x§/3

’ £(4) - £(0)
c. )= =JW) _
@ f'(cy) 40
, f(8) - f(0)
c.) =2/~ JW)
© -fC 1 8-0
f(Cy) = f(8) =1

1'3
(d Let g(x)= J' £(©) dt
0

8
= g0)=0,g2) =] fO)dt
0

_8(2) - g(0)

g'(@) =302 f(a?) 5

and  g(®) =3p2f(p*) =E2 80

2

= x; =%

V3

ae(0,2)

Be(0,2)

8
g(e) +g(B) =g(2) - 50 = [ f©) dr
0

f(x)=2x4+x4sin% %50
=0 x=0
fi(x) =8x°% + 4x3 sin%—x2 cos;lc-
-1< f(x) <1
-x < f’(x)Sx (... f'(0)=0)
x2 x? Gl
_?Sf(x)<'?z— : f(0)=0)
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6. f'(x)>0V xe[-3,4]
= f'(x) is increasing for x € [-3, 4]
7. f'(x)>0V xel0,2]
= f)7
) _ f() - f(0)
Fed=—5 "5

f(C1)< f(C) = f(O) + f(2)>2f(D)

Similarly applying LMVT between [O, %] and [% s 2]

£2) -f@) f(ﬁ) _f(0)
>

,C; €(0,1) and f'(C5,) =ﬁ21#,c2 e(1,2)

3 2
3 2 = 2f(0)+f(2)>3f(§]
3 3
8. Letg"(x)=a(x-1)
2
g’(x)=axT—ax+b
(=1) = .
g-)=0=0>b >
. R
g(x)=T—T+bx+c = gx)=x3-3x2-9x+5 (- g(-1) =10, g(3) =-22)

9. flx)=2x>-3(A+2)x% +2\x+5 ‘
f(x) =6x2 —6 (A +2) x + 2\ =0 has two real roots, then

D>0 = 322 +80+12>0
= A€eR

10. f(x)=1+xIn(x+v1+x2) -1+ x2
£ =In(x +V1+ x2)

f'(x)20forV x e[0,x)
f'(x)<0forV x e(—w,0]
11. f(x,y)=x"(k-x)"

fie, y)=mx™ (k- x)" =x™n-(k-x)"! =0

mk
= X=
m+n
m+n m n
; -m™ .n
Maximum value =
(m +n)m+n
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12. Letline is tangent at (3t{, 2t}) and normal at (3t,2t3)

d
= ko4 =t
Axla2, o
So, slope of normal at (3t§ g 2t§) .y
ta
= tl =_l
ta
tz =—i
ty
2tf’ +
¢3
= tl = 1

= t{(tf -3)=2o0rt, =++2
13. m=d—y
dx

m
I_yl = then solve it.
xX+y x

14. First draw the graph f(x) =

x2-4

—2| |2

M

While drawing diff. possibilities of y = ax? +bx+c

We get possible intersections.
15. y' = 3x12

3
3x2 =21 =8 = x; =-lor2
X1 -2

y'=3ory' =12
16. Let f(x) =x+cosx—a
fi(x)=1-sinx>20V xeR
= f(x) is increasing.
= x +cosx —a =0 for one positive value of x, a e (1, »)


http://www.jeebooks.in

www.jeebooks.in

18.

19.

20.

21.
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86 £ ik : IR
17. Lety=ax+b=f(x) a=#0
flag=2b
a
¢Y) ml=a,m2=l = mm, =1
a
(2) m1=a,m2 =—— =>m1m2=—1
a
3 m1=—a,m2=—1- = mym, =-1
a
-1
4 my=-a,m,=— =>mym, =1
a

fr(x) =eX(x2 _1)x2(x 4 1)2011(x _2)2012

=exx2(x+ 1)2012(x_1)(x _2)2012
+ _+

T4 7071 2

x =-1,0,2 are points of inflections and might be more points in (1, 2).
x =1is point of minima (Answer can be given either d, ad, bd or abd)
f(x)=sinx+ax+b
f'(x) =cosx +a
if a> 1then f(x) is increasing.
So, only one real root, which is positive if b> 0 and negative if b> 0
ifa<-1
f(x) is decreasing so only one real root, which is negative if b< 0.
f"(c)=0 for ce(0,1)
f'(x)>0 for xe(0,0)
f(x)<0 for xe(c,1
f'(x) =5sin x cos x(sin x —cos x) (1 + sin x cos x)

T T

Clearly, f'(x)>0V xe (Z’ E)

fl(x)<0V x e(O, —:-]
n —
f(0) —0,f(5)—0
By Rolle’s theorem 3 ¢ e(O, %) = f'(c)=0

Clearly, f(x)2 fG—)
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22.

23.

24,

. |
f(x)zz(%) —1=2(_1.)_1=__1\[__.‘—1and f(x)<0\1xe(o,§)

4.2 242

fx)=x20*1 1 x>0
=0 x=0
f(x) is not continuous at o, = —% ,—1

Cos x

fl(a)=

Clearly, f'(x)>0 = xe[O,g)u(Mn-—Dg,Mn+1)§)Vne_N
and fl(x)<0 => xe((4n+l)§,(4n+3)g)Vn'eN
f(x) has a local minima at x =(4n — 1)% VneN

and f(x) has a local maxima bat X =§ and (4n + 1) % VneN

X (—sin x) —cos x

x2

Also, f'(x) =

=0 = xtanx+1=0

All the points of inflection of f(x) lie on the curve xtanx +1=0

Also, fl(x)=0=> x=(2n+1)gVneN

Number of values of x in (0, 10w) in which f'(x) =0 are 20.
| f()]<1
Applying L.M.VT. in x € (0, 1)
= | £00) [ =] f(D) - fO)]
| f(D) - f(O)|<2

= | f'(x)|< 2 for atleast one x in (0,1)
Similarly | f'(x) | < 2 for atleast one x is (-1,0)
F(x) =(f00)? +(f(x))?
For atleast one x in (0,1) & (-1,0)
| (0 [$2 & f(x)]|<1
= (FON2 <4 &(f(0))*<1
= (FON? +(f(x)*<5
= F(x) <5, for atleast one x in (-1,0) & (0, 1)
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25. f(Z)> || and f[Z)> 5| %
e 2 TR TR
Also, absolute maximum occurs at x =-1
26. Symmetric about y = x
Y _, o ik
dx 4‘1
2x=1 = x=l ' &
2
Point =(—1-,§
24
— =X _ 57X
27. f'(x)>0 = (d+x)e 3 >0
(1+x)?
for x < -2 increasing.
-2 ; \\
/\ L
x='—1
28. Point(1,2)liesony =mx+5 = m=-3 ..
Point (1,2) liesonx>y> =ax® +by® = 8b+a=8 (2
3x%y3 +x3.3y2y! =3ax? +3by?y! = a-12b=-4 .3
. _16 ,.3
5 5
y _ 4, .2 2 _
29. -1 x"+x°+1 x“-x+1

fO+1 (x2+x+D% xZ+x+1

%% 5.1

= f(x)=
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Q _Exercise-3 : Comprehension Type Problems "

Paragraph for Question Nos. 1 to 2

1. f() x+1
x(x+1) : 2
s == bl
(x)=1- =0
g (x-1?
x=1+w/§,1-\/§
4
"(x) =
S T -p?
g'(1++2)>0
Minimum value of g(x) is 3 + 2+/2.
1 2 1
2. g)===1- == =3,-
g'(x) 2=> — 5 X 3,-1

Paragraph for Question Nos. 3 to 5
1

1 1 2
3. g(l):jf(t)dt=j(1—t)dt=t_t_2_
0 0 0

N | =

4. For xe(2,3]

8(x) =i ft)dt + f f@®)de + j.‘ f®dt
2

1 (x-2)° 2)“x
) =g+=—5—

5 L (5).13
Tx=gvélo) "2

g'(x) = f(x)

g' _5.)—1
2) 4
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1
5. Slope of tangent at P = 2
25
Slope of tangent atR = 3
tanf = 2
14

Paragraph for Question Nos. 6to 8

Paragraph for Question Nos. 9 to 11
9. By putting x=1,2,-1,0 we get a, b, c, d clearly other roots product is 1.

10. P(x)+ k =0 has 4 distinct real roots.

P(x) =-k,where -ke(1,2) = ke(-2,-1)

. pull the graph more than 1 and less than 2, now the graph intersect the x-axis

in(-2,-1),(-1,0),(0,1),(2,3)

-2+(-D+0+2=-1
11. P(x) =0 has two roots.
~ P'(x) =0 has three root
P(x) =0 has atleast 5 roots.
(P'(x))2 + P(X)P"(x) =0 = (P'(x)P(x))’' =0 has atleast four roots.

Paragraph for Question Nos. 12 to 14

Sol. The equation of chord AB will be y — f(x;) = M

X-x
X3 =X, (x=x,)

This line passes through (0,2x, x,)

2xy%, - flxy) = 222 = Fx1) (=x;)
X2 — %y
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I

I

- (‘\".‘. - .\'1 )f(.\") - .\"f(.\"_\.) -+ .\'lf(-\'])
Ng =Xy

2.\'\‘\‘:(‘\': - xl) =.\‘3f(.\‘l) "‘\‘l.f(x:)

2.\‘1.\‘3

fx) - flxg) (x f(xy)
e LI TC O QR DB L —2% ¢
X1 N2 X Xa
X
f1x) +2x =k
X

AX) =kx -2x2

Given that f(1) =-1

12. .

-1=k-2 = k=1

fx) =x-2x3?
\ 172
[Vreowea|x 2] 1211 1 1
0 2 3| 8388 12 24
18, f(x)=1-4x20 = xs-}{

14. F(x) = f(x) + x=2x-2x

Clearly, F(0) =F(1) =0

15.

16. A"l +Bexl .

Rolle’s theorem is applicable in [0, 1].
Paragraph for Question Nos. 15 to 16

1 1
f) =1+ x[ e fiy)dy +e¥ [y fiydy
0

0

2 3
B=——-,A=——
e+1 2
fi(x)+3>0
3 2 x_3(e+1) 4
- +3>0 e’ < ——= = | —e¥ | = =
2 (et D 4 [33] [e+1]=3
3

251 9 = Be® =2
2

fi(x)=A+Be" =m,

2.\'3 =k
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my =3 227
2 2
m — g
F
tan@ = il

3.

|
N
I
L4
-

{ = h(x) = f(—x)

3
4. (A) y= o

(x-a)(x-B)(x-7y)
_ 8
2-a)2-B)(2-7)

x3 -3x2 +2x+4=(x-a)(x-p)(x-y)

y



http://www.jeebooks.in

WWwW.jeebooks.in

Upplication of Derivatives .. .. 895
Put x =2
8—12+4+4=(2—a)(2—B)(Z—y)=4
8
y'atx=2=z=2
() x3+ax+1=0, xt+ax+1=0 ...(1)
x* +ax? +x=0 -(2)
(2) - (1) gives ax? —ax+x-1=0
ax(x-1) +(x-1)=0
(x-D(ax+1 =0
1
x=1 or x=——
. a
put x =1in (1) we get, l1+a+1=0 = a=-2
la|=2
(C) f(x)=x2+4cosx+5 l . l y
f'(x) =2x —4sinx =2(x - 2sinx) =0 ' —
sinx =X ’ : = <O ° ;i
2 o 6) a2 =«
——(>0) whenx>a
, L— <0 when0<x<a
f(x)—___>0 when B <x <0 — } ~
<0 whenx < d 2 *

x =0 only a point of maxima
So, number of local maxima is 1.

(D) Let |x|=tel0,2] , ‘
o fix) =263 +3t% —12t +1=¢g(0) \_'/

g(t) =6t +6t —12t=6(t> +t-2)=6(t +2)(t - 1) S

g(1) is min. of f(x)i.e., fin =2+3-12+1=-6
g(0)=1,8(2)=16+12-24+1=5 ;
max. of f(x)is5>4,3,2,0

6. f’=—1——a+2x>Osincex>0
8x

1—-80.7(4-16)(:z >0
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* 2
- (A V=nr2h=nh{R2—£4—J ( R2-s2.H )

See D=0
D<0
D>0

. Let gl)=ax® +bx? +ex+d

f(x) =g(x)

f(x) has local maxima and local maxima at x = -2 and x =2.

g(x) has same local minima and maxima and x = -2 and 2.
a<0;a=-2

ud

£ = 3ax? +2bx + ¢

=0

2Vax® + bx? + o+ d
f'(-2)=0and f'(2) =0
= b=0,c=24
Also, g(2)>0and g(-2)>0
= -16+48+d>0and16-48 +d>0
d>-32andd> 32
= d>32

dv 2 3h? 2R 2
——=n|R*—— (=0 = h==2 and r=_[2R
dh [ 4) S

EYv=22 {R2 (h-R)?%}

%= (4hR -3h%)=0 = h=2R S L 2‘/_R

2:2
(© sinf=—t—= & - p2_ BT

h-r JRr2 4+ p2 _hz -2hr

2 h2 2
Volume of cone = 5— h=

h—2r
dv _x of (h-2r)2h- 1i*
—— ———— |=0 = h=4r
dh 3 ( (h-2r)?2
3 3 3 4 4 4 4 8x3 81_y4 32
7 2 = \‘3y4_.:_
27 256 3

(D)
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iExéréisé;S : SUbjECﬁYQ-TYpe Problems

2
1 P =
T 2 21t 0
(Zn]’”
2 2
V22V fe-(2 S
3\ 2n 2n
dv _ 8
de S
Ay V3
2= =3+6
Ay 3-42

2. f(x)=x?Inx
= f(xX)=x(1+2Inx)

and f'(x)>0 fore[1,e€]
f(x) is continuously increasing on [1 ¢] with the least value zero at x =1and the greatest

value eatx=e.
2

3. f(x)=pxe™ —52—+x
fi(x) =(1-x)[pe™ +1]1<0

— :
, axe™ +e™; x50

Clearly, f'(x) is continuous at x =0
2 3 <0 1, . . o v
oy ja‘xe ax 4 2ge™; x icesinm it - _
- f(x)—{ o5 o3 50" f'(x) increasing if (ax + 2) ae™ 20 and 2a -6x >0

5. f(x)=x%-2bx+1

Casel: b>1
= fO)-f()=4
= 1-(2-2b)=4
=5 b=3

1
Casen:0<b<§

= f) - f(b)=4

- p=3,-1 (Not possible)
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CaseIll : %<b<1

= f(0) - f(b) =4

b=+2 (Not possible)
CaseIV:b<0
= f)-f0)=4

= -

2
x%+9y% =36 x2+y2=12
12-y? +9y2% =36
8y?=24 = y2=3 = y=,3,-43
when y'=++3, x2=12-3=9
x=%3
point of intersections are (+3, +/3)

Let one of point of intersect is (3, /3)
Now, 2_x+2_yy,=0 = y'=(—2—x}x(i]

36 2y

1

(Y')(3,J§) =—3—£=(m1)

' U x
2x+2yy'=0=> y =—:y- = (y’)(a,ﬁ) =—-§_= 3=m,

V3
1A
| M —my 343 _| 8 2
tan0 = = =12 | |4
1+mym, 141 43| |V3|
3
2 1 2
tanb=— = O6=tan™"| —
& =0 (F)

f)=2e* -(A+De* +220V xeR
i.e.,2e? +2-(A+1e"
A+1<2(e* +e7™)

-}:—ls(e"+e"‘)VxeR

= %s(e" +e ™ )minV xeR
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A+1
So, ——<2
2
A+1<4
A<3
A €(~x,3]
k=3
9. f()=x2, D
x
o
Also, i =8
Fip 2p & 2p_r2
pri=4 (D)
s_
—l =9
r-p P
_;_pZ
= ——=2p = -=-p?=2pr-2p2
p2 =—+2pr
= p2r=16 “_(2)
Multiply (1) & (2),
= pr=4
= : r=1, p=4

10. _[lx+2], x>0
0. fx) [|x—2|, x<0

Minimum value of f(x) is 2.

11. f(x) =I[(a—1)(t2 +t+ D2 —(a+ Dt +t2 + D)de
0

X
2](:2 +t+1)(at —t2 -1)de
0

fl()=2(x2+x+D(ax-x2-1)=0
D<0 = a%?-4<0

12. f(X) =__x2013 + e2014x

f(x) =2013 x%12 + 20142014 5,

= f(x) is increasing function.


http://www.jeebooks.in

www.jeebooks.in

A0 oltion of Advanced Prablems in Mathemates for 7
14. P=(x1,xi” —axl)
Q =(-’¢'2,-7C:23 —ax,)
y=x3 —ax
%=3x2 -a
Slope at P =slope of PQ
8 . 3 o
Xz =X '
(x3 =x1)(x3 +2x;) =0
= g =iy o * i)
Slope at P x Slope at Q =-1 ’ _ .
Bx}-a)(3x2 ~a) =-1 : L wild
Put (1) in (2),
36x; —150.):12 +(@?+1)=0
D20 (X, €R)
942216 = azg
B x3 Y,
15. I(t) =j(x2 +2x—t2)dx=?+ x? —t2x|® (max)
o )
3__3 :
10=2% 62 —0?) -2 -0 i
(0]
I't)=-2t(B-a) =0
I(t) <1(0)
e 4 _p 4
1(0) = 2 2x)dx=—= = = =|I(0)|=2
©) -J.(x R O
16. d_y=1_ 3y whent=0,y=0
dt 100 -2t

d_y+ s y=1
dt \100-2t

¥(100 -2t)™2 =+ (100 -26) V2 4+ ¢

aswhent=0,y=0
1

c=——

10
¥ =(100-26) -1—16(100 ~21)¥/2
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$ody 1(3 1
v L ==2-—[2](100 -2t)/2(-2) =
de 10(2)( U265 (-2)=0
o 250
t=—-=27+—
9

17. Let f'(x)=K
= f(xX)=Kx+c
= f9)-f(-3)=12K
Maximum value of f(9) - f(-3) =96

19. Equation of normal atp(%yf,ylj isy-y, = _9:'1 (x _%yaj
If it passes from (0, 1) then 27y; + 16y, —16 =0 has only one real root.

2
20. e"‘(x—+x+1]=a
2
x2
 Let f(x)=e™™ ?+x+1

~ 2
Fil) = e"‘(—fz—J< 0

21. f'(x) =a-2sin2x +cos x —sinx
Let g(x)——25m2x+cosx sin x .
=-2{(cosx - smx)2—1}+cosx —sinx

where cos x —sinx =t
—or2 +t+2Vte[—/2,v2]

1 17
—Z—stg(x)s-sz ik

22, Let x=6cos30, y=6sin’0
dy _ 6(3sin 29cosb) _ it

dx —-6(3cos?@sin 9)

Equ. of tangent
y —6sin 39 =-tan0(x —-6cos> 9)=> Py =6sinBcosO

Equ. of normal
y —6sin® 0 =cot 0 (x - -6¢0s®6) = p, =6(cos? 0 -sin? )

m=6\/4s[n26cos 0 +cos*0+sin*0-2sin20cos29 =6

QQQa

Chapter 5 — Indefinite and Definite Integration
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@ Exercise-1 : Single Choice Problems =~ 117 T

1. j\:axlnx+ a*lna - x(lnx—l)}dx
1 I
=Ia".lnxdx+l:x(lnx—1)a"—J‘[x.%+(lnx—1):|ax]dx
=J.a"‘ ‘Inxdx + [x(Inx/e)]a* —I(lnx)a"dx

2. umlf: =i 0 203D

1
n—»uonr=1 1+£ 0 x+1
d n
sin x
3. dx
ISiH(X—O.)

Letx —a =t = dx=dt

jsin(t +a)

- dt =tcosa +sinalogsint +C =xcosa +sina log sin (x -a)+C
sint

2 2 2 2 2
4 J-log(x +2)dx= -log (x +2)} +I 2xdx
8 (x+2)? X+2  Jo o(x+2)(x? +2)
2. 4 5 1
=—.t 2 -—log2+—1]
3, 12 84t 15083
5. For O<x<1

1+x? <1+ x8 <1+ x%<1+x3

6. Let g(x)=j’ 1-(£(s))%ds
0
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. [ g(t) —g(x)
H[m)%’ = g0 = () £ =1~ (fON?
7. H1)-B
.“W Idx = {Jl-y*=1-x (.f(zJ 2)

n—on

7. lim = i\‘ Jl\/?(x_dX=Tj;\/l cos® x —sin® x dx

=Isin2xdx=l_c°52
0
1
1 2|1-—
8. (1'6—3(3) dx=li ( x3) dx = 1
0x® +1)3 20( 1) 36
2x+~—)
XZ
l/‘Esin'lx ttan!
9. 2 j' dx—j L
X X
0
n/4 n/4
j °°s°d9 jesec 9de_-—ln:z 2 J‘lnsmede+ J'lmanede
0
n/4

-jmsmzede_—mz

0
0

10. f(x)=x2 +J'e*f(x—t)dz=x2 —e™ [ flw) du
0 x
0
flx)=2x+e* j e fwdu+ f(X) = flx)=x?+2x

X

3
= f(x)=x?+x2

1
11 f(x) = f(x) + Kk [kx =If(x) de
0

= y-—'hx—'kl
TAQ) =1 = k—k =1

1
-T.
& X _k,)dx = 2k; =k(e- D:;»k-r—-— :
kl i(ke 1) 1 $- a:sfnaslleui\
.l\\ ,;‘{ .

Put2x+i2=t)

(Letx —t =u)
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13.

14.

1s. |

16.

17.

18.

104 Solution of Advanced Problems bz&lathmforlzi:'
1+cos?x 1+cos?x 1+cos’x
12. L= | ge@-0)d=2 [ fe@-0)d- [ fe@-0)d
sin?x sin?x sin?x

Il —212 -Il —J Il =Iz

j- 5sin x dx _I 0?SX+251nxdx=x+2ln|sinx-2cosx|+C
sinx —2cos x sinx -2 cos x
1
[ D _ G
(x+1++x)? (1 | 2
—+—=+1
x Jx )
1 1 1 1
——
— {22 -
(#x+ 2-x }(31 ) *t (2_12)-_{#}
e -l F "
-X 1-x

=21’6Idx =20y 4C

J %
I cos x dx

J1-2sin
dx
I=
Ix5/6 (x+176

x ' dx _
x+1 (x+1)?2

(x+1)2dt -5/6 /6
I= =\t dt=6t"° +C
I [t(x +D1¥(x +17/6 I

I, = [ sin" xdx = [ sin"2 x(1-cos? x) dx

——sm‘l(J_nnx) +C

I,=I,, —I sin"2 x-cos x - cos x dx

——
o
cosx-sin"! x . sin" 1y
In =’n-2'(T-I—SlnX- — dx

cosx-sin™! x 1

- I
n-1 n-1"
nl, -(n-11I,_5=-cosx-sin"! x

In=lp -



http://www.jeebooks.in

www.jeebooks.in

Indefinite and Definite Integration. . _ s 108

1
19- xz'*dx L t = =-d—t
I (@i et a+ bx =t then dx 5

foa..1 ° t-a)\> 1 dt 1 ¢(t%-2at+a?
X — _dx= PO 00 N O S .l e 7 |
A (e + bx)? I( b ) t2 b p3 +2 i

: 2
o 3 (l—z—a s Jdt:-[t 2aln|t|——:|+C
t b3 t

t
1
b®

, 2
[a+bx—2aln|a+bx|— - }+C
a+bx

- J» 8x* +13x38
34x +1)4

dx

.'I 8x~% +13x™!
Q+x3+ x‘“’)4

Let 1+x 8 +x 13 =¢
(-8x7% —13x M) dx =dt
I_d_:=+ S +C= -él e x395 *C
t 3¢S 3A+x7 +x777) 3I(xP+x>+1
21. J-((cos 6x + cos 4x) + 5(cos 4x + cos2x) + 10(cos2x + I)de .
10 cos? x + 5¢0s x cos 3x + os x cos 5x

dx

_J-2coschosx+5(2cosBxcosx) +10(2cos? x)
_10c052 X +5€05 X C0s 3X + COS X COS 5x
=[2dx=2x+C

flx) =2x = f(10)=20
22, [(1+x-x e Yae=[ert T bk [xax e

=__ex+.>c_1 ,x_J.ex"'x (1-%)de+I(X—x'l)ex+x-1dx+c
X <

-1
=xeX*™* +C

1 2tan x 2

23. [e* L lax=e [1 Jou Tt ]

1+tanx (_1_—_@(1/&’;2*_)) +ttanx  (1+sin2x)
2

sin x
sinX +C0SX  (sin x + cos x) 2


http://www.jeebooks.in

www.jeebooks.In

406 . Solution of Advanced Problems in Mathematics for JEE|
Let fi)=—"BX _  plyo——=lb: i
sin x + cos x (sin x + cos x) 2

=2.e,x —Sinx—.j-}-c
sin x + cos x
Sn
=l=q
3(4]

24, %(xsinx+cosx)=xcosx f'(x) =xcosx

Let f(x)=xsinx+cosx ' ,f'(x)=—xsinx+cosx
gt Xf'(x)+M' dx = [ xef f1(x) dx + Jo _f1)
I [ (f(0)?) J I (f'(x)z) .
= wpf(X) f(x) f(X) - f(x)
~efi%l [l Plaeche f() -[f 16 )[f( )de
f(x)
e fX) _€ — o f(0) 1
xe f’(x)+C e ( f'(x))+c
=exsinx+.cosx[x_ 1 )+C
XCOs X
25.
I(J_+J—+Jl+x]
1
I(J;+(~/m-&)dx:f(ﬁdx:%(ux):*/z =§(23/2_1)
0 0 0

26. Ixxzx(zmx+ 1) dx

2
xx =t
x?Inx=Int

(x21+(lnx)2x)dx=ldt
X t

It-%=_"dt=t+c=x"z+C=(xx)"+C
27. =jsec 2010 y cosec2x dx — .[2010 sec 2010 . gy

= I sec 210 x(~cot x) - J2010 sec 2% x.tan x - (~cot x) — I 2010 sec 2010 4 gy
cot x

e (cos x) 2010
£
8(x)

+ 2010_[ sec 2010 x g — 2010'[ Sec2010 dx +C = ——C0tx

(cos x) 2010 g

= 1 ={x} no solution,
sin x
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28.

29.

30.

31.

32,

33.

34, |

35'

Let x*Inx=t

= |x*In x*
x(1+Inx) + = |dx =dt
x

= x"(lnx+(1nx)2 +-1—)dx=dt
x

Idt=t+C=x" Inx+C
1 1
(7“5)"*

1=t
=

Let 2—i+i=t = 1-_-1 s
x2 x4

Putlnx =t

2t
I'= dt = dt
I (t +1) ‘[ (t +1 (t +1)]
dx dx
I= -
J.(x_l)3/4(x+2)5/4 I(x_l

3/4 )
—_— X+2
+2] ( )

Yok 251t = i Sdx

xX+2 (x+2)2

7
Iz A+x7), I_+_J' 5 —dx=-In|x|+ 2In|14+ x7| + C

I=J-(sm X —COS x)(sin X + Ccos x)dx

1-2sin? xcos? x
=21/3J‘ ftan x) 1/3(1(2(tan 03
(tanx) %3 +1
Let (tanx)/3 =t = d((tanx)"/?)=dt
V3 o o

I (2012)* .(2012) sin~1(2012) i

J1-(2012)%

2012 sin™1(2012)%
Let sin1(2012)* =t 2014)

In%(2012)

= 1112012‘[(2012) dt =

> =J‘(sinzx—cos2 x)dx=—jc052xdx
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36.

37.

38.

39.

40.

42,

43.

Let x+1=t% = dx=2tdt

2J'(t2+1)dt "ZI( )dt

t* £¢2 41
(t—?) +3

f(x)g(x) - £ (x)g(x) 8(x)
I( f(x)g(x) )ln(f(x)de

. i 2
&9, fE) -gIf) o AT,
fx) ()2 TER

(1(or2-2Jee
IU (lnh )dx+j' (1—%)«1::)& j( (lnx+ )+Cl)dx e lnx+C1x+C2

X x

Let

11
f(x)=1t2U_tc°s(:+i)ll +J'1-cos(:+nt) dtJ=ncosx—25inx
0 o
2 2
;S\/§=>XG|:-‘7_E,1J
1 2/45 1 2 1
jf(x)dx= jf(x)dx+ jf(x)dstE(T-oJ+ j 2 &
0 0 25 . s *
Llf(x)dx52+2[1nx];/£
a=2+21n,:£:l
2
f(0) =0, f(2n) =2=
2n 2n 2n ‘
jf(x)dx+jf-‘(x)dx=[zudx=4n2
0 0 0
2 2r 2n
= [x?—cosx} +I=4n% = I=If'l(x)dx=2n2
0 0

1 4 : 4 4 : 1
=2|2[e™ dx - [8xe™ drx | =2| 2| (xe*")} +I4x4€‘x‘dx}—j8x4e'x‘dx:|
0 0 0

0

LY ES
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26.

47.

51.

52.

53.

54.

Put'y-2=3%
2 2
1=[2 St de =0

_2222 +3

4
Iieﬂ"xadx
lx

Let x3=t = 3x2dx =dt
64 sint

J'e

1

dt =F(64) -F(1)

x
" x-.[etzdt
lim x| et™**dt = lim —%
X—> X—® x2
0 e
Apply L Hospital’s rule,
: 2. F .2 T 2
x-(e* )+Ie' dt-1 je' dt
lim B =lim| 140 "
X5 ex2 S O x-o| 2 2xe“2 2

1
2:r+n _ (2x+1)dx_ 2 1
L___i 5 5= =In(x* +x+1[g

2
mar‘+n-r+n 0 X +x+1

L=In3 :
Let ¥x2 +2x=y=f(x)

x=-1+(y3 + V2

2
I=I(f"1(x)+f(x)+1)dx
0

2 2
Comiderjf'l(x) =I¢f'(t) dt Let f71(x) =t;x = f(t);dx = f(t) dt
0 0 ;

2
~f () [3-[ dx =6,
1]

n/2
1112+lntan9) 2 .
_ I —=  —— |2sec” 0d6 then solve it,
Putx_gmnemen I( 4sec?0

0
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—

55. Putx-5=t

x=0,t=-5
x=10,t =5
5 3 5
I(t+t2+t3)dt=t— =?
-5 3 -5
56. Let =% (1)
0 (1+x%)(1+x?)

Putx=l = dx=—ldt
t t2
dt
t%de

I= (2
I(ﬁ J(Ht] {(t9+1)(1+t2) :

2
t
On adding (1) & (2),

©

d e
2[=£(1+ttz) =tan ltlo

W= = ] =
2 4

57 j‘ (1+sm3x) ="j-21+35inx—4sin3xdx
. 1+2sinx 1+2sinx

="-/[2(1+25inx)( -25in? x +sinx + 1) _2(1 n) n

(1+2sinx) 55 +1+‘§=1
—1 22
58, lim (A0 X)"
X 1
— 2x
2Vx? +1
11m(tan‘1 x)2 1+x2 =ﬁ
X—» 4

59. Let t—ﬁ(x +r2
Int = 2iln(x +r?

r=

2013 3 ]
lae=Y 2 _dx = de=2 zﬁ: T ledx
t Six?ar?
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L 111

r=1 0 r=1 r=1
" 1 1 2x 1 1
60. f'(x)=2- = 1+ =2 —
O N e ( 21+ x2 1+x% J1ex2

20+ x?) —1-1+4 22 _((1+x2)—\/1+x2)+x2

1+x?2 Tp
n/2

= I sin'f(cosf—sinf)dx
5 2 2 2

>0V xeR

x/2 .
sin x cos x dx
61. 1= [ SSXCOSXIK
5 1+sin x + cos x
n/2

%‘([[smx+cosx 1ldx = 1—%

62 j‘ cos x2
3cosx +cos(10 x)2
J cos(10 - x) 2 dx

3 €05(10 — x) + cos x?

= 2I=4 =>I—2

2
e
Inx . (Inx) (nx)? | 1 5
. = onctabots S e Y S
63.[ j [ ]_1+[2] idls
e 1
COSCCZX
| wou P )2 (
cosec 2x g(cosec 2x) 2cosec x —cosec x) cot -
64. h'm—z——z—-=11m 2 - )e x:ﬂg@)
L T S i
x—»z x2___
16
- k
65. ﬁmin—kcos“'—
n—)®k=1 n2 n

1
cos(ik) =J‘(1 = x)cos4xdx
"%

=(1-x)

dx =-—cos4x

. 1 > 1
sin 4x| +J‘sm4x 1
lo 0 4 16

0
——i(cos4 -1 =-l(1—cos4)
T 16 16
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1/n 2/n . -
66 hm{‘[ sin — dx + I sin—dx +...... + j sin—dx
n-— | 2n n 2n
1/n 1-1/n
lim —[sm1+sin—2£+ ...... +smn—n]
n—on n n 2n
. (nn
sm(?) (m+Dr) 2
l.im i Sm( ]:—
n—»w nsinl 4n s
4n
el T 1 n+3
67. jmm-{lx—ll,lx—zl,lx—Bl, ...... |x—n|}dx=5(1)+§xEX(n—1)+§,><(1)= 5

68.

71.

72.

0
4

3
1
1m\/\/\ /\/

Sk =lksm(k—n]
2 2n

1

tim L3 Legn ke _ lxsm(ﬁ)dni
n—)oonzk:lz 2n 02 2 1;2

g(f) dt
f(x) = g'(x) =-sin x - (1+sin(cos x))

0 ‘\J1+t3

1

f(x)=g'(x)-

,/1+(g(x))3

H)e(g)mws

x2f(x) = j (4t2 -2 f'(t)) dt
4

x2 f(x) +2x f(x) =4x2 -2f(x)
16f'(4) +8f(4) =64 -2 f'(4)
18f'(4) =64

9f'(4) =32
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74.

75.

76.

77.

78.

79.

2

2
%
hmi r . 12" (;) =J%Xde
n

1
- ~En[1+x3| =<9
n—)'-'Dr=1 n° +r n—ow | ¢ r 3 1 + x3 3 0 3
1+(—J 0
n
2n n L
-1 <] x2 2
cos (cosx)dx=2J‘cos (cosx)dx=2-|—| ==
0 0 2 0

2 f(x) =Jl(x2 -2xt +t2) gt)dt
0
2f(x) =xzjg(t)dt—2xIt-g(t)dt+It2g(t)dt
0 0 0
2f'(x) =x2 - g(x) +Ig(t) dt -2x - 2x(x g(x)) —J.t-g(t) dt -2+ x%g(x)
0 0
2f(x) =2x _[ gt) de -2 [ tg(e) e
0 0
F10) =x-g(x) +jg(t) dt — xg(x)
0
1) =[ gy dt
0
fT(x) = g(x)
S .

n .

xsin? x .

P %dx:x Ismzxdx
o™ -3mx +3x r)

1% —3mc +3x2

1 1 2x
—.|[tan™ | ——
2 T2

f{x}["lduf(x—[x])["ldx=j1-dx+f(x-1)dx+f(x_z)zdx .
0 0 : 0 1 2

n 3 4 vcin? H
n—x)2 cos? xsin? x
I=J‘ (n-x) dx =>21=jn_cos4xsin2xdx
! 0

I_ltan'lxdx
_£ -

X =tan0
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85.

87.

14 Solution of Advanced Proble"”' in Mathematics or JEE
i /2
0 20 1 t
= 2 ——db== | —dt
I { — .sec29do = J; 5in20 2 .([ st
EY4 3 4/r 4/n 4x 4/n
1 (-1 1
80. j‘ 3x2 sin> dx - j xcoslde=sin2.x3[ - I coS—'(—z)‘xadx— J S
5 T X b X 0 0 X \x 0 -
1
ﬁ;-i—lim(x?‘sinl):uﬁ
3 J2 x>0 x) g3
b < 3_X+1
81. j(8t2+&+4)dt— 2
' 3 108 (x+1) Jx+1
3 2 3_x+1
8#.{.&4.4[‘ 2
3 3 1
-1 -
2
3
8x” | 14x? TPl b PR S| PP
3 3 3 3
8x3 +14x2 +12x+8-14+12=9x+6
8x3 +14x? +3x=0
x(8x2 +14x +3) =0
x(2x+3)(4x+1) =0
x=0,—§,—l
2 4
Butx>-1&x=#0
So, x=——1-
4

fx) = j'“'dt I("“)dt+j gt =eX 4 e** _95 902 _5

© @© °° ©
_l_J- 4 cos xdx=lj 053x+3cosx IcosSxd)H_gJ‘ cosxdx
5 40 X

0 X

0

4
5 x X _&o X X
I(sm5+cosi)(cos§—smi)dx=j(c082§-sm2 ;)dx=jcosxdx
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?Irx_deﬁnite and 'Deﬁnitevlntegrdtion

o 7 7 15
88. I 1_J‘Sll'l(an+x) fSinan-cosx +fc052nx-sinxdx
Atz sin2x 5 sin2x ; sin2x
=ljfsin2nx J-c052nx
20 sin x cos x
89. f(3)=1+In?x+2Inx=0 =>x-l
e
1 1/e
f() fof s +j(1nzt+21nt)dt
1/e
Let I= I(ln2t+21nt)dt
4 .
_1 1
Int =x :>t=e";dl.‘=e"d.x=j(xz+2x)e"d.:c=[e"-x?‘]{,1 ==
) e

90. f(x)=x> +J'e*f(x—t) dt

0

x2 +J'e""f(:) dt = x2 +e'xIe'f(t) dt
0 0

X
= i) =2x—e* j et f(t) dt + f(x)
0
2 x* 2
= fl)=2x+x* = f(X)=—+x
Lo o2
= y:-(—Zx +6x-1)
n/2 n/2 2
s2 x cos“ x
9. 1= [ =_dx= [ S dx
_,,/21"'5 —7:/21+5
n/2
= 2= J‘coszxdx
-n/2

n/2 5 n
= dx=—
= I -([cos X 2
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J'[xz ;x+1Je°°‘_l"dx

92.

N

x“+1

Let cotlx=1 = dx =dt 7

1+x2 3
Je‘(cott —cosec?t)dt =e' -cott +c

93. lim rvn? +r2 lim 1 r 1 2y (
x—)wnz{ Tl —)mn;n '[x o

(3 -1 .
94, [ -D . _ - _dx . ol
I(x4+1)(x+1) -[ .[ 1“( +x7)-In(1+x) +c

95. lim (cos™! cosx)(—sinx)_ . —xsinx 1
x-0" 2-2c0s2x

0 x > tanl

x—0* 4sin2 x 4

96. f(x) cosx 0 <x<tanl

CoS X
5 x = tanl

. Tf(x)dx:mf::osx+ ]eodx=sin(tan1)
0 0

tanl

s
+n+2k noon = 1+1 2k
nnz

7. 3

Il
= Lo

xdx

y
Ilt—1|dt
98, lim 1 = Jim — Y~ _ _ ,
yorrtan(y -1 yo1* sec?(y —1) (Applying I. Hospital Rule)
i ;

1

99. jo——d"z 4=[ z_ H] 2 de
(14.x*) 2(4-D(1+x%) g O 0(1+x2)3

1
[ 13_0}2[%] L5.3p dx
6(2) 2(2)(1+x? o 6 4 0(1+ x2)2
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IndejinﬂeanquﬁnUelntegranan S s A7
: 5 11 dx
=i+(§) _1__0 +_5_ ———x——z—' +§x5J’O 2
48 (6|16 82D+ x%) ], 1+x
=i+ S +§ l_o]+_5_[tan"] X]lo
48 6x16 8\ 4 16
7 5 5= ]
= +——+—|—=-0
6x16 8x4 16|4
22 Sn
= +—
6x16 64
_11 5z
+
48 64
Alternate solution :
dx
I=)] ————
0(1+x2)*
Put x =tan 0; therefore, dx =sec? 6 do-
n/4sec? 0do
1= o8
0 (sec®)
That is,
n/4 6
I_.[o (cosB)°d6
2
=J-n/4(3cose+cos39) o
0 4
9 (4, 1 (/4 2., 3 (/4
= — bt 3 — I
= |, cos 0d0+— [ (cos30) 40+ > [ cosbcos 30 o |
9 (n/41+cos20 1 n/41+cos60 3 /4 ¢cos 40 + cos 20
— ———do+— ——do+= — T Tl
16 70 2 16“. 2 e+s.[o 2 de
. /4 . ; .
_9 e+sm26]" R 1 [e+sm69]"/4+ 3 [sin40 sin20]™*
32 2 Jo 16x2 6 Jo 8x2| 4 2 s
9)n 1 1 n 1 3 1
= = ||=+=|+ —-——= 0+=-
(32)[4+2] 16x2[4 6] 2[ T3 0}
L5 a1
T 64n 48
n/4 i
100. We have, I= [(sinx)*de (1)
0

. 2 _1-cos2x
We know that, s
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Therefore,

”
sin® x =(sinx)* =(—l —cost)

2

= % [1-2cos2x + (cos2x)?]

=%(1 —-2c0s2x + M)

=l(§ -2c0s2x + cos4x
4\2 2
Substituting this value of sin* x in Eq. (1), we get
n/4 3 1 1 :
I= I (— ——Cos2x + —cos4x)dx
5 8 2 8

Sl /4 1 /4
=|=x ——[sin2x]Y* + —[sin 4x
[ ]0 Hsin2a]}/* + L sin 41}

(3.8 1 .l
_(8 4) 4(l °)+32(° 0)

Alternate solution : We have,
T n/4
I= j (sin x)* dx
0
which can be written as

J =_|.(sin2 x)(1-cos? x) dx

=J'sin2 xdx—%j“’fsin2 xcos? x dx

_f1l-cos2x . 1 . 2
—j—z dx z]‘(sm2x) dx

1 ] 1pr1-cos4x
=—Xx-—sin2x-— | — 27X
2 4 X 4-“ &

2
=£_sin2x_lx+ 1 .
) —4 8 5sm4x+c
3 sin2x sin4x
==X-—+
8 4 3 ¢
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Using the given limits, the above equation becomes

: /4
=14 2[3 N sin2x]”4+[sm4x]"
o 8 0 4 0 32 0

3n_1
32 4
101. j- (cos?x i COS6_x) i 5x dx =I2coss_xc053_x =I(cos 4x +CosXx)’
sin10x —sin 5x 2 2
=sm4x+sinx+C
A=l,B=1
4
dx
2014 2013
102. [ X - e
1+ 1 2013 1+x2013
52013

2

11 —x2 _1 —x2 1 o
e ) o]

1[ 1 ]

=—|-=+a

2 e

104. Z[J.;f(x)dx+jlz f(x)dx+jjf(x) dx} +I:f(x)dx+J:f(x)dx

2 42 2 2 2
=2{0—+1—+2—]+3 +4 =§

2 2 2| 27273

1 3x?
105, - | ———  _dx
3J'x6(1+x3)2
Let 1+ x3 =t = 3x%dx=dt
lj____dt e E+_17_i+ L 7 (dt
37¢2c-D2 37\t t* t-1 (-1

3 :
106. lim o 1 =I ! dx=(2V1+x)3 =2
0
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108.

109.

110.

111.

112.

113.

114.

n/3
I(ln(cosx + J§sinx) -Incos x) dx

=nj:{|:{2cos(x—g))—lncosx}dx=£1n2

gq,_[f(r 1+x)dx= If(x)dx+jf(x+1)dx+If(x+2)dx+ +If(x+99)dx

r=1g

jf(x)dx+jf(x)dx+jf(x)dx+ +If(x)dx jf(x)dx a

: 2[ (2x) 1
jim 3.x [T] Rl ad it
Ix5V1+x3 dx

Let 1+ x3 =¢2
3x2dx =2t dt

5 t3
jc (t2 1)dt-—[———]+c
5 3

sin x

filx)=—
x

fi(x)>0Vxe(0,nm)

fi(xX)<0V xe(n,2n)

IX(X +1)+3(x +3)
(x2+D(x2+3)

X 3
+ dx
j(x2+3 x2+1)

-l-lnlx2 +3|+3tan " x+¢c

secx SECX
B b

Let tanx =t>2
sec? xdx =2tdt

I(1+t? 2t dt—2!(—+t )dt
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IndeﬁmteandDeﬁmteIntegranon ety B ¢ 52 :: a2

J‘esmydy .,
lim -2 Ty e 22
x=0  x2 x>0  2x '
n/2 5 n/2 n/2
+iE. j- cos2xdx=(sm2x) +2.[ sin2x Beenlh J‘fﬁde ; (v Let2x =6)
X 2x )o (2x)2

— N -

: iExercuse—Z One or More than One Answer |s/are Correct;.;__f

i 7 I‘Ls Let x=t2 = dx=2tdt
(1++/x) ,

2t dt dt dt 1 1 '
=2 - =2|- + +C
‘[(1+t)8 [J(t+1)7 J(t+1)8] {6(1+t)5 7(1+t)’

2. I[e +cosxIn(x +V1+x? )]dx ZI Yde=2(e*-1) > e >%

-a

3. I=J' sx 5 dx Let x¥2 =a*? cos@
a’ -x
Jx J- /2 cos®
=IJ(?3/2)2_(x3/2) .‘f a sin 9

g 9 e x3/2] c
== —429+C==sin""|—5 |t
3Id9 3 3 192

2

2
tan“x' rtan®x .-
4. Ixsmxsec xdx = jx[tanxsec x]dx_ i _J‘ : y
1

2 %
tan x_j-(sec X Ddx: tanzx—l(tanx sl

=x
~1(xsec?x-tanx)+C
2

f(x) =sec 2y, g(x)=tanx

(a) Clear f(x)¢(-1L,D
(b) tanx =sinx
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= cosx=1 = tanx is not defined.

no solution
() g'(x)=f(x)V xeR except(2n - 1)-;—

(d) sec? x=tanx

1+tan? x —tan x =0 has no solution. "

5. I(sinSO +5in0) cosf e*" ¥4 =I(4sin9 -4sin3 0) *"® cosH dO

Let t=sin0
dt =cos8d0 =4[t +3t2 -5t +5]e +C
Compare it
A=-4,B=-12,C=-20

1=f 2xdx =J9 2(0-x) dx
0V(38-2)(6+2x) [30-2x)(0+2%)

= I=gj2 dx
25482 —(x-6/2)2

8. Let f(x)=a*,F(x)=F(-x)

0

0 N T L o
9. J=J' cot ! L +cot~1(x) dx+j' cot ! 2 +cot™ x |dx
! X M \ " X . .

9 T 21[
=£(n+§]dx+£§dx

T
K=jdx=n (As 2 is period)
0

2
11. [, = lim /L"_sxﬂ
x—o Y X +SINX

1

s i f—22 im0t Lag
h-»o*_lh2+x2 h—0 - h
4
o, [t s,
(14sin“ x)cos* x

1+2tan? x
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Indefinite and Defnite Integration 12
(1+tan? x)sec? x 1 1 sec? xdx
= dx==|sec? xdx+—-| ———
‘[ (1+2tan? x) 2-[ 2I1+2tm2x
1
=§mx+—2jim‘l(ﬁtmx)+c
’a I(1+sm2°15x)_,/1+5m4030x o
2502005 5 (Rationalise)
2014
| i [odd=0
-2014

15. tan~! () |? =% —tan"!(na)

a>0,a=0,a<0
16. Let V/x =cos20

dx =-sin 46d6

x/4 n/4

I Icotesin49d9 and J = jtanesin4ede
0 0

e T

iExeruse—3 s Comprehension Type Problems
Paragraph for Question Nos. 1 to 2

2. f(x) =I(2x3 cos? x +6x2 sin xcos x -2x3sin? x) dx

——

=I[2x3 cos2x +3x?sin2x |dx
—
I

f)=x3sin2x +c¢
f(1)=0+¢c=0= c=0
f(x) =x>sin2x

Paragrdph for Question Nos. 6to8
6. g(x)=x-A

1
A =If(t) de
0
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3 X 3 3
f(x)="—+1—xj'(x-A)dx=2‘_+1-x_+sz
2 5 2 2

f(x)=Ax? +1
p 3
A=J'Ax2 +1 = A=
! 2

2
f(x)=3%+1; min. f(x) =1

3 2 3
« —X 1= -
D) + X 2

3x2 -2x+5=0

A <0, no solution

e
. 8(X)=x 2

A=

N =

X

N w

X

N w

@ |0

Paragraph for Question Nos. 9 to 11
a 1 .
j F() dx - j f(x)dx=2(a) +3a+b | ()
0 a

Diff. w.r.t. ‘@’ on both sides,
(f(a) -0)-(0 - f(a)) =2f'(a) +3
2f(@)=2f(@)+3
2f@-3)=2f(a)
2f(a) _
2f(a) -3
J' 2f'(a)
2f(a)-3
1n|2f(a) -3|=a+c
2f(a) -3 =%
2f(a) -3 = ke®

2f(a) =ke? +3

da=Ida
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ndafie and Defiie Tgranin' 01T T T g

Puta=1= 0=ke+3 = k.=—3

e

2f(0)=-%e“ +3

_3_3 a
f(a)—2 55

f(x)—i—z—e

e
Put f(x)in (1)  (By taking limiting case)

f(3 3 t(3 3
I(———e")dx j(———e )dx=3—§e“+3a+b
4 2 2e e

2 2
(E_iea)_(o_.iJ - E_EJ B_G_SL =3—.§.ea+3a+b
2 2 2e 2 2) (2 2 e
L
1 2e
10. Length of subtangent = dy;' dx)’
; B oo
y= f( )——-ze
dy
_— '(x)=0——
o f
& __3 |
|2 2Ve

Length of subtangent = 3
2Ve
1
3x 3 3 3e 3
% S = ———|=| 0 -
11. If(x)dx I(E—_Z—ee )dx 2 2" 0 (2 2e) ( Ze)

2e 2e
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e e ek e T B B K 2 R

Paragraph for Question Nos. 12to 13

12. f5(x) = fy(x) see options or 3 times by parts.

13.

14.

15.

17.

&

" 1 1 1
fn(x) _E(lnx—l—i—g... n)

Paragraph for Question Nos. 14 to 15

2 3
f(x)=a(x—%) +%
f)=1 a=1
fx)=x2-x+1

gx)=1+x? now integrate

ex
e W e

—-e" +1 :
Paragraph for Question Nos. 16 to 17

o 1 1/2
X
—+3
L (143512 i (xe”) [xz * )
T T e (T

X

2

_Exercise-4 : Matching Type Problems 71 7 e
1
(x® + Dx? +2 [1+i) fpn
X 2 x2

2 _ 2
Let 1+——2-t

X

1
g [FLEE j(“x_B)dx

(1-xH772 [ 1 2]7/2
—2—.)(.'
A x

1
X
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(D) Let «/;=cos29=$‘dx=-‘-25in49d6

I 1+‘/._dx —2Itanesm49d9

3. (A) Letsinx=t = cosxdx=dt

de by
".(1+t)(2+t)— (t+1-t+2jdt—[ln(1+t) In(t +2)]p

41n/4 /4
(B) J.lcosxldx 1OI|cosx|dx+ Icosxdx
0 0 0
/2 7 w4 .
=10 Icosxdx Icosxdx J.cosxdx
0 n/2 0
1/2
© j[x]dx+j[x]dx+ J 1n(“_")dx
-1/2 -1/2 Lis
0 1/2
= I-ldx+ J.de:—l
2
-1/2 0
D) I—njz 2+/cos O i "j'z 2+/sin
0 3(/cos0 + +/sin0) 3 («/sin +\/cos )
n/2
2 T
= | =do==
= 2I Ia -
0
T
1=2
= 6
4. (A) Commonrootot=\b—a=>3(b—¢1)2+¢l(b—a)+1=0=>2a2+3b2 -S5ab+1=0
4 el
X +1_ g 2E X =Sin2£3 o 4
(B) ) =sin > = 2 2 X __1
|
© y= 1 x#1 ‘; —1 #-2,1
1 1 -1 A
+—=2
(x—1)2 x-1

7/6
dx
®) I(1+xj —;2—


http://www.jeebooks.in

www.jeebooks.in

428 " Solution of Advanced Problems in Mathematics for JEF
T —
P L SR O Y.
X x2
1/6
I =6‘[t_7(—ts)dt =9+C =6[—x—) +C
t ‘x+1

5. (A) We have,

1.5 1 V2 1.5
I[ledX=I[x2]dx+ [ox?1de+ | 1?10
0 0 1

7
1 N2 5
=[odx+ [1-dx+ [2-dx=0+(2-D+205-+2)=2-42
0 15 N

(B) We have,

4 1 4 .
,“{J;}dhf&dﬂI(«/E—l)dx=3+3(8—1)—3=Z
0 0 1 3 3 3

Aliter : f{&}dx:f&dx—f[&]dx
0 0 0

(C) We have,

sinx+cosx=~/§sin(§+x)

[sinx +cosx] = [Jism(% + x)]

The graph of y= [Jf sin(% + x)] is obtained from the graph of y =[v/2sinx] by
translating it by% units in the direction of OX'. The graph so obtained is shown in figure.

It is evident from the graph of y =[v2 sin(x + /4)] that
1, 0<x<mn/2

0, m/2<x<3n/4

-1, 3n/4<x<n

-2, m<x<3m/2

-1, 3n/2<x<7n/4

0, 7r/4<x<2n

f(x) =[sin x + cos x] =
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Ary

(0,-1)
i WA W2 34 x 5uA Iu2Tr4 2
X< + o—> X
=1y o— —0
0-2)+
A 4
2n
I[sinx+cosx]d.x
0
x/2 3n/4 3n/2 7n/4 2n
=[x+ foaxs j( 1dx + J'(-z)dx+ (-Ddx+ [0dx
0 /2 3n/4 3n/2 7n/4

et D e B D E S
(D) We have,

T
I||sinx|—|cosx||dx

/4 3n/4
I(Ismxl —|cos x|) dx + J-(Ismxl—lcosxl)dx+ J'—(Ismxl —|cos x|) dx
n/4 3n/4
YA

y = [sin x|

i 0| w4 w2 anzr —> X

Yy
n/4 n/2 3n/4
I(smx —cos x) dx + I(smx cos x) dx + j(smx+cosx)dx .
0 n/4 n/2 .

n
* I-(sinx + cos x) dx
3n/4
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, : 2 L 3%/4 _[_ i 2
=~[~cosx —sin x]%¥* +[-cos x —sin x] 7/ +[-cos x —sin x].}5" —[-cosx +sinx]], ,

=—[V2 + N+ [-1+2]+ [V2 -1 -[1-+2] =42 -4 =4(¥2 -]

g [Exercise-5 ; Subjective Type Problems

xdx “135)2
1. j +j-(cos L dx=1I, +1,
V1-9x2 V1-9x2
x dx (cos'13x)2
] s | B Jia S,
'[ 1-9x2 '[ J1-9x2
Let 1-9x2 =¢2 Let cos ! 3x=k
© 3
2 I=J' x“dx
o(az +x2)5
1 n/2 1 n/2
I=a_6 J‘sin:"ecosseciB:—‘5 jcos3 fsin® 0.do (Let x =atanf)
0 a %
/2 /2
2= [sin®20d0=—1_ [ 3sin26 - sin66) do
8a” 32a 0
1
= I=—
24qa°
2n
3. jg(x)dx
0
2n
j t f(t)dt Cox= (D)
3n/2
2n 3
= I(tcost-tzsmt)dt=4n2——"-1
3n/2 2

4, J'(x5 +x3 +0vV2x6 +3x* + 6x2dx

Let 2x% +3x% +6x2% =t = 12(x® +x3 +X) dx =2t dt

_ 4 foi2 |
=g 2 dt =2 (2x" +3xt 1 6x2)¥2 , ¢
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5. Put x=sin@

ta ,
6 j‘ nx dx r
tan? X+tanx +1

dt

Let tanx=t,sec? xdx =dt, dx =
1+¢2

I t dt =I(L_ 1 )dt—j dt ‘I dt
A+t +t?) 1+¢2 1+t2 1+t+¢2 142 ( 1)2 [J;?Jz
t+=| +

2
=tan"1(¢) - 2t+1 +C
e
=tan 1(tanx)—‘%tan (%J+C
7. Let x* =t
4x3dx =dt
3 -2011
i 14£2010 dt=i i 1 dt=(1+t)-2011|1 +(1+;)
0 (1 £) 202 0(1+t)2°12 0, (1+1)2°‘2 2011 | 7 2011
t
0

-1 1 ), 2 1_)=—1(1__1 1 A

2011( 22011 ) 2011( 2201 2011( 22011 T 52011 )T 9011
J3_ 2

e+ 2x 2% 2 xInx)dx= I x2 (x +2xInx) dx

8. j
1 k
V3 dt
J'(xx) (x + 2xInx) dx Letx* =t > x%lnx= =Int; (2xInx + x) dx =
1
3/2
(7)3 £ (Jf)atdt—tza S et AL
(2.4t el = =
1 t 2l 2
dx =ZI (cos x —sin x) dx
2 I(cosx-sinx)(1+5inx‘3°5x) (cos x —sin x)%(2 + (sin x + cos x) 2 - 1)

=2J- (cos x —sin x) dx

((sin? x + cos? x) = 2sinxcos x)(1 + (sin x + cos x) 2)
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_2.[ (cosx—sinx)dx
(2 -(sin X + cos X)2) (1 + (sinx +cos x)2) -~
-ZILwheret =sin x + cos x
2+ t2)(1+t2):

Codt 2 1 dt }
=2 == dt +
I(Z-tz)(1+t2) 3“1”2 J.2-t2

g[tan'l(t)+—ll{ﬁ+t)]

A:g,B=L
37 32
12A+92B-3=12.2 49421 _3_g
PPN - T
10. x%.y=2¢ A
o 'y_x) y=—
xa

x
= = — L _ .
X : NG
oA U 2
=—|y1 —mxy||x ;—5)’1-’51(1“1)

=%x“ xI(1+ )2
For A to be constant 1-a=0

x 6 ‘_ ,9* n
11. I(G,B) =J.x6(1t—X)8dx=(—x(n—x)) +I6x5 (n—X)gdx
6

.9 9
: _6.5 4 3 t
I S22, 4,3,2. 1 14, 6!x8!
68 =579 Z5* 79 11x12x13 14-[(Tt il i
100 12 2? < 102
14. I = IJ;dx— Io-dx+jdx+ ...... + Ide+ ...... + I9dx
0 0 12 22 92

;155
3
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Indefinite and Definite Integration .~ st

i 1
17. fO)=|

21(x =cos@)? +sin%9 -

sinBdx . .. Ll(\x-—cosﬂ)
=tan _
sin®

-1

Clearly, £(0) is not defined when. sin6=0
0=0,n,2n

20. f(x) =% [ee-0%gwyde =-%|:x2j8(t) dt -2x| tg(e) e + [ £2g(t) dtJ
0 S 0 : 0

0 v

f'(x) =[x_[ g(t)de —J.t g(t) dt]
0 o

00 = j g(t)dt
0

fr(x) = g(x)

2 4
22. f(2-x) = f(2 + x), it means it symmetric about x =2 = jf(x)dx=_[f(x)dx =5
0 2
Let 2-x=t; f(t)=f(4-t) ie, f(x)=f(4-x)=f(4+x)

50 { 2 .
If(x-)dx =25{j f(x) dx]=25x5 =125
0 0

1 "2 3 2n° 1 3 5 2n+1
x4 x x ol XL X, L x i
23, I,,=J-|x|(1+x+—2—+?+ ...... e de L’;[x+——2 F o B
4

-1 4
2 4 "_6 2n41 1
| E- A S PO
1.2 2.4 4.6 2n-(2n +2) 5
=2[L+L+L+ ______ a1
1.2 2.4 4.6 2n-(2n+2)
1 - 11 1
o)
In=1+§[ﬁ+ﬁ+" n(n+1)) 2\1 n+1
2 I _1+l—§.=-p—
e ™ 2 2 ¢

pq(p+¢q) =3x2(5) =30

b
25. flsinxldx=8 =>b-a=4n

a
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a+b

IICOSX‘dx:g :>a+b=9_n$a=z;bzﬂ‘£

0 2 4 4

b 17n/4

1 1
—— || xsinx-dx|=—— xsinxdx|=2
ﬁn ‘[ ‘ ‘ \/E‘E '.1:/4.

28. f(X)=0 = Ie‘yf’(y)dy=x2 -x+1
0
= e X f'(x)=2x-1 = f(x) =(2x - 3)e*

T
29. I, =2 (| Z-|x||cosnxdx=2 1-cosnn
n A 2 2

n

- 1) 40
I +I, +13+14=4|1+=|=—
1 +tig+13 +1y4 ( 9] 9

QaQ

Chapter 6 — Area Under Curve
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an e X e de, capieral

1. —————

I %

1<x+3y<2

Area of shaded region =§1

1
2. Afea=2_‘-(«/;c_—x2)dx
o

In2 1
4, Area=4 I (e”‘ —-z-de=2—21n2
0
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S. As given relations are inverse of each other so A lies on y = x

i.e., e e
[\lnz +1 Yn? +1]

So, required area =8 area (OACBO) =8 (AOAB + area BACB)

2 1
1
=8 5[ ,_n ) + n-v1-x2dx
n?+1 n/¥n?+1

2
1252 dx

) ®
12x —— |dx
12

80 9—{ =r
dx 1,1)

Normal at(1,1) is :y:—l(x—1)+1

O Ly W

-
wl—-'N

Required area = Ix’dx+ar(APAB) =—1 + Er fn
1 1
{ = — +—=0
f(n) a0t 2

1
9. Area=4[IJl—xdx—%:|=.§_
0
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10. Area of AAOB = % X , o .
g.é=(1—2x2)e-’f2 o
“ 'A(x,e"‘z )
Area is maximum at x = —L -
V2 (00)0 B(x, 0) : >

12. [g(x)dx
1 . 8
Letx = f(t) = dx=f'(t)dt
1
[t3t? —6¢ +3)de =1
! 4

18. x?y%+y*-x2-5y2+4=0
x2+y* -9 (y*-1=0

14.

y=x-]
; 1 . 73
15. Ar. of shaded region e Ar. of circle = -5

16. We have,
y*=x(1-x%) ()

Forx>1, _y2 is negative. Since the square of a real number cannot be negative, y does not exist

1
atx=0oratx=1;y=0Letx v Therefore, from Eq. (1), we get
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Also, for x <0, y? is negative. Therefore, the required area is

1 1
2[ydx=2j(+)J;J1—x3dx
0 0

1
=2'Hx-x4 dx
0
17.
Ay
\
0 Xy X3 2n i

2 2
18. IxI+|y|22and%+yT=1

/4//////% wﬂ/////////lly’.
////////M W////////

Ar. of ellipse — Ar. of square =n(2)(3) -8 =61 -8

1. (@) f(x)=-(x-a)(x-b)(x+c)=(x-a)(x)(x+c)
Clearly option (a) is correct.

c b c
® [ fOdde= [ fx)dx+ [ fx)dx>0 (From graph)
a a b

which incorrect

b b

© I f(x)dx<0 & I f(x)dx < 0 but second term is large negative value so option (c) is
a 4
incorrect.

(d) Clearly, (d) is incorrect.
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e e S T T e T e
3n-1
2. Tn=;ltﬂl_2, 5 21 & (@ o
r=2n 1+ (r/n) n, onl+ (r/n)Z
Let f(x)=—2X
1+x

Fo=0+xh) -2x? 142
(1+x2)2 —(1+x2)2
f(x)is decreasing in (2, 3).

3 3
To > [ f(x) dx, Sn < [ fx) dx &
2 2
3. A a+b=2 ] { ...(1)
4 .
j(a4§+bx)dx=s e 23_‘1+b=1 ' (2)
. 0

4. Normal_y+x.—.%

1/2 7
f (2-4)-cct v
-3/2 %

y Exercise-3 : Comprehension Type Problems

Paragraph for Question Nos. 1 to 3
Sol. f(x) X a
S bx? +cx +2

f-D=0=a=1
If y =1is asymptotes, thenb=0andc=1= f(x) = Xtl and g(x) ~1-2x

X+2 e
) y = f(x) y=g(x)4 ;
L 1
—25(—1 o X Z §1 X
5 """" o 2-----5- -------
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Paragraph for Question Nos. 4 to 6
Sol. y=e"*sinx

% =e *[cosx -sinx] =0

0 n [2n 3n
- N JEENS
= tanx=1=x=nn+z ] .

So, (i.e.,0sx<7)

-X

I=Ie"‘sinxdx=_e
2

[sinx +cosx] +¢
(J+1)n
I e~ sin x dx
jn

L -

Sy= =—("+1
J 3 (e )

e-x
= -T[sinx +cos x]

jx

-n
4- Putj =0,So =1+2e

5. 82009 _ e-2009x

82010 e—2010n

n

e

[}
So 2 1+e™
2.5)= = =

g’ Exercise-5 : Subjective Type Problems | 5<%
1. f(x)=x2

1
A=ZI(~/2-x2—x2)dx=§+%
0

2. f(x)=2Inx

1
A=I(-x3 +6x2 —llx+6—21nx)dx.—.¥
0

4. Atx=0,y=0
x+5y-y®>=0 = 145y’ -5y%y’'=0
atx=0,y=0

1

y =-§
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Area Under Curves bl e el e S 6 L
Equanon of tangent : y=—§ , equation of normal : y =5x
Area-%x5x26 =65 ,

5. [x*=[y)? T nos oo
Y1==[x] S TR -
[YI=t1, 1<x<2 i 5 A U |

=12, 2<5x<3 . | I E

=13, 3<x<4 L . 2b--1— g é

=14, 4<x<5 - 1p--4 E Pl

=15, x=5 0 1 2 3 4 55 > X
Now, when, x e[1,2) - ' = -l § :
then  ye[-1,0)u[1,2) §7) — _ I
when xe[2,3] ) SRR H
then yel-2,-1DuUl2,3) B R ——
when xe[3,4) _ _ST

then yel-3,-2)uU[3,4
when x €[4,5)
then yel[-4,-3)U[4,5)
when x=5
then ye[-5,-4) VI[5,6)
Hence, required area =2(4) =8 sq. unit .
6. f(x)+ f(2) = f(x +2) and f(0)=0and f(0)=4 = f(x) 45 T A

So, area bounded =A —J'(4x -x%)dx
0

1 1
7. Required mea=4IVx2 -x8 dx=j4x~/1—x4 -_-12‘_
0 0

Put x2 =sin6

h 2/5 5 75\ 8
8. Ar=4j'(1-x )dx=4 X=oX )0=7
0

Chapter 7 - Differential Equations
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J’%:-Il':;zdt; 1ny=2"7—§ e y(=D
& 1fy2dy=jdx

..,/1-.)'2 =x+cC

= (x+C)2+y =1

6. —
Iy (x- 3)2
1
Iny=——+c¢
= Y x-3
7. Let f(x)=Yy
dy e

E— xy—(x+1)2
8. Let xzy =t

dy de
2
2xy +2x ydx ™

dt
— =tant
dx
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9. y=(C, cosCy)cosx +(Cs ~Cy sinCy)sinx ~Cqe4e™

lo.

12.

13.

14,

15.

16.

17.

Y =Acosx +Bsinx + Ce™¥

Cy,C5,Cy,C 4 are arbitrary constants.
y =ela+)x

.y, - ‘e§q.+1)x(u +1)

y'= e(‘“l)x(a & Dz

dy f'(x)
Zol1+L )y
- +!i.(i)
LE =e I(l f(x)]dx = e
f(x)
ye™ =[x yet &
) Ie dx+C = ) +C
2
Equation of tangent at ( t, %J is
PO S
prebene St

Differential equation is
dy\? . d '
(JJ —2x¥ 12y -0

dx dx
dy _dt  1dt x _
Letx+y=t:$1+zx-_a, t—aa t_z_x
i'):—Zytanx':tan""x
dx
LE =e_zft°""dx =cos? x
1
ycoszx=Isin2xdx=—2-_[(1—cos2x)dx
f(x)=2e* +1
2
dy dy &
Let a—;:tthendxz e
dt  2x
de  x?2+1
Y _3x? +1) ( y'(0) =3)

= t=——=
dx
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I — Sbh;“bn5fA;;y_‘;,’,,',5éa"}3péblérhs'x;nMd”?e;"a}‘bsfé’ L

18.

19.

= y=x2+3x+1 ¢+ y(0)=1)
cy2 =2x+c¢C
2gy'=2 = c=i,
Yy
yi=2xyy'+1 ~ ’
Let cosec y =t

- = —cosec ycot ydy=dt

20.

) I__d@=

21.

22.

23.

" siny d_y+tanx

N

d¢ x x2

t 1 1 1
= —=—4 % St

X 2x2 xsiny 2x2
xdy — ydx X2+.Y2dx

x?2 x*

2
1+(l)
X
3 3
lim PFD X0 1 5 12 p) =1

tox tz —xz

dy_i_!_—_l =._1_.+§x2 (D=1
dx x_x2=>y4x4 Sl

2dp(t) '
= -900
dt B

dp(t) _
sz(t)—9oo’jdt
2In|900 - p(t) | =t +¢

P(t) =900 _SOet/z ('.' p(O) =850)
p(t)=0 = t=2In18

=sec x
cos? y dx cosy
Let 1 =t = smz'y dy =dt
cos y cos®y
dt

— +t-tanx =sec x
dx
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Differential Equation

t-secx=.[sec2x'dx+C

secy-secx=tanx+C

d
24. Ex}i=(4x+y+1)2

Let 4x+y+1=t¢t '
g dy dt=>dt 2

=— —=t“+4
dx dx dx
%tan‘l(%J=x+C
& _y
25. tang=|dx x |__dx
142 dy dy
x dx
YA
0 .P
1o
= H >x

26, LE=¢'* =e"¥=x
3 i
Cyox=[xtde=Trre
27, x3dy+3x2ydx=y2dx+2xydy
d(x%y) =d0y?)
ifan 47

xdy—yde _x* =2 g

1. 2
x? x

Jo2)-1(s-%)

y=x?-2x+2 (/D=0
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 Solurion of ddvanced Problems in:

LE =xsecx; yxsecx=tanx+cC

. Puty=h

= x[f(x+h) - f(x—h)]-h[f(x+h) + f(x - D] =2(x2h-h?)

G ,Pmox[f(x+ h);f(x'h)]-[f(x+h)+f(x—h)]=’}i_13102(x2 -h?)

= X'()-f)=x? = f(x)=x2+x

4. LDE,LE=1+sin?x; (1+sin?x)f=sinx+C, C=0

« 2ydx +2xdy + (2x2y3/2dx + xayl/zd_y) =0

2d(xy) +§d(x3 % y3/2) =0

1 .
LR=—cy '); =Ism2xdx; 2 =2‘[cotx-cosecxdx=—2cosecx+c
sin® x sin3 x P 8

sin” x sin” x
y=-2sin? x + 4sin> x (y(g)=2)

Sol.

- Paragraph for Question Nos. 1 to 2 \
X X
xjg(:)duj(l—r)g(t)dr:x“ +x2
0 0

differentiate w.r.t. ‘ X’

xg(x)+jg(t)dt+(1—x)g(x)=4x3 +2x ..(1)
0

From (1)

Ig(t) dt + g(x) =4x3 +2x

0

) =1952 &2
Letg(x) + g(x) =12x" +2 = —=+y=12x% +2 2y =g(x)
Put x =0 in (1) we get g(0) =0
Paragraph for Question Nos. 3 to 5

flg()) =e*

x - [f(g(x))] _ [&(f(x)))
f(g(x)) 8L ()]
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= g(f(x)=e"
H(x) =" -1
4. f(g(0)) + g(f(0)) =2
5. H(X) pay =e
Paragraph for Question Nos. 6 to 8
(- g(0)=2)

Sol. g'(x) = lim S&X*+M -gl) . eXg(h) . el -1
EXEN T n lim + lim g()|

h—-0 h
=2e* + g(x)
d
Ey‘y=26x = y=2xe* +ce*
= y:zxex (g(0)=0)
@ Exercise-4 : Matching Type Problems e O
dx 2 dx et gy e & ownphy sk g
1. (A —_—-Xx= —+1=2( -y)—=-(A+x)> —=-
G yd)’ d dy Y dy 1+x y(y-1

dx 3 dc (2) 2
(B) y5+2x-10y = dy+[y)x_10y
Igdyzezmy=yz
LE.=¢ 7
diy?) =10y*

dy .,
(®) i =Yy
y'y"=3y"?

¥ 8y then integrate it.

y Y
(D) Putx® =

then solve it.
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Q Exercise-5 : Subjective Type Problems

a
1. x¢ .y:}'a; y=)\._ N (0, Y1—mx1)
xd
a. (X1, Y1)
d—y=—a)~“x'“'1 Sl 4 :
dx xa+l
—ay, :
= m=—=
X Rt o
X4 m’
A=l|)’1 —moxy |y 2L =l}’1’f1(1+‘1)2
2 m| 2

=%x“ -x17%(1+a)?

For A to be constant 1 —a =0.

2. %:xy(l+y)

d
I(1+§')y=dex

nN

Y s T 2 f0)=1)
1+y

62

=  f(Q)=

2 -l (

2 x42

3. y2 =Cos
dy .
2y —=-sin2x
&
2 2
yd_l+ d_y =-cos2x
dx? \dx
d%y dy)?
4 3 2 2 2 Ly
Yy +y® —==(cos“x+2)° +(cos“ x+2)|-| =X | - =
) = cos2x |=6

4. fim DSO+D -G+ D@
tox+1 f(t) - f(x +1)

o g 2D -G+ D2 £
t—x+1 f’(t)

= +URAx+D-(x+Df(x+D]= f(x+1)

1
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2xf(x)

x“+1

= flx)=x?+1

= lim R0 -In2 _ i PO
x-1 x-1 x=1 f(x)

A

= fx)=

1

Chapter 8 - Quadratic Equations
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@ Exercise-1 : Single Choice Problems

1. Let3¥2=q,2Y =p

a? -p? =77,a-b=7 > a=3"2-9 5 x=4

b=2Y =2 = y=1

3
2. f(x)= H(x-ai) + iai =3x=(x-a;)(x-ay)(x-a3) +(a; +a, +az) -3x
i=1 i=1

flay)=ay +a3 -2a, >0 (a; <a, <aj)
flaz) =a; +a5 —2a5<0

3. x*-2ax? +x+a2-a=0
a? —a(2x? +D+xt+x=0

g 2x+122x-1)

2
a=x%?+x, a=x?-x+1
3
az—-—, az— " XeR
4 4 (xeR)

a
4. x*-3x2-4x+12=0 és
7
Equation whose roots area -3, -3,y -3 is
(x+3)% -3(x+3)2-4(x+3)+12=0

a-3
£ =x% +6x2 +5x =0 {a-a
=3
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Quadratic Equations RS M A Sl SRS SIS SO SR T )
5. [K-1|<3
-3<K-1<3 d
-2<K<4 ‘ k /\ -/
5 -1 1 3
‘ -1
2
6. x6_l$0 - X —x-6so (x—3)(x+2)SO
"++ X x(x +6) x(x +6)
g ¥ = .}

% 2 03

xe(-6,-2]U(0,3]

P(x) =x% —8x2 ; 15493 —6x=(x2 -3)(x2 -5) +2x(x2 -3)
=(x? -3)(x2 +2x-5)

Q(x) =(x +2)(x? +2x -5)

A -5 7
80 a=1,h=—’b=l’ — J— - =
2 g 2,f X 6

1 A2 -502
M2 1 -7/2|=0 =310
52 72 6 e

10. .. Let f(x) =|x —a|+|x-b|

Suppose a> b a +b_2x\\/
f(0) = f(D) = f(-D) 2x-a-b

f(x) =const. in [b, a] :
So, b<-1<a<1

a-b<2

Minimum |a - b|=2

/ 2
X“+2x+c¢ 2
12, y=—"—— = (y-Dx“+2Qy-Dx+Bcy-c)=0 -
4 x% +4x+3c ()i

D>0V yeRandD<0

(D>0)

But at ¢ =0 and 1 there will be common factors among numerator and denc')minator
= d(c-D<0 '
13. f(t)=t*-mt+2=0
f2)<0

= 4-2m+2<0 =-m>3
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W2  Solutionof Advanced Problems in Mathe

But = <= (by AM. G.M. in equality)

( 3]x| ] <1 <1 [om> 3]

14. x?(x® -24x5 -18x% +39) =-3 x5x7x11
If‘ X’ is integer, then there is no value of  x’.
15,  m*+-L o119
-

2

1

m3 __1_’= (m _l)(mz +i+1)’=|3x12|=36
3 m?2

o
16. ax? +2bx+c=0
<:B

By condition of common root
= Common root o =%and§-+b+c=0

= B:Eandy:.z_b
a a

Equation whose roots are§ and y is
2 (ZC ZbJ 4bc
x°-|—+—|x+—=0
a

a a?
2a2x2 +a%x +8bc=0 (%+b+c=0)
17.  9x%*(x-1)-1(x-1)=0
x=1,x=%,—%

1 1
cosa =1,cosp=—,cosy=——
p=g,co8y 3
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oa=0,p+y=mn
(Zo,Zcosa) =(n, 1) = centre

[2 sin"l(tan %), 4} =[2(§J, 4] =(n, 4) - point lies on the circle.

Radius is 3.
11x% -12x -6
x?taxiz
(y-1Dx% +(4y +12)x+(2y +6) =0V xR
D>0
(4y +12)% - 4(y -11)(2y + 6) 20
y2 420y +5120
(y+17)(y+3)20
ye(~0,-17]U[-3,)

18. y=

19. x+3 _ 1
x2-x-2 x-4
—x—12)—(x2—x—2)20
(x2 =x-2)(x-4)
-10 >0
(x=-2)(x+D(x-4)
= (x+D(x-2)(x-4)<0
xe(-o,-1)uU(2,4)

(x?

20. x=4+3i
(x-4)2=-9 = x%2-8x+25=0

x3 —4x2 —7x+12 =(x* -8x+25)(x + 4) —88 = 88

x2+x-1
2

21. f(x)=
x-x+1

By graph : Min. = f(0); Max. = f(2)
5
If x e[-1,3]; ¥Ymax. .
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22. By graph min. = £(0); max. = f(1)
ifxe[-1,1]; ye[-1,1]

23. —— ==

X+p Xx+q r

x2 +x(p+q-2r)+pq-r(p+q =0
If one root is a.. Then other root must be —a.

P+q-2r=0 = r=_p-20-q

2 S ol
Productoftheroots=pq_,(P+q)=pq_(P+2(I) __ b '2*4)

24. Ifa,x? + by x + ¢; =0 has one root a.

1
= ax®+ byx + ¢, =0 has one root —.
a

= ¢px? +byx +a, =0 has one root o
Condition of common root is
(@185 —¢1¢3)? =(a3b, —bycy)(azh, —bycy)
25. Ifa®-50+3=0andB2 -5 +3=0
' = x? —5x +3 =0 has two roots o and p.
= a+p=5 af=3
_@+P)* -2 19

Sum of the roots=2+E
a af 3

—

Product of roots = — x

B
td
B

R |™

Equation whose roots are % and % is3x2 -19x+3 =0

26. |o-B|=|a; —B4l

a?-4b=b?-4a

a’?-b2=4(b-a)

(a-b)(a+b+4)=0

azb= a+b+4=0
§$1-83 _ sin2f - cosp =cos|3(2sin[3—1)_
1-8;+S4 1-cos2B-sinp sinp(2sinp-1)
28. (a? +b%)x? +2x(bd + ac) +(c? +d?) =0

(a®x? +2acx + %) + (b%x? + 2bdx + d2) =0

27. tan(91 +92 +93 +04) =

cotf


http://www.jeebooks.in

www.jeebooks.in

% SYRE e O N B

S B 07 T

29.

30.

31.
32.

33.

34.

35.

(ax+0)% +(bx +d)2 >0
= This equation has imaginary roots.
If o, are roots of ax? + bx + ¢ =0
= o +2,B +2are roots of a(x —-2)% + B(x —2) +c=0
= ax2+x(b—4a)+4a—2b+c=0
a+B=1+A
af=A-2
a+B-af=3
(a-DE-D=-2
= atleast one root is positive.

D>0 =3k2 +8k-16<0 =>—4sks§

a? +B2 =(a+B)? —20P =k2 —2(k? + 2k —4) =—k* — 4k +8 =12 - (k +2)*

P(x) =(x-2)Q;(x) +R(x)
Q(x) =(x -2)Q3(x) + R(x)
= P(2)=Q(2)
a+b=-a and ab=>b
ifb#0,a=1and b=-2

1\ 9
x2+ax+b=xZ+x-2=[x+=| -Z
2 4

ROEROR

x? —(a+B)-apx+a’p =O<aB2

x2 +2(a+b+c)x+6k(ab+bc+ca)=0
D>0
=~  4(a+b+c)? —24k(ab+bc+ca)>0
2,12, .2
1(a“ +b” +c
o =T +2
i ksé(ab+bc+ca ]
also, |a—b|<c,|b—c|<a,|c-a|<b
= a2 +b% +c? -2(ab+bc+ca)<0
2,32, .2
= E_:b’ﬁ——<2 =>k<g
ab + bc +ca 3
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36. 9|x|%-18|x|+5=0
= (|x|-D(3|x|-5=0
= x=% l X E
: 3° 3

and x2 -x-2>0 = (x-2)(x+1D>0 = x<-lorx>2
37. Difference of roots is same in both equation
. ; b% -c=B%-C
38. |x-p|+|x~15+|x-p-15|=(x-p) -(x-15) - (x -P -15) =30 - x
; min. =15

2 —> o =-1/2
39. 4p(q-r)x* -2q(r-p)x+r(p-q)=0—

L—>p=-1/2

Ifx=—%is also the root of 4x2 -2x —m =0

= m=2
40. Let cosx =t
= te[-1,1]
= kt? —kt +120Vte[-1,1]
Casel: k>0
x coordinate of vertex is % ‘ : ] \\//
- f(l]>o ) —‘i 1;2 1:
2
= £—£+120
4
= k<4
Also, k>0
= kel0,4]

CaseIl: k<0

= f)=20 and f(-D=20 : //\
k—-k+1>20 and k+k+1>0 ;

1 /_q v N
= 120 and kz—a

Also, k<0

= ke[—l,OJ = ke[_l,a,]
2 2


http://www.jeebooks.in

www.jeebooks.in

s ]

Bladrasc e qnatons e R R T T T
1+x y-1
41. T =Y S X=—_
1-x y+1
y-1)° =1
H(y)=3[~) k- +5=0
y+1 y+1

HY)=3(y-D-2(y-D(y+ D2 +5(y + 13 =0
H(y)=3(y3 -3y2 +3y-D-2(y-D(y? +2y +D+5(y% +3y2 +3.Y+1) 0
Hy)=3(y° -3y +3y-D-2(y3 +y2 -y -D +5(y3 +3y? +3y + D =0
H(y)=3y3+2y2+13y+2=0
H'(x)=9x? +4x+13 = D<0
H(X)>0V x>0
Hence, it has one —ve real root,
42. A2 +2-2)x2 +(A+2)x-1<0V x€R
A +A-2<0n(A+2)2 +4(A2 +A-2)<0
A+2)(A-1)<0N50% +8L-4<0

Ae(-2,1) hke(—Z,%)

= A e(-Z,—z—)
5

A =-21is also the solution of this equation.
43. a=1,p=1y=18=1(s) (@ -D*+B-D +(y-D2+(5-12 =0
The roots of given equation is equal to 1.

Sz—ao —6
44. |x—1|+|x-2|+|x-3|26
Casel: x23
3x-626 = x>4
Case Il : 2<x<3
x26 (Not possible)
Case III : 1<x<2
4-x26
= xs-2 (Not possible)
CaselIV: x<1
6-3x26
x<0

X € (_wy 0] v [4, (X))
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See’ ~

CaseI: f(0)>0n f(3)<0  CaseII: f(3)>0 N f(0) <0

a

46. x3 +3px? +3 x+r=043
q Sy

5 TR (- o,B,yare in H.R)
B a vy :

oy 3L d gl ol oy
B o B v ofy

= B= —2 which satisfy the given equation.

47. 4y? +4xy +(x+6)=0V yeR
D20 = x?2-x-620
48. log cosx2 (3 —2x) <log cosx2(2X =D

0<cosx?2<1n3-2x>2x-1n3-2x>0N2x-1>0
x<1 x<3/2 x>1/2

49. p.:r2 +qx+r=0<;
= ap<0
a(x—B)2 +B(x-a)? =(a +B) x? - 40Px + af (a +B) =0

Product of roots =af <0
D=16a2p2 - 4ap(a +B)2 =—4ap(a -p)% >0

a
50. x> +2x? —4x—4=0<b

¢
1/a
4x3 + 4x2 -2x-1=0 él/b
1/c
1 1
=Lr=-—,s=—
1 2 4

51. log,(x% +3x)s2
0<x?+3x<4
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52. k-2>0NnD<0
k>20(k+6)(k-4)>0

= k>4 :
53. apf<0
3m -8 8
- <0 =>2<m<§
x? 4+ x
54. 10g6 >1
X+4
2 ,
X" +x 2 _ _ o
>6 = X Z5x-24 . (x-8)(x+3)

X x+4 x+4
55. ax? +¢=0 o )
<B

a+Bp=0, ap="=
a

a®+B3 =(a +B)(a? +p2 —ap) =0
56. (k-Dx2-(k+Dx+(k+1D)>0V xeR
k-=1>0 n (k+12-4k-D(k+1)<0

k>1 ~n (k+1DBk-55>0

= k>§
3

57. y= -2x2 - 4ax + k; abscissa corresponding to the vertex is —21 i.e. ’(ﬂ) 2D 5, oD
\ a 2)

now, y(-2)=7
7=-8+16+k = k=-1 .
58. Ifa+b+c=0
Sum of coefficient (b+c-a) +(c+a-b)+(a+b-c)=a+b+c=0
= x =1is one root of the equation. /

a+b-c
= other root = b

+c-a
o
59. x3 —ax? +bx—c=0<‘:‘-3a

Sum of rootsa —a. +p=a =>P=a
If B is root of the equation, then ab=c,

60. op'=2q% -r=20%% —(a* +8%) = (o2 -p%% <0
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62.

63.
64.

65.
66.

67. y

68.

In AABC,

A B ¢ A B _C
t—+C0t—+C0t—=c0t‘—'cot—'cot-—‘
U e i N T

If cot 4 ,cot B = cot-g are in A.P then cot ] +cot < =2cot B
2 2 2 2 2 2

= : cot—écot£=3 :
2 2

f(xX)=xV xe[-9,9]
(3|x|-3)% =|x|+7
= (|x|-2)9|x|-D=0
|x|=2,l= x=:t:2,il
9 9
C Y=yx(x-4)
D¢:(-,0]U[4,)
x? +3|x|+2=0 = (Ix[+2)(|x|+D=0

9 .
x“ —-bx+c=0
<:01+l

Sum of roots 2a =b-1 = oL=E

2
b-1

2
If o is the root of equation, then ?) - b( z

]+c=0 = b% -4c=1

_3x249x+17
 3x24+9x+7 ;
3(y-Dx2+9(y-Dx+(7y-17)=0
y—-1#0thenD20 |
81(y-1*-12(y-D(7y-17)20
(y-D(y-41<o0
l<y<41
x2 +2%x+7
2x+3
x% ~10%-11
(2x+3)
x-1D)(x+1
( 2x)4€3 )<0

xe(-w,-%)u(-l,ll)

-6<0VxeR
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xX+2 ' N ’
70. x_4SO=.‘> xe[-2,4) \f\a ‘[}”/4:

2 -2\ *-..
x*—ax-4<0

f(=2)20n f(4)>0
a20na<3
= ael0,3)
e P(x)=(P-3)x% —2Px +(3P -6)V xR
P-3>0 "An D=0

X
P>3 N P2_(P-3)(3P-6)=0
= P=6
72. Graph is downward = a<0 y

Graph cut y-axis = ¢> 0

x-coordinate of vertex ;—b <0 = b<0
a

~
o
/
LV

73. ax? + bx + ¢ =0 does not have real roots.

y €[3,33]
75. 3x2 -17x+10=0 = (x-5)(3x -2) =0

If x =5 is common root, thenm =0

If x= 2 is common root, thenm = %6
3
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76. x> +(y+2)x-(y>+y-1=0

D20 =(y+2)2+4(y*+y-120 :ye(-ao,—-ss-]u[o,w)

77. If x =3 is root of this equation, then k =-5
= 3x*-6x3 -5x2 -8x-12=(x-3)(3x? +4)(x+1)
__(4+sin*x)

78. a z putsin? x=t =te(0,1] 4
sin“ x
4 B 4 o
a=—(?+t)=f(t) D E— I
) 4 =57
Here,f(t)=-t?—l>0 y =1(t)
For atleast one real root, a € (—=, - 5]
-0y

79. (rs)? +(st)% +(tr)2 =(rs+st +tr)% =2rst(r+s+t) =b% -2(-c)(-a)
80. Lettherootsbet,t+1andt +2.
t+(t+D+(t+2)=-a = 3(t+D)=-a
Se+D=b = b+1=3(t+D?

a? _Be+D1® _,

b+1 3(t+1)?
81. 3x2 +kx+3)(x? +kx-1)=0

D, =k?-36and D, =k* +4>0

2 3
82. —1—=1+l :(E) +(£)+1=0 :(5) =1
r+s r s s s s

84. If xe(-»,-2]U[3,x)
x%2-2x-8=0 = x=-2,4
if xe(-2,3)
x2=4 = x=%2
85. 5x2 +12x+3=0hasD<0
= Both roots common.
86. a+f+y=6
ap +Py+ay=5
afy=1
= a?+p?+y? =26
a?p? +p%y? +a?y? =13
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87.

88.
89.

90.

94.

95.

96.

97.

o+ 51
2

o
. a-5i
2
Sum of roots =g =3
a?+25 k

2x% —6x+k=0

Product of roots = =k=17 -

x{ +x3 =(k-2)2 —2(k2 + 3k +5)=-(k2 + 10k +6)<18

a(x? - x +1) - (x2 +x+120

2
x“+x+1
= Qa2 —

x2-x+1
fM=A-13>0 = A>13
f(2)=1-18<0 = A<18
fB)=A-15>0 = A>15
= Ae(15,18)

D=(b-c)® +4a(2b+a+c)=(b-c)2 +(4ac-4b%) +(2a+2b)2>0

a
x3-x+1=0<b
c

1-x°3 —xz(l—x)+x3 =0

-

a
- +
—

o
- +
—

o
+
—

= x3 +2x2 -3x+1=0
1 1 1
+ =
1+a 1+b 1+c¢
x2 -2(4k-1)x+15k* -2k-7>0V xeR

D<0 A
= k2-6k-8<0 = 2<k<4

Sum of roots =

o x3 -1 x?ex+l
x) = =
(x-D(x?-x+1) x%2-x+1

Cox=1)
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2 \
98. 22x—+2>0\1xeR = x2+mx+4>0V xeR
x“+mx+4

= D<0=>m?-16<0
99. x?-2|a+1|x+1=0
D20 = 4(a+1)%-420 = ae(-»,-2]U[0,)
100. P(x) =a;x? +2byx +¢; >0; D, =4(bf -a,¢,)<0, a;>0,¢,>0
Q(x) =azx? +2byx + ¢y >0; Dy =4(b3 —ay¢5) <0, az>0,¢3>0
f(X) =aya3x? + bybyx +¢ycy
D =bib? —4a,a5¢,c5 <0
101. x? —2x + 4 =-3cos(ax + b)
(x-12 +3 =-3cos(ax +b)
= x=landax+b=n

102. a +f=a+a-r=4

y+8=a-r?

+ar®=36 =>r=3,a=1
A=3, B=243=3%

103.

(0.1)
(=2,0) (2.0)

3 5
104. We have 4x2 -16x+15<0 = 5< x<§ = cota =2, the integral solution of the given

inequality and sinp =tan 45°=1
X . A SO 1 1 4
sin(a +p)sin(a —p) =sin“a -sin“B=———-1=
1+cot20. . 1+4 5
105. fi(x) = fo(x)
= 2+log, x=x
= log, x=(x-2)
Clearly graphs intersect once in (0,1).
Now check
= g(x)=2+Inx-x
gle)>0
ge?) <0

= one root between (e, ez)
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106. x* -3x® -2x2 -3x+1=0 = x? —3x-2—;+

' 2
1
= x2+—1— -3 x+l -2=0=> .x+l) -3(x+—)-4=0
x2 X X X

= t2-3t-4=0 (wherex+l=t)
x
= (t-9H(t+1)=0 = t=4ort=-1
= x+l=4orx+l=—1
x x ‘
Real solutions are from x + ~=4 = x?+1=4x = x* —4x+1=0
x

Hence, sum of roots = 4. 9

107. f(x)=x2 —(k+4) +k? -12 O
f(4)=16-4(k+4) + k2 -12<0 '
= -2<k<6

108. a2 +p2 =(a +B)2 —2aP =k2 —2(k2 + 2k —4) =—k2 — 4k + 8
Maximum value =12
109. f(x) =a* —xIna
Fi(@)=(a*-1)-Ina
110. As a, band c are the roots of x3 +2x2 +1=0, we have
a+b+c=-2

ab+bc+ca=0
a b ¢

Now, for finding the value of|b ¢ a ,evgluating using first row, we get
c ab
a(be—a?) — b2 -ao) + c(ab-c?) =abc -a® - b* + abc + abc - ¢3
=3abc-a® -p3 -3
=—(a® +b% +¢3 —-3abc)
=—(a+b+0)(a® +b? +c? - ab-bc - ca)
=-(-2)[(-2)2 -3(0)1 =8

111. x2 + px+4=0, p,q€R,q#0 a,p real roots.

1 1
g(x) =0 a+-‘;,B+B
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A

| 1\, 1
a+B+—-+%=(a+;)(ﬂ+EJ

-p a B 1

-p+—=0p+—+—+
p - p 5 ta " ap
2 p—
_.p + ___‘p_ 3 q + p—Zq + _1.
q q q

-pq-p=q*+p?-2q+1
p2+p(p+1)+q*-2q+1=0
(@+1?-4(g* -2q+1)20
q® +2q+1-4q% +8q-420
-3¢% +10g-320
3q2 -29-q+3<0
3q(g-3)-(g-3)<0

—
W=
-
w
e
—
~
o
w-

112.ln(x2+5x)=ln(x+a+3) = x2+5x=x+a+3>0

a+3>0 : \ e
a>-3 22~ olf-

y=x+a+3 = -5+a+3<0 : , ‘:_:-"’
a<2 e
-3<a<2
-
113. f(x)=x2+i-6x-9+2=(x+l) -6(x+l)
x2 x x x
Let x+l=t
X

f(x)=t? -6tV te(-o,-2]U[2,x)
min. value=-9 att =3

114. x3 +2x2+2x+c=(x2+bx+b)(x+%)
= b+%=2 and b+c=2 = b=c=1

115. of +By +ay =0 = (@B)* +(B1)° +(an)? =3 (aP) (oy) (By)
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118. Z(a' B ) =(a+a?+a+..)+@+p2 +p> +...)

r=l

e oo B
l-a 1-8
)
4x% +2x-1=0
< .
2 . A
4[L) +2(L ~1=2025x2 2120 22
1+x 1+x) i B
X 1—ﬂ
119_[2011) +(2012 YL (2013)
2014 2014 2014)
2011\* (2012)* (2013)* iz
Let f(x) =| ——= otk okt i i R.
f(x) ( 2014) +(2014) +(2014) = f(x) is a decreasing function for x e
123.’ x2 +ax+12=0 (1)
x2 +bx+15=0 wi(2) Common roots

x2+(a+b)x+36=0 ..(3)
M+@-@3)
a?=9 = a=%3

positive root o =3
124, " * =t - .

t2 -4t -1=0 = t=2%+5 = ¢*"* =2+ 5 (Not possible)
125. Maximum value of f(x) =3

Minimum value of f(x) =-1
126. f(1) =1 -2<0
127. 2x2 +5x + 7 =0 has non-real roots = ~=—=—

Min. valueofa+b+c=2+5+7=14
Max. value of a + b+c¢=28+70+98 =196

128. Distance =4(x5 —X4)% +(¥5 =¥ 4)? =J(1-20% 4% =52 4t 41

des 41 o Bt
Min. distance = S 5

129. W 3 3

af(D<0 and d=D<0 5  f(-3)f(2)>0
We have the equation ax? + bx + ¢ =0 has two roots o and f3 such that « < =3 and fN>2,


http://www.jeebooks.in

AR

www.jeebooks.in

" Solution of Advanced Problems in Mathematics for JEE.

130.

131.

If a > 0, then we have the following graphical representation :
YA )

N [/
'p Lt

%

Then, for all x e [-3, 2], f(x) <0, we have the following graphical representation :

This implies that

f(-D<0and f(1)<0 ‘ YA
= a-b+c<O0anda+b+c<0
= a(a+|b|+c)<0 \
If a<0, then for all x e [-3, 2], f(x) > 0. This imply that o : \ B
= f(-1)>0and f(1)>0 / -3 2
= a-b+c>0anda+b+c>0
= a(a+|b|+¢)<0
Let x2 +5x=t

t2 —2t-24=0=(t-6)(t+4)

x2 +5x-6=0=(x+6)(x-1)
x2 45x+4=0=(x+4)(x+1)
Case-1: x>2
3(x-2)-(1-5x) +4(3x+1) =13 = x=§ (Not possible)
1
Case-2: 35x<2
_3(x-2)~(1-5x) + 4(Bx + D =13 =>x=% (Possible)
1 1
-3: ——<X<~—
Case-3 3 X z
-3(x-2)+(1-5x)+4(Bx+1) =13 = x =% (Not possible)

Case-4: x< —-;—

—3(x-2) +(1-5x) —4(3x+1) =13 = x = _% (Possible)
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132. 108 45, Sin x> 2 = sin x < cos? x

sin? x +sinx-1<0
0<sinxs‘/§2—1 (sinx>0)
183. Minimum value?:—s =D =20
ja-81=22 %5
134. |x-3|+|x+5|=7x
2x+2=7x x23
—(x-3)+(x+5)=7x -5<x<3
—(x-3)-(x+5=7x x<-5

136. (a+b+0)? =a? +b% +c2 +2(ab+bc+ac) = ab+bc+ac=-4
a®+b3 +c® -3abc=(a+b+c)(a? +b2 +c2 —ab-bc—ac) = abc=-4

140. x?2 -3x+4<x% +3x+4

= x>0
[0}
142. x2 +4x+3=o<:ﬁ
a=-3,p=-1

143. a® + b3 + ¢3 =3abc

= a+b+c=0

= ax? + bx +c=0has one root x =1
145. x; + X3 + x1X3 =d

xX1X5 +X1X2(x1 +Xx2)=b

x?x2=c = b+c=xx,(a+1)

147. (|x|-2)(|x|-D=0 = x=£1,+2
149. a2 +p% =(a +B)2 —2ap =4(1-5in26)? + 4cos? 20

=4(2 -2sin20)
150. sin? x +sinx=-bV x [0, ]
0<-b<2
-2<b<0

152. x2 + px-r=0=(x-7)(x-8)
a?+pa-r=(a-7)(a-8)=-q-r
153, 2**2 - 4* <9N2**2 _4%>0; 2%(4-2%)>0
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@ _Exercise-2 : One or More than One Answer is/are Correct i g

2x -1

A B W L

- , 4+

—————30
x(x+1(2x+1) -1

= xe(—oo,—l)u(_l,oju(l’w]
2 2

-2 0

3.
4. ApplyD20n f(2)>0 N f(-2)>0 N -2 <§<2
5. f(x)=x-3 x>4
=5-x 2<x<4
=x+1 1<x<2:
=3-x x<1
1 1
6. a-b=--= = ab=1 (razb)
b a
a_b=.a_ :>a—l=(12 2(13—Clz+1=0
b a
7. If fQ+x)=f(2-x)andD>0

Vertex of parabola is (2, - ‘—%] lies in IV quadrant.

£0)> f(D)> f(2)

If fQ+x)=f(2-x)andD<0
f(-2)=4a-2b+c>0

If log ¢(2) f(3) is not defined then f(2) =1

= f(x)21

If ;—b =2 => a and b are opposite sign.
a

. CaseI: f(-D=20n f()<0N f(2)20

asOma<0na2-—%

3
ae|-=,0
= [ 2 ]

112

N W
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Case-II: f(1)>0 N f(-1)<0 N f(-2)20

a_>.0r\a>0nas%

= ae(O,g]
2

10. As expression taking minimum value
So, a>0
-b -D
£<0; E<0
= a>0,b>0,D>0
11. axz+bx+c>0VxeR
a>0,D<0
f0)=c>0
f(=3)+ f(-2)=13a-5b+2¢>0
f(=3)+ f(2)=13a-b+2c>0
12. D>0 = k>+5

y
f()<0 = k>3
f2)>0 = k<2 .
4 ; : o\ 2 —>X
= 3<k<£
4
13. x2+px+q=0

Sum of the roots =-13
Product of the roots =30

= x2 +13x+30=0=(x+10)(x+3)
=  Correct roots are x =-10,-3
14. x?-3x+2>0
(x-2)(x-1)>0 = xe(-o,)U(2,x)
x? -3x-4<0
(x-4)(x+1)<0 = xe[-1,4]
then x e[-1,1) U (2,4]
15. 5% +(24/3)%* -169<0
5% +12* -169<0
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if "x=2 52 +12% =169
x>2 5% +12% > 169
x<2 5% +12* <169
= xe(-x,2]
16. ﬂﬂ=x2+u+b
Dy:a%-4b .
g =x%+cx+d ‘
Dyre?—4d
Dy +Dy=a*+c? —4(b+d)=(a-c) >0 = atleast one of them is positive. :
17. Let x-1=¢2 ,
1 % 1 _ 1 + 1
Ve+2dx-1 Yx—2Vx-1 Ve?+2c+1 VeZ-26+1 |
: 1,11 .
le+1] [e-1 |[1+vVx-1] |Vx-1-1]
H1<x<2ﬂmn0<J;:i<i .
: 1, 1 . 1 se 2
Leda1| [aT-1] 1edecl 1-vaol Z-x
If x>2, thenVx-1>1
1 11 1 24x -1
|1+Jx—1|+|\/x—1—1|_w/x—1+1+w/x—1—1= x-2
18. logy/3(x% +2px+p2 + 120
= (x+m2+151 :(x+pf$0 = X=-p
kpz—kp—kzsovkeR
k?2 +(p-p%)20vkeR
D<O
19. (@) oa+p=a?+p?

and o =a2[32 =>af(ap-1)=0=>a=0 orf=0 orqB\=1

(b) tan26 + tan30 = — 30 =0 =5in59=0 = p=""

cos20cos 30
2 3
[2x1 N 1282x3 %3 2}
X9 X 4x,x
© 2 1X3)5 4

3 (v AM2GM)
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173

(d) Equation of chord with mid-point (h, k) is T =S, ‘
= (h-Dx+(k-3)y+(h+3k-h?-k?)=0 f
If it is passes from (0, 0).
Then, h? + k% ~h -3k =0
20. -2<a<2 = a?¢[0,4)
i —.4Jc—a2 =0 = x=21m
21. If a+2B=0
= of<0 = -28%2<0 =q<0
o+f=—B=p .
aBf=-2p2=q'=2p2+q=0
22. f()=(a+b-20)x2 +(b+c-2a)x+(c+a-2b)=0 = f(1) =0
(@ ifa>b>c>0
= a+b>2c
f(0)=a+c-2b<0

Ay =f(x)

(©) glx)= ax? +2bx +c= 0<
g(0)=c>0

g(-)=a-2b+c<0 ' |
l/a '
(d) x? +2bx+a= O< | By /
23. f(x)=4x%-8ax+a
D=48a%20
(a) If f(x)is non-negativeV x € R, thena =0
(b) Ifa<0,then f(0)<0

(©) If f(x) =0 has two distinct solutions in (0, 1), then
fl0)>0 = a>0

f(h>0 = a<;

0<-—b<1 = 0<a<l
2a
24. ax? + bx + ¢ =0 has no real roots, then D <

1
f(—§)=a—2b+4c>0 = a>0
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b i
4a+2b+c _ f(2) 30
a+3b+9c 1
3
25.
x—-'1xi'0 ):(=1 E x=f'5 x!=4 )'(=5
x=2
26. ax? +bx+c=0
oo —btyb? —dac _-biiydac-b?
2a 2a
_p\2 _h2
|a|=|g|=\/(§_b‘J , dac zb =\/§
aA 4a a
27. 3x-6>6 x>3
x>6 25x<3
4-x>6 1sx<2
6-3x>6 x<1
28. f(x)=ax2+x+b—a
D<Oand f(1)=b+1>0
f(0)=b-a>0
f(1/2)=4b+2-3a>0
29, a? +b%=(a+b)?-2ab=7 )
a’® +b% =(a+b)(7-ab) =10 @
= (a+b)[21—(a+b)2]=20
Let (a+b)=x
x3 -21x +20=0
(x-D(x+5)(x-4)=0
31. a+f+y+6=0
Root=- 1,11 _1
8 B a
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32.

33.

34.

35.

36.

37.

39.

43.

D20 N f(-1)>0 A f)>0 & A
n \-/ 4

-2<I(Sl
4

d a<0 a<(

y
(@ X c<0 (b) X c<0
b<o b>0
y
(d) %X

a<0
c<0
b<0

% a<0
(C) c>0

b>0

(@ ff-D>0 b f(l)f(—%J>0

© f-Df(-2)>0 (d) b% -4ac<0

but a can be +ve or —ve.

a+B=—2, a[3=-c-
a a

a2 +p2=(a+p)? -20p=— - ="

1 _(a+P)?-2ap _b*-2ac
o3 'B_z_ «2p? T g2
_(a+PB)(a® +p* —ap) _-b(b? -3ac)

o (op)? ¢

x2 +5x=x+a+3V xe(-5,0)
x2 +4x-3=a¥ xe(-5,0)
ae(-3,2]
x2 —2ax-a*=0 x>a
- x=a(1£+2)
x2 +2ax-5a%=0 x<a
(o +B) +(y+8) =12 = a+p=y+5=6 (1)
ap(y+8)+18(a+p)=54 =  af+y5=9 (2
(ap)(y8) =14 «+:(3)

=
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= af=7,y8=2
3 2. K=a
44. | K +m e &4 +n=0<K=b
K-1 K-1 K=c

K3 +mK? +nK -(3m +n) =0

T
Wi Sl

Q Exercise-3 : Comprehension Type Problems . .

Paragraph for Question Nos. 1 to 2
1. f(-1-X)=f(-1+x)VxeR

= gr'flph of f(x) is symmetric about x =-1.

b
—Ef—l = b=2a

a=f(-2)=4a-2b+c
B=f(3)=9a+3b+c [
y=f(-3)=9a-3b+c el

Using graph f(3) > f(-3) > f(-2) =>B>y>a

2. p=b-4a=-2a<0
g=2a+b=4a>0
= pxq<0

becaccncccscaccad

Paragraph for Question Nos. 3 to 4
Sol. (k+1)x2 —(20k +14) x + 91k + 40 =0
f(4) =27k>0
f(7)=-9<0
£(10) =-9k <0
f(13)=27>0

}—) One root is lie (4, 7)

]—+ Other root is lie (10, 13)

Paragraph for Question Nos. 5to 7
5. f(x)=x2+bx+cVY xeR

Leastvalueat:;—,z—l =b=2

Graph of f(x) cuts y-axis, when x =0
= c=2
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Sol.

Sol.

Sol.

Sol.

= flx)=x2+2x+2
Least value of f(x)=1
f(=2) + f(0) + f(1) =9

ae(l,o)

Paragraph for Question Nos. 8to9

. (logy x)% -4(log, x) -m? -2m -13=0
. D>0=>m?+2m+17>0YmeR

m? +2m —(log, x)% +4(logy x) +13=0
D20

= (log, x-6)(logy x+2)20 = xe(O,%] v [64,x)

Paragraph for Question Nos. 10 to 11

-1
x4 —2x3 =3x2 + 4x —1=0 has four roots a,l,b,—b—
a

Y
(b—%)—(a+%]=—4 | (2

Paragraph for Question Nos. 12 to 14

f(x) -(6-x) =0=(x-D(x-2)(x-3)(x-4)(x-5)
f(x) —(x-D(x-2)(x-3)(x = (x-5)+(6-x)

Paragraph for Question Nos. 15 to 16
%3 2 x2(1+sin® +cos6) + x(sin + cos6 +sinBcos6) —sinBcos® =0

— Roots arel, sin @, cosO.

Paragraph for Question Nos. 17 to 18
2[1+ P(0)] =P(x-1)+P(x+1)
9 +2[ax? +bx+C]=a(x"1)2 +b(x-D+c+alx+D2+blx+D+c
a=1 '

P(0)=c=8
P(2)=4a+2b+c=32 = b=10

=
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Paragraph for Question Nos. 19 to 21
2892 +30=2 :

f 4

Sol. + +——t >t
-2 0 2 3
/ =22

22. D>0
(2t-12%-4t(5t-1)>0

Paragraph for Question Nos. 22 to 23

-1 1
1662 -1<0 = =<t< = t

F ey R0

23. t>0 y
Case-I: D<0
(2t -1)2 -4t (5t -1)<0 =>t>% )
-b 1 1 »X
Case-II: D>0nN f(0)20Nn—<0 —<t<= v|0 g
f0) 2a :> 5 4

W Exercise-4 : Matching Type Problems

(zx = 1) * o= - +
1 _—> : t t + }
@ x(2x+1D(x+1) -1 12 0 12

(B) 3x2+2(a?+1)x+(a®-3a+2)=0
af<0
a?-3a+2<0=> (a-D(a-2)<0
(€ Vx+3-4/x-1+Yx+8-6Jx-1=1
Let x -1=t2; [t -2|+|t -3| =1
a+B+y+38

(D) AM.= 2

G.M. =(apyd) /4 =2
AM.=GM. = a =8 =y=8=2
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3. (A) x*-8x2_9-0 :
(x?-9)(x2 +1) =0 = x=3,-3
(B) x¥3 4+ x3 _5_9
(M3 42)(xV3 _=0 = x=-8,1
©) (Bx+1)? =(Jx -1)2
= 3x+1=x+1-2Jx = 2x=-2/x (Not possible)
(D) B3* -9)(3* -1) =0 = x=0,2
4. (A) . (a+b)=-a&ab=b = (1,-2) and (0, 0)

(B) P=0, Q =8cos§cos2?"cosiﬁ=1

©) ar® =2
_ Product =(2)1! =211/2
m=11
n=4
(D) x=y=3
(x-»2+(y-3)2=0

5x-4y=3

oy e

g Exercise-5 : Subjective Type Problems

T .. 3n . 3n.5t . ¢ . 5¢
. — | =S1n — SINn —— + SN — 1N — + sin — §in —
. f(c°s7j 7o TR ST s sinT

2T T
=2c0s“ —+cos——1
2c¢ 7 Z

= foo=2x*+x-1
2. (r-a)(r-b(r-0(r—-d)=(-1)x(-3) x (1) x(3)
= (r-a+T-D+(r-d+(r-d)=0

3
3. Let x2+x+1=t Vte,:z,ooj

t2-(m-3)t+m=0
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Case-I : f(%)<0
i—-z(m—3)+m<0
16 4
= m<ﬁ§
4
Case-II : D=0 =>m=19
-b 3 9
—>=—=>m>=
2a 4 2

There is one positive integral value of m =9.
. t2—(m-3)t+m=0

t €[3/4, ) has four distinct real roots, then
D>0 8

= m%-10m+9>0

= me(-w,1)u(9,x)

f(%)>0 = m>_T45 = me(9,x)

. f(t)=(m?-12)t2 -8t-4=0 (t>0)

f(0)=-4<0

m?-12<0 = me[-2V3,243]

Case-I: D<0

= m2-8<0 = me(-2v2,22)

Case-ll: D20 = me(-w,-zﬁ]u[zﬁ,w)
b A 0= mie24E,255)
2a m?-12

= m e [-24/3, 23]

. (e —2)[sin(x+ %)](x—an)(sinx—cosx){O

A
V2

= cos2x>0, x#In2

\ e [,

3/4

of /4

\

°| 0 N/

(x-In2) -(sinx+cosx)(x—1n2)(sinx—cosx)<o=%(x_ln2)2(sin2 x —cos2 x) <0
2
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10.

11.

xe[o,-ﬂu[%:—t,n:l—{an}
Least positive integral value is 3.
x2+17x+71=22 = rez
x? +17x +(71-2%) =0

D = perfect square =m? (say)
m? =289 - 4(71-12%)
(m -20)(m +2)0) =1x5
= m-2ik=1 : i ool e ey
m+2\=5

e POO=(x* -x3 o x? ) (x2+ D+ (k2 - x4 1.

P() +P®) + P +PB) =(0® ~a +D+B* -B+ D+ (> -y + D+ (8> -8+ D=6
f-2<1
2

f() max =f(4) = 4a+18=6 = a=-3 (Not possible)
251
2

f(X) max = f(-2) = a=0 (Not possible)
There is no real value of ‘a’.
x2 -8x-(n?-10n)=0
D<0 = n%-10n+16<0

(n-8)(n-2)<0

= 2<n<8andn#10

x2+2m-Dx+M+5>0V (x>1) |
Case-I: D<0 ‘ '

. m2-3m-4<0 = -l<m<4 . . ;
Case-II: D20 ' - \

= m e (-0, -1] U [4,x) \/ ——>x

AD20 :mz—g

:-b-<1 =>m>0

2a
= m e (-1,)
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12. ax? +bx3 —-x2 +2x+3 =(x+2)(x =D Q(x) + (4x +3)

Put x=1 a+b=3
xX=-2 b=2a
13. D>0 N ;—b’>4 N  f(420
a
k-1>0 A 4k>4 ~n  k?-3k+220
k>0 N k>1 N (k-2)(k-1D=20
= k22

14. x? -3x+2=(x-1(x-2)
If (x - 1) is a factor of x* - px? + g=0.Then

Fiigi] (1)
If (x - 2) is a factor of x* — px2 + q=0. Then

4p-q=16 ' . (2)
= pP=5,9=4
= p+q=9

15. x?+2xy+ky? +2x+k=0
if it can be resolved into two linear factors, then
abc + 2 fgh - bg? —af? —ch? =0
k% -k-k=0
k=0,2
16. (a+1)x2+2=ax+3 has exactly one solution.
= D=0 \
a?+4(a+1)=0
(@+2)2=0 = a=-2 = a%=4
x?-ax+1
V7 y=x2 -3x+2
xz(y—l)—x(By—a)+2y—1=0VxeR
D20
By-0)?-4(y-DQRy-120V yeR
y?-6y(a-2)+a?-420V yeR
D<O
36(a-2)2-4(a®-4)<0

(a-2)(2a-5)<0
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2<as> :
2 (x1) :
= Integral value of ¢ =2 ; 4y ;
Ata=2 é.
5 B e —~— T T 7 S
f(x)=x2 -2x+1_ (x-1? 12) ™\, H >x
x*-3x+2 (x-2(x-D 6T 7\
fO=2L(y 2y 5
x=-2 '
Range R - {0, 1} x=2
= No integral values of ‘ @’ for which range is R.
18, x'% =(x? -3x42).Q(x) +(ax+b)
at x=1 = a+b=1 ; : ...(D)
at x=2 = 2a +b=2100 . .:(2)

= a=21°°~1, b=2 210
Remainder = (21% —1)x+2(1—299)
= k=99
19. x=7Y3 47%3
x3=74+49+3x7(x) = ‘x3—21x—56=0
Product of all roots =56 : |
21. Clearly P(x) is a second degree polynomial.
P(x)=ax? +bx+c
P'(x)=2ax+b
p(x)_p'(x)=ax2+(b—2a)x+c—b=x2+2x+1
a=1,b-2a=2,c-b=1
a=1,b=4,c=5
P(x)=x%+4x+5
P(-1)=1-4+5=6-4=2
23, Let x’ =t
t? +kt +k=0
D>0 = ke(-%,0)uU(4,x)
f(0)<0 = k<0
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25.

26.

27.

28.

29.

30.

31.

32.

33.

fM<0 = a<—-‘1 \ /

3 1 3

8 + + » X
f(3)<0 = a<—7 \/

Integral values of ‘a’ are -5,-4,-3,-2.

T
f(Q)f(E)so
-n+D2n+1)(n-3)<0 =>ne[3,)
f(xX)=ax? +bx+c a,b,cel
ax? + bx +c=a(x -a)(x -B) + p a,Bel

axz+bx+c—2p=a(x—a)(x—-B)—p=0
Not possible for integral values of x.
9x% +2x(y —46) + y2 20y +244 =0
D20 = y%2-11y+10<0
(y-D(y-10)<0 = 1<y<10
y% +2y(x-10) +9x% —92x + 244 =0
D20 = x?-9x+18<0
(x-3)(x-6)<0 = 3<x<6
a+b=3anda®+b*=7=2a®+(B-0)%=7 2942 -27a+20=0
Sum of distinct values of ‘a’ is 3. :
(y2-3)2+(x-9H*=1
= x=4+cosb, y?=3+sinb
M=36,m=1
X + X +X1X5 =0
X1Xg + X1X5(xq +X3) =b
x¥x2 =c
If b+c=2(a+1) = x;x5=2
x3 +3x2 +4x+5=0 = x=oisroot
x3 -3x2 +4x-5=0 = x=Pisroot
= a+p=0
5
M- . : (2)-(3)
(x-2)(x+y+2)=1 and (y-x)(x+y+2)=-2
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34.

35.

36.

37.

38'

Dividez:x;y

2
X+
y2+y(Ty]+(x;y) =1and x? -2xy -5y =0

x=(1+6)y

y*=

2
ut val
9+3‘/.6_p values

4(1-a-b) -(a-b)2 J40+a+b)-(a+b)?
4 4
= 8>(a+b)?+(a-b? >a?+b%<4

¥20x + 320x+ 13 =13
"{/20x + {}ZOx + {’/ZOx +320x + 320x +...0 =13

= 320x+13=13 =20x=2197-13

2184 546
X=—=—
20 5
Let f(x)=x2—2(a+1)x+a(a—1)
f(l-a)<0 - N f(l+a)<0

4a? -3a-1<0 N 3a+1>0

__1.<a<1 0 a>—l
4 3

1
__,1
= ae( J

(x-8)(x-2)<0
= 2<x<8

-b
sin® +cos0 =—
a

) c
sm9-cos9=z

2
(sin 6 + cos8)? =1+25in9cose=b—2=1+£

a a
b2 -a? 2

= g
a? a
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40.

42,

45.

Solution

fEs ;
39. cos2x+(1—a)cosx—a250VxeR
Let cos=tVte[-1,1] \‘\\‘_1 1","/
t2+(1-a)t-a?<0vtel-1,1] \__‘/" > X
f(-D<0
o 3ataa0 TuA R
= de(-o,0lUlL0)
fM<o
— a?4a=220

(@a+2)(a-1)20 = ae(-mo,-2]U[1,0)
0]
2x% -35x+2=0
<B . P
B=85==> and 2B -35=-2
a B

XF(x) =1=k(x-D(x-2)(x-3)...(x-9)

—~ F()= x-D(x-2)(x-3)...(x-9) +1
x

Constant term = k(-9!) +1=0

— k=—
91

cosA +cosB +cosC =-a
cos AcosB +cosBcosC +cosAcosC =b
cos AcosBcosC =—c

a? —2b—2c=coszA+‘cos2 B +cos2C +2cos AcosBcosC
=1
k>0 C y
D>On:lz>0 '
2a

k2—10k+9>0m£;—3<0 .
ke(—0,1) U(9,0) nke(0,3) = ke(0,1)

QQaQ

to Chapter 9 till end ( Chapter 26 ) is in part 2
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@ _Exercise-1 : Single Choice Problems 7 7
1. AM2GM

3. 2seca =sec(a —2B) +sec (o +2P)
2 _cos(a +2P) +cos(a —2p)
cosa cos(a —2B)cos(a +2PB)

cos2a. +cos 4B =cosa (2cosa cos2p)
2cos? o -1+ 2cos? 28 —1=2cos? acosZﬁ'

= cos? a(l-cos2p) +(cos2p + 1)(cos2p-1) =0
2

= ‘ cos“a=1+cos2f
4. Ifa,b,c AR = b=“T+C
ifc,d,e HR = d===
e+c
ifbc,d GR = c’=bd
2 o[axe (Zec)
2 e+c
= c%=ae
5. (a+nd)? =(a+md)(a+rd)
a_ mr-n?
Fy d 2n-m-r
i i Pthnn-zmr =21
ifm,n,rin H.P, the SHAT d_ 2

4
6. AM.(a,B,7,9) =;"=1

GM.(c,B,7,8)=1 = a=p=y=5=1
So, equation is (x -)*=0
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s#s3-s3s _sist-sd _,
2 + 53 % +53 ;
_r2’ R [P
r (r+2)! R TPR MO s T
B et ) A NPT S PP
r (r+2)! (r+DL L+l

‘7. 83=8{ =

Zl 2ﬂ+1 )
= — - |
"2l (n+2)!
2n+1 . :
lim S, =S, =1 ', .° l|éslm-——=0| = ik
n-r»noo n=5e 1 Ve b i}_s‘n—?‘eo(n 1-,2)!.;- Bse. ST e

9. tan21=tan l-x tan l+5c
12 12 12

A
{r

tan? ™ —tan2 ' ; :
m 12 ¥ e laf R, ;
tan2 — = = tan“ x|{tan” —-1|=0 = tanx =0
12 12

1-tan? "~ tan? x el R
12 i '

x=0,n,2n,3mx,...... 997
Spa _ n n+l

10. = ;
Sp-1 n-1n+2  'osb ¥
2 3 4 5 n](345 n n+l
Q= =X=X=—X=X...... X| =X=X=X.... "X X — %
1 2 3 4 n-1) \4 5 6 - n+l n+2
n 3 3n '
Rl _(T)'(n+2) n+2
lim Q, =3
n—cw 5
. |logl p 1 logA+(p—1;)‘log%2.*p 1
11. |logm g 1|=|logA+(¢-DlogR q 1
logn r 1| [logA+(r-DlogR r 1
logA p 1| |(p-DlogR pl
logA q 1|+|(g-DlogR gq 1|=0
logA r 1] [(r-DlogR r 1

12. Numbers divisible by 6 — 49
Numbers divisible by 18 — 16

13. y;"’:\/ﬁ = 1-x22yz
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P
o B T PN

SetIuenceandSeries S ™ 'f‘""‘i‘"".‘-z'z'-v'f.~-~-"""""f'.r—'

Thus, (1-x)(1—y)(l—z)ZZM-ZJz-;;Z;N(=8§)’z "‘_\
- o S
(1-x)01-y)(1-2)"8

*17. Clearly, both roots are lies in between —-1and 1.
llm
i(a +BM) = (n_mi ) [n_mtﬂ J

= — — R —

a _a a a; a a, a a a
18. <=-1,1,%9 ,9 0 :d; a3 dy; @3’ 4 94 G4

+—=+—=+—=+—+—+
af a ajz as a; aj a, aq ‘e a, a4 a a; 4as

212 (-.-x+lzz)
X

19 x* +21}'+2x.}'+4y2 +22 422
6 . _
20. Let first term be ‘ o’ and difference be d.
= S(a+4d) =8(a +7d)
= a+12d=0

525 =-2—5[2a+24d]

29/22_4.)(‘4_).,4%4

Sg5 =25(a+12d) =0

21. IOsmx—w/—(4s1n x+1 s.in.x;eo
sinx—‘/—il
= 4
22. Let first term of G.P be a and ratio be r.
= a+ar+ar?=70 and 10ar=4a+4ar?
= a=40 r== !
a 40
=—=—=80
8 1-r _1
&k _ ko1l _k
23. Ezn-&k —zk 'ézn 2k
w-&-:l-{-—%-‘f'-—s—'{'%"f’ ...... =2
Lok 2 22 2% 2
+r
24, (pgnV3 22X = p=q=r

if3p+4q+5r=12 = p=q=r=1
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28.

29.

30.

31. T

190 :
25 2 l+l+_}_+i+l+ . =—1- l 1+-l +l(—1-+l)+l(l+—
"3(376 10-15°21 ) 3[30 "2) s{2 3) 7.3 4
irg .4 .9 1
= —t—+—+...... =—
3[1.2 2.3 3.4 3
—;—[2A+(a—1)D] 5124 +(b-1 D] »
26. 5 =2 =c.'=> D=2c,A=c
a b2
27. ;x/—r=4 = £=r_r2
l1-r 4

if—1<r<1then—2<r—r2<%

—2<£<l = -8<x<l1
4 4

t) +t3 +tg +...... +tons =n—;—1[2a+n(2d)] =248

to +tg+tg +...... +ton =%[2(a+d)+(n—1)2d]=217

t2n+1 _tl =2n- d—56
n+ 1
— ~[2a+56]=248 and X [2a +56]=217
= n=7,a=3
length of side A; =20
length of side A, = 29

2
20
(2)?

20

(V2)"?

400

Areaof A, =——<1
on-1

length of side A3 =

length of side A, =

i =1 i + L +.......‘k+1

kDt k+1 (k+1)2 k
iksk =§:(k+ 1)=ik+il=m+n=n(n+3)
k=1 k=1 k=1 k=1 2 .

2

2

: =(r +l) .2r-1 =(1+1___2_ 2"-1
r(r+1) r r+1

" Solution of Advanced Problems in Mathematics for JEE
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191

32.

33.

34.

35.

36.

37.

38.

r=1 r +1

Sn =2Tr =i2"l + i(ﬂ o, J:(z';‘ll) + |:1——2n—] =
. r=1 r=1 r+1l ' n

f(l-S)" =(15)2% +(1.5)°% +.....+ (1.5 %

n=2

28
=(1.5)2 [(15’())“5‘1} =2k -2(1.5)2

7,A1,A, A,,......,A,,49 are in AR
";2)(7+49)—(7+49)

n
§X56=364 = n=13

38y 2r,2r2

NIN U

£
s r

n =5ﬂ2-+4n
n =Sn —Sn_l =10n—1

~ =

x3 +y3 =(x+y)(x"+y2—xy)=a[b—{“2"bﬂ ‘ (xy=

2

sn =.___2_=2n+1

Ton+1
1 1 1 _ 1 1 1

T SOS 3 . + +
$15,53 525354 S354Ss 3-5:7 5.7.9 7.9.11

(

n
n+1

o

1

2

'Zt Z(2r+1)(2r+3)(2r+5) ;[(2r+1)(2r+3) (2r+3

ar )Z’Srar areu‘lG.P

= (GJ'9)2 =10
19..9x19

t1t2t3 ...... tig=a’r —(ar9)19 =1019/2

)(2r+5)

)

(x+y)% —(x? +y2)]
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39. AM.2GM.
1
A+l+123; B+l+123; C+l+1::3; D+—+123
A B C D
(A+l+1) ) T C+l+1) D+l+1)23"
A B C D
40. (zr)%=2r%+23nr,
a-b
Zrlrz-.T
2
41. 7“[20+(2n—1)d]=x and %[2(a+2nd)+(n-1)d]=.¥
= EZ—£=3nd = d=2y—x
n n 3n2
44. 2,6,2(k-1) arein G.P
= 6%=2x2(k-1)
= k=10 _
= x2-x-6>0 and |x|<100
= xe(-100,-2) v (3,100)
Number of integers =193
3 1 1 3
45, g\/l+T Tr+1T,.,+2Tr+3 —2J1+(r——)(r——)(r+§)(r+E]
5 2 5}
r —_— ——
_1 4
51 1 5
= r2-= +2 -—‘=—+ r2-y'2
r=1 4 r=2 4l 4 r=2 24
46. T, =) T, =D Ty =r2+r
1
2°°8 -(2008)2(—-—)—(2008)L
€ L |
lim (2008)n ~2008
hoso n+1
1
- —_ | -—
48, Pl = i(x )(x r+1)( r+2)

1 1 1 1
Absolute term =- ) ——————=—— -
solute ,i_;"("'*l)(”‘z) 2[§;r(r+1) (r+1)(r+2)]
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1 1___l__]
212 (n+D(n+2)
lim—l[l_$}=_1

oo 202 (n+D(n+2)| 4
1 1 1 1
50: —,=—, -, —arej
T,'T, T, ’Tk are in A.P
T, l+5d 2
T—=“1 =9 = d=-2
6 =+d g
a
1
—+3
Two_a d=i
Ty Looq 17
a é
52. (1+i+—1—+ ...... 2 1+i+i+ ...... e 1
34 gt 3 32 3¢ 8

53. (x-D(x-2)(x-3)(x-4)...... (x-10)
Coefficient of x® = sum of terms taken two at a time

=21 +2+3 4t 107 -1 42 4.0+ 100)]

55. AM =GM

a+B+y+8 _ o141
——T———(aﬁY) 5

1
= a=B=Y=5=E '
56. Use AM>GM
57. i(a'+p’)=(a+a2+a3 )+ B £ P2 £ L)
r=1

o p
=—'—+-]-_TB

1-a
o

3 a
4x? +2x—1=0<:B
T—a

2
X X |-1=0= 5x%2-1=0
4(_—1+x) +2(1+x) TELB
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g .
58. 22[1+23+33+43+...+.103]=4[1°"11]_ ~12100
59. AM>HM
a a
b+—+—
2 2, 3
3 4 1
_+_
a b
60. 4% —15=42% =4 =-16 = x=2
Common ratio =cos 20 =Cos 6701r+E =—1—.
3 3) 2
61. AM>GM
2 2
LI 1/4
a*+b +2+2> a4pict
4 4
62. x2+y2=x24+ 132
x2
2 6 12 20
63. —+ + + +..0
18 1°+2% 1342433 1¥53%43°4S
1x2 2x3 3x4
= - .0

+
1¥ 1PegY 19429 488
-limi nn+1) =1imi nn+1)

e T 423 4 4n? moeq ("(n+1))2

2
n

= lim 4 e N O
n—o ;n(n 1) n—I)rclnz(n n+1)
=41im(l_l l_l+ 1_ 1

n»o\l 2 2 3 n n+l
=4 lim =4

n-son+1

64. — Z( L = 1 1 1
(k—l)n=1 (n+1)(n+2)...(n.+k—1) (n+2)(n+3)“.(n+k) _(k—l) 2.3-4.,.k
65. A—G=-3—andG—H=9
2 5
As we know,

2 _ 2(3 6
S = (3eofe-t) =eusman
2
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ﬁm»w o S — : R T —— - — - ) ‘ -
Seqi‘em:ea”dsene&*‘0 Gt ¥ ] ; 'S Y T e ; 2195

= ab=36anda+b=15=a=12and b=3
2+5 2 2 2 2 2 2
66. S=ﬁ+ﬂ+ﬂ+_,_=l 57-27 8°-5° 11"-8 |
2%2.52 52,82 g2 92 3(22.52 52.82 g2.112
=1(_1__1+1 b O T 1 +L__1_J
22 52 52 g2 g2 112 292 322
85

L A .. r
2 r2

= (r®-D% - A -r-n2+r-1
91
2r=l(r2—r—1_r2+r—1)
Zt

e R r4+r +1

=i i 2 -

,.=1(r +1)2 —r2 = (r —r+D2+r+D
1

2= J
2; r2-r+1 r?+r+l

69. Se -1+4+l+—12
5 52 53
Lo ooy
5 5 5% §°
4 3 3 3 7
28 =1+=+—+—+..
= 2 552 53 4
35
S =—
= 16

71. Xx9,X2,X3..-X2n
i(_l)l%lx’?
r=1
2 2
x? —x% +x3+..~ X2
(xl _xz)(xl + X9 + X3 +...X2n)
~(x5 —x1) (X1 + Xz + X3 +...X21)
x X1) 2x
_Qﬂ__l)_ [x1 + X2,]
2n—1 2

(xl -xzn)

2x—1
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72. 2P o, [oF=4

2
73. rms>AM

[\S]
N

74. 150 x9 + %[300 +(n-1)(-2)]=4500 = n =25
Total term=n +9 =34
75. Sy =22—0[2(1—ad) +19d] =20
19d -2ad =0

=
7 3 i

1
n-2)(n- 1)n(n+1)(n+2 Z

< 1
é{(n 2)(n- 1)n(n+1) “(n- 1)n(n+1)(n+2))
78. 2"+22"+1+i—zX+22x+22x 1 +i+i+i 1

2% grage Tpx g%, g«

2X 2x+1 x 178
+2 +(5/2)2[2xx(22x)2~x 15} ;

8

= 2"+22"+1+—5x—28

2

o (4r+5) 1 (1 1 1 3 1 1
79. —= e = =
Z(r(5r+5)) E(r 5r+5) 5 z(r-sr ‘(r+1)-5"+1j—

r=1

Ul =

TR

@ Exercise-2 : One or More than One Answer is/are Corract i Sr oo

\,: LR 8%
a, +a 2a;a
1. a=—1—", b=Jaja,, c=—11"
2 a, +a,

= a2b2c and b%=ac
2. D;:b% -4ac<0

D,:c* -4ab<0

D3:¢12—4bc<0

Dy +D; +D3: a® +b% +c% <4(ab+ b + ac)
a2+b2+c2<

1<
ab + bc + ac
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3.

4.

S.

7.

: Tq =a+(gq-1)d=

www.jeebooks.in

Ifa,b,care in H.P
AM.>HM.

a+
= Tc>b = a+c>2b

= a-b>b-c¢

o —me— ()

G.M. > HM.
also Jac>b or ac>b?

T,=a+(p-1Dd= 1
P P~ R

1 1

= =

: p(p+9 ~ pa(p+Q

(a) a,Hl,Hz,H:;, ...... ,Hn,b are in H.P
11 1 1 1

(€ a,A;,Ay,As,...... ,Agp,barein AP
Al +A2n =A2 +A2n_1 =A3 +A2n_2 = anesn =a+b
(d) 4gy + 583 =4r+5r?

Thisisminimumatr:—%

a,b,carein HP

111 einAR
a

c _ .
a+b+c_2,a+b+c_2’a+b+c

a b c
a+b+c 1 a+b+c_1 a+b+c

®) — b -

© E=l+_1.2-—2— = Jac2b
b a ¢ Jac

—2arein AP

(a)

—larein A.P

as +c522 (a)¥22b°

(d) 2ac=ab+bc
Let the roots be a, ar,ar?,ar® and ar®.

5
-1
EL:T'” (1)
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1
1\ S
and = =10 «(2)
a 1
£
-
S —
put e in (2) we get ar? =+2
r-1 a
Now,  &=(ar?)’ =(z2)°
8. (@ v 2ap, =a; +ay,
fi(-1)=0
-1is a root.
Other is also real root.
(b) From (a) (-1) is root for any ‘k’ so any pair of equation has a common root.
(c) If one root is -1, other roots are —c/a (form)
a .
—k+2 e, a—a,a—4,a—5....;. are not in A.P
ag a; ax; as
9, b= THC 5. 2c6
2" c+e
if ¢2 = bd, then c? =36 (va=2,e=18)
10. Ifa,b,care in A.P then
a=b-dandc=b+d
a+b+c=60 = b=20
If (a-2), b, (c+3) are in G.P, then
400=(18-d)(23+d) = d=2,-7
4 4 4
12. 81+ 144a” +16b™ +9c s aake
4
= AM.=GM.
4 _1g14 _g.4
= 81=144a" =16b" =9c¢
13. x,y,z AP
Let x=y-6andz=y+6
.30
sin —
cos(y—-0)+cosy+cos(y+0)=1= ‘3 -cos(y)
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SequenceandSeries

o sin(y—9)+siny+sin(y+9)=

-sin(y) = coty =42

w1l

. 36
sm—2 3 g 5 5
=,[—=3 - 1 2_ =) i
9 ,/2 4 sin 3 = cosf =" y

sin —

10" 41 10m*l 4 q

10™2 41 10m+2 4

= 10™1.10™2 4 10 4 10™2 4 1210™2.10™ +10™2 +10™ +1
= 10m+1 <10n+1

16. S, =r+S, = 83-s,=r

15.

17. 50, 48, 46, 44, ......... AP
T,=50+(n-1(-2)=0
= n=26

18. sn=snitr=i 2l =26(%‘711)=6(1‘5%)

Rl Wy [ SN TR e

Exercise-3 : Comprehension Type Problems '

Paragraph for Question Nos. 1 to 2

Sol. T, =A+B=0 = A=-
T,=Aa+Bp=1 = Ala-p)=1
Ty =Aa? +Bp2=1 = A(?-p*)=1
T,=Aa® +Bp°=2 = A(a®-p*)=2

= a+B=1 and aB=-

Paragraph for Question Nos. 3 to 4

Sol. SetA: 5-D,5,5+D and
SetB: 5- d55+d
25-D% _7
q 25-d2 8
25=8D2 -7d* =d* +16d +8 b sl
d=1 and D=2

SetA{s 5,7} and setB{4,5,6}

=


http://www.jeebooks.in

WWwW.jeebooks.in

..... - o NS S e S R

200 T Solution of Advanced Problems in Mathematics for JEg
‘Paragraph for Question Nos. 5to 7
5. (x-3)+(y+D+(2+5) >[(x=3)(y+ DG + 5)11/3

Sol.

Sol.

3
= (x-3)(y+D(z +5) <23

1 5
(x-3+y+-+z+7 1 5\]V3
Te“ni56(x—3)(y+—21-)(z+§)=> 2 3.>.|:(x—3)(y+§](z+§)]

3
- 1 5) . (355)°
B 3)(y+ 2)(2 ¥ B)S 63 x33

(355)°
62 x33
> (xy2) /3 xyz < (20)3

Maximum value =

X+y+z
3

Paragraph for Question Nos. 8 to 10

Let removed number are A and A + 1.
L)l MY 2
2 . b ; 4

2n? -103n +206 =8A
= n=50,A=7

Paragraph for Question Nos. 11 to 13

ap, —1=(a, -2 |

a, -1=(apq -1?
ang —1=(ay_ -1)?
(ay -1) =(a; -1?

a; -1=(ag -D?
= (a, -Dla,y -D?(d, s =D (a; -p2™ =(ap -D2(a,_p - D2 (@0 -
= (a,-D=3%
_2:63% +D32+D.... 32" 4y

b
" 3 1+ 1)

3% <1
3%" 41

bn
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Paragraphfor Question Nos. 14 to 15

f(n) = ;=2 ( 1 _ 1 _ __1__ 1 A —
i(r—l)r(r+1) 2 (r-Dr r(r+1 =2\ Ta. n(n+1) ’a—'}l—ﬁﬂn) '

r=2 r=2
12
63

3 a
15. x2+2 =
X+t 0<B

Paragraph for Question Nos. 16 to 17

a
sol. —L 92 __% %005 _1

a, +1 a2+3_a3+5= ...... (11005+2009=7(-
1 _ 3 5 ‘ 2009
-1 T g Tyt STy
_ (1005)2 1005

a; +a; +asz +...... + Q005 = =2010 =>k—1=—2——

14. f(7) + f(8) =

a =

1. (A) a,b,careinA.P
b-a=c-b
b-a,c—-b,a arein G.P
%E%:C—f-z = c-b=a (+b-a=c-b)
(B) a, x,barein A.P
gl

2
a,y,z,bare in G.P

y=a2/3b1/3, 7 =a/3p¥3
© a,b=ar,c=ar2
Ifc>4b-3a
r?2 -4r+3>0 (a>0)
(r-3)(r-0D>0
(D) 7x% -8x+9<0
a=7>0, D=64-252<0
No solution



http://www.jeebooks.in

www.jeebooks.in

2020 " Solution of Advanced Problems in Mathematics for Jiig;,

2. (A) a+d=b+c=20
(B) 2,61,62,63,64,65,66,581'8 in G.P
GIG6 =GZGS =G3G4 =10
(©) a4hy =ayhyg =ayohy =6
D) (2% -5)2 =2(2* ‘%) = (2 -8)(2 -4)=0 = x=3

3. (A) 2.2% —2% 42°°
Exponential series can’t be in A.P
(B) Ifay,a,,as,...... ,a, arein AP
@ -a; =a3 -3 =A4 —A3 =......=Ap =0y =d

B

2n
M 2a +(2n -1 d]
Sn %[2a+(n—1)d]

= 2a=(Mn+1d
3n
San ?[2a+(3n—1)d]

= =3 -
257 22—n[2a+(n—1)d] '
(D) t; +ts5 =ty +t4 =2t3
4ty —ty —tg) +6t3 +ts _ 3ty +(t; +t5) —4(t, +t4) +3(2t5)
3t =1
1 3t1

4, A-Q; B>P;,C>T; D—>S
5. (A) :—al-logzx+1082J’=5311d‘;-1082.)’+1°82x=7
= logy;x=6andlog, y=3
= x=2%and y=23
(B) £B =60°and b* =ac
a? +c2 -p?

cosB =—=l
2ac 2
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\Seguence and Seri ; BT RS

“ a“.KL‘_‘éuau.u..M""u;LlL'—‘-" TR 2

(C) AM2GM
b ¢ a ¢ a b
ot TR AT K T o
a a b+b+c+c

6
(D) (b+c)? —a? =hbe

= b2+e2-a2=(A-2)bc

b2+c2—a2_x—2

21

=

2bc 2
—1<£§E<1
O<A<4
6. P(n)-(f(n+2)- f(n)) =q(n)
1 1
PM){;:E+n+2)=qm)

P(n)-(2n +3) =(n? +3n +2) -q(n)
= P(n)=n? +3n+2 and q(n) =(2n +3)

e e e Ty e
T RS

@ Exercise-5 : Subjective Type Problems

1. Ifa,b,c,d are in A.R with common difference ‘k’, then
9k3 +(x -4) k? + 4k =0
k{9k?+(x-4)k+4}=0
D20 = (x-4)%-14420"
(x+8)(x-16)20
= x € (—o,-8] U [16,x)
2. §=1.2+2.22+3:23+4.2%+....+n.2"

2.5=1.22+2.23+3.2%+....+(n-1-2" +n.2""

o S=(n-1).2™1 +2=2+2m10
= 2(".—1):210
n=>513

3. i r+2  _ 1 1 _1
’ n—vwr=12r+1r(r+1) =y i 2 (r+1)_2r+l 2

= gy 1 1 J
s ____-=2 - =2
. Z4,-4.,.1 ,_,(Zrz -2r+1 2r?+2r+1

r=1
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5. Letthree termsin A.Ra-d,a,a+d
If(a-d)?,a%,(a+d)? areinGR = d= +2a

az_ 1

Ta-d? A:v2)?

2n _ n _ ; 'n_ -
107 -1 ,(10"-1)_ (10" -1) _ , _,

9 9 -9
7. a-d,a,a+d,a~-d+30

If last three terms are in G.P
(a+d)? =a(a-d+30)

¢

= - d?
30-3d
8. ;i[k(k+2)(k+4)(k+6) (k- 2)k(k+2)(k+4)]
k=1
g[(n—1)(n+1)(n+3¥n+5)+4n(n+2)(n+4)_(n+6)+15]=%(n_)°°)
& n

a2
9. Unit digit of ["("; D] =1

is 1 because unit d1g1t of n(n + 1) can not be 8.

Then unit dxglt of ——— Lt 2+ B,

10. 2logy c=log.a+log, b
log a+2logr loga log a+logr
‘loga+logr loga+2103r loga
0o A_-3+33
R 6

Let A=logaandR = logr:: 3A2 +3Ar-2R2 =

=
A+2R A 3
d=log, c—-log.a= - ==
gb gc A+R A+2R >
11. 3,2,2,75; _?:___1+r dﬁ;i—i-?
r s r S r

= 7r3-6r>+21r-18=0 = (r2 +3)(7r-6) =0

= r=—ands=-—
7. 14

12. SE= et

oooooo
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w
'

\olg solg 0

+
N
N

[~
S———
[

| N
9
I
N w
]
a o

a-ar=f(0)=3 ¥
fi(x)=3x2+3>0 b ) max = f(3)=27+9-9=27

a
S, =27=—+-
® 1-r

w|A

al-nN=3 = L:
1-r

o)

a?=81 = a=%9.:

fa=-9 , (U )

If a=9 1-r=
3

r=

3
9 .
: r=2>1(rejected)
5

B

p + q =
14. Total runs from 1 to 9 =1350

Let, number of terms in A.P ben.

= %[300 +(n=1) x(=1)] = 4500 - 1350 = 3150

= n =25 or 126, n =126 (not possible)
= n =25, total matches =34

10 1 __l_)=.12(1+_ 1,11 1 1 1
1. x-_;n_s(n—z n+2 4 )

N | =
W=
H
fo—y
o
N
p—t .
o
[y
-
8
8|
0
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(2n+ 1 +(2n -1 +4(2n+ D(2n -1

16. =
s V2n+1++2n-1

Let Y2n+1=a and v2n-1=b)
_(a2+b2+mb)(a-b)_a3—b3
TW=""a"® @b a2-v?
=(2n+1)3/2 _(Zn_l):‘!/z

= f(n) 2
N3/2 3/2
—(2n—1)3/ ___(121)2 _1=665

ﬁf(n)= §(2n+1)3/22

n=1

n=1

17. 3°02° +271 +272 0} =1{2}

371420 + 271 4 272 0} =%{2}

372{20 4+ 2-1 +2—2...oo}=§{2}

Hence, 2)(1=3
1
3
18. 152 +(15+d)2 +(15+2d)% +...+(15+9d)2 =1185
= 19d2 +90d +71=0
= d=-1
Sp2Sp1
%(BI—n)Z(n—l)@Z—n) e
ar
19. 24x3—14x2+kx+3=0<>a
ar
3 1 1
Product of roots a®° =—-— = a=-—
8 2
= k=-7

If x =7 lies between the roots, then
f(D =49 +7a2% -112<0

a?-9<0

20. 9x% +3y% +1=9xy
(91/3x)3 +(31/3y)3 +13 =3(91/3x)(31/3y) :91/3x=31/3y=1
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21. Ifa,x,y,z,b AP

x=3a+b,y=a+bandz=a+3b
4 2 4
Ifa,x,y,z,b HP
_ 4ab _ 2ab _ 4ab
_3b+a’y_a+bandz—3a+b .
If(3a+b)(a+b) a+3b =55 and 4ab 2ab 4ab _343 — ab=7
4 2 4 3b+a/)la+b/\3a+b 55

Qaa

Chapter 10 - Determinants
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8 g VORI 0 e o v
P 8 1 S 3 1
AR R Lo e LT S )

@ Exercise-1 : Single Choice Problems ™

1. Direct expansion.
' k11
2. D=1 k 1|=0 = (k-D3*(k+2)=0
11k

1 1
alsoD; = k k 1|#0 > k#l= k=-2
k% 1k

. a a® 1+a® 1 a a
3. [b b2 1+b3(=(1+abo)|1 b b2 |=0
c ¢2 1+¢8 1 ¢ c?

1 2a a & i 4
4. D=|1 3b b|=0 = ==—+-=
b a ¢

1 4c ¢

6. 2x+ay +6z=8
and 4x+2ay+62=8 = 2x+ay=0

and 6x+12y +62=30 = 4x+(12-a)y=22
22
12 -3a

a4

= Y=

7. Ry >Ry +Ry +R3
x¥-4 x*-4 x*-4 1 1 1
2 x*-13 2 |=(x?-4)| 2  x%2-13 2|=0
x2-13 3 7 x2-13 3 7

= (x?-4)(x? -15)(20-x2)=0
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k k+1 k-1
8. D=|k+1 k k+2(=0
k-1 k+2 &k

Ri =»R; =Ry R, >R, -Rj
-1 1 -3

D= 2 -2 2|=0

k-1 k+2 k

loga+(n-1logr loga+(n+1logr loga+(n+3)logr
9. A=|loga+(n+5)logr loga+(n+7)logr loga+(n+9)logr
loga+(n+1)logr loga+(n+13)logr loga+(n+15)logr
C3>C;3-C, C,»Cy-Cy

loga+(n-Dlogr 2logr 2logr
= |loga+(n+5logr 2logr 2logr|=0
loga+(n+1Dlogr 2logr 2logr

a; 2a; 5a, a; az a, a; a, as
10. D, =|b, 2b; 5b, (=10|b; by b, |=-10|b; b, by
€1 2c3 5cq €, C3 ¢y c; €3 C3
1 bc a
11. A, =(1 ac b
1 ab ¢
Ry > aR, R, >bR; Rz R4
a abc a?| |a 1 q? 1 a a?
A2=a_llacb abe b%|=|b 1 b%|=—|1 b b2|=-a,
¢ abc c%| |c 1 ¢ 1 ¢ ¢?
00 -1
12. C]_ —)Cl —Cz +Ca 01 l-a |=1
1 a 1+a-b

1 2 x
18. |2 3 x3=10 = x%2+x-12=0
35 2
Sum=-1
14. Rl —)Rl —Rz, Rz—)Rz —R3
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D=|d-a+1 e-b+1 f-c+1|, C;>C,;-C,andC; > C;3 -C;
x+a x+b xX+c

On solving D does not depend on x.
15. Ry >Ry +R, +R,4
1 1 1
A=(x+y+2)|2y y-z-x 2y C,—>C,-CyandCy; >C, -C4
2z 2z Z-x-Y

0 0 1
A=(x+y+2)31 21 2y =>A=(x+y+z)3
0 1 z-x-y

16. ZBOC =60°
= BC=0B=0C-=r

D —=\C
AB =2rcos30°=+/3r P '55'::;31:32‘}9"" Q
Area or rectangle _ V3r2 3 A Wk

Areaofcircle 2 g
17. Cl—)Cl —bC3,C2—)C2 +aC3

1 0 -2b
A+a®+65%0 1 20 |=(1+a? +b?)°
b -a 1-a?-p2
) a+b+c+d ab+cd 1 1 0||1 a+b ab
18. la+b+c+d  2a+B)(c+d)  ablc+d)+cd(a+b) =|c+d a+b 0|1 c+d cd
ab+cd  ab(c+d) +cd(a+b) 2abcd ed ab 0//0 0 0

=0

Il mn
19. |B|=|p q r|=[2Ar(A4BC)]?
1 11

)

3 S

A B
(m, q) 4 (n, r)
12 1
20. D=(1 3 4 |=0

15 10
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1 2 14

Dy=| K 3 4|=5(K?-3K+2)=5(K-D(K-2)
K% 5 10
i |

Dy={1 K 4 |=-3(K?-3K+2)=-3(K-2)(K-1)
1 K% 10
12 1

D3=|1 3 K |[=K?-3K+2=(K-2)(K-1)
15 k2

1 x+1 (x+1?2
2L (x+D(x+2)(x+3)[1 x+2 (x+2)%[=2(x+1D(x+2)(x+3)
1 x+3 (x+3)?
-2 cosC cosB
22. [cosC -1 cosA
cosB cosA -1

-2(1-cos? A) —c0osC(-cosC —cos AcosB) + cos B (cosC cos A + cos B)
1+cos2C " 1+ cos2B
2
€os2A +cos 2C + cos 2B + 2.cos A cos B cos C
2cos(A +B)cos(A +B) +2¢cos?C ~1+2cos AcosB cosC
2cosC[cosC —cos(A - B)]
—2cosCcos AcosB —1+2cosAcosBcosC =-1
24. Asa,band care the roots of x® +2x2 +1=0, we have

-2 +COS2A +

+2cosAcosBcosC

a+b+c=-2
ab+bc+ca=0
abc=-1
a b ¢
Now, for finding the value of|b ¢ gq » evaluating using first row, we get
c alb
a(bc —a?) - b(b? -ac) +c(ab-c?) =abc - a3 - p3 +abc + abc - ¢3
=3abc-a® —p3 _ (3 =—(a® +b3 +¢3 -3abc)
==(a+b+c)(a? + b2 4 (2 —ab - bc - ca)
=-(-2)[(-2)% -3(0)1 =8
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A A+l A-1
25. For non-trivial solution, |A|or D =0, Thatis,[A+1 A A+2|=0
A=1 A+2 A
A A+l A-1
NOW,RZ—)Rz—Rl;R3—)R3 _Rl 8iV€S 1 -1 3 (=0
-1 1 1
A A+l A-1
Also,R3 = R3 + R, gives 1 -1 3 (=0
0 O 4
Evaluation using third row, we get
4-A-A-1=0 =>x=—%
which is exactly the real value of A.
2 : One or More than One Answer is/are GBired

1. f(a,b)=a(a+b)(a+2b)
2. Ry >R; -RyandR, >Ry R,
1 -1 0
0 1 -1 =0 = tanf=-
cos?0 sin?0 1+2v3tan@
3. Ry >R, -Ry3, R; >Ry -R3
-1 -1 3 ;
A=d} -1 2 -1 |=-d*13d+12q)
a+2d a a+d

tol-

1-A 3 -4
4.1 -(B+Ar) 5|=0
3 1 -A

x2+4x-3 2x+4 13
5. D(x)=|2x2 +5x-9 4x+5 26
8x2-6x+1 16x-6 104

C3+C3-4C;,Cy > Cy -2C,

3x+3 3 0
D(x)=| 26x-37 26 0
8x2-6x+1 16x-6 104
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al 2
7. D=1 2 1|=0=a%-a-2=0=(a-2)(a+1)=0
2 1a
012 a 02 alo
Di=[b 2 1 D,=[1 b 1 Dy=|1 2 b
01a 20 a 210

a =2 infinite solution
a=-1,b#0 has no solution.

al 2
8. D=|1 2 1|=0 = q*-q-2=0
2 1a
= (@a-2)(a+1)=0
012 a 0 2 alo
D=(b 2 1 D=(1 b 1 D=|1 2 b
0 1a 2 0 a 210

a =2 infinite solution
a=-1, b=#0 has no solution.

Paragraph for Question Nos. 1 to 3

2 A6 8 A 6

D=|1 2 p|=(A-2)(u-3); Dy=|5 2 pu|=(A-2)(4u-15)
113 413
2 86 2 18

Dy=|1 5 u|=0; D3=|1 2 5|=(A-2)
143 114

2. Rl —)Rl +R2 +R3
a1+b1+Cl az+b2+02 a3+b3+c3
3 2b1 +Cq 2b2 +Cy 2b3 +C3
2c; +ay 2c; +ay 2¢3 +a,
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. Let fO)=|1+0°% Q+0°% Q+x°

a1+b1+c1 a2+b2+C2 a3+b3+c3
R, >R, +R; -R3=9 b, b, by
2¢, +ay 2¢y +ay 2c3 +a;

Now, operate asR; - R3 —R; +R,
t.hean —)Rl —R2 —R3
A+x? Q+0* a+x°

a+x* a+ x)8 (1+x)12

Coefficient of ‘X’ is £'(0).
20+x? 41+0° 6(1+0% |Q+0?2 A+0* Q+x0°
FOO=|A+03 1+0° @1+0°[+|30+0? 61+x° 91+x)8
A+0* 1+08 A+02] [a+0* Q+0® Q+x0?

A+x?%2 Q+0? (@Q+x°
+a+0? Qa+0® a+x°
41+x)°% 81+x7 120+0Y

Putx=0, f'(0)=0

5. For non-zero solution, A =0
2 3 -1
3 2 k|=0 = k=0
4 1 1
Now, letx=A
3A 5A
S=—— Z2 ==
So, y 2 2
= Minimum positive integer value of zisatA =-2;z =5
2a -2 3
6.1 a 2|=0=a=2
2 0 a
7. Let three termsbe A-d,A,A+d.
= A'=(A-DUA+d)? =A% +d* -24%42
= d=%+vJ2A,r=3+2v2 or r=3-22
301 +b1 3a2 +b2 3(13 +b3 3(11 3(12 3a3 a, a, as
8. Ag' 3b1 3b2 3b3 =3b1 3b2 3b3 =27b1 b2 b3

3C1 3C3 363 3C1 363 363 € ¢ 3
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6a; 2a, 2ay a, a; as
Az = 3b1 bz b3 =24 bl bz b3
12C1 4C2 4C3 cp € C3

1 cosO 1
9. A=[-cos® 1 cosB|=3(1+cos?0)

-1  -cos® 2
Its minimum value =3
111
10. D=1 2 3[=A-8=0= A=8
2 5 A
11 6
D3=|1 2 14|=p-36=0 = p=36
25
. 1 1 1
11. nsin2n| 1+1+ —+ —., . —
( 2'B mJ'ﬂ
nsinZn(1+ L + . +... 1
n+l (n+D(n+2) n+D(n+2)...(N)

Using sin(2nn + 6) =sin6

.-_n(21t)( L 4 > +... L
n+l (n+D(n+2) n+D)(n+2)...N

. . sin®
Usng =51
=2n
cos® sin® cosO
12. |sin® cos® sin® =0 = -2cos6cos20=0

cos® sin® -cos6

Chapter 11 - Complex Numbers
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CoMPLEX NUMBE

2. arg(z-2-7i)=cot}(2) = 2 =7 _1
x-2 2
z -5i 14
=t— - -1 =0
ars(“z_i) iz = x(x+2)+(y-5(y-D

4. z12+z§=zlzz
5. Letw=re® then z == ¢! (V/2+0)
r
Y i i
zm:_e-i(n/2+9)r_ele =ei™/2
r

6. atrm"1 +b2m"1 =a(1+20+30% +...+10" ) + M1+ 0+ 02 +...... +o" 1)
ra=l r=l

l+o+o?+....+0™! et
a -
{ T <o + b(0)

8. z*+3%+2=0hasroots z,,2,,35 and z,.

= (-D*+2(z-1%+32=0has roots (2z, +1),(2z, +1),(225 + 1) and (2z4 + 1)

9 arg(z—6_3i)—£
’ z-3-6i) 4

= (x-6)2+(y-6)2=9
11. |iz + 24| =|i||2 - izy| =|z - iz, |

Maximum distance of iz, (-3 + 5{) fromzis 2 + /32 +(5-1% =7
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12.

14.

15.

16.

17.

31-%; _|% '52|ei9
33-2; |23-2,
31 -33 _|%; ‘za|e-ie
33-23 |22 -3,

818(,1 —2145 _Z3J=arg i __zzle"e |z —z3|e"'9)
Z3 -2, 3%3-32; |23 -2, 23 33|
e
2
24 2
3 R) . aicinl
1+ 2 in/3 (2+3cos— +3isin—
o1 +2,|_|" T3¢ - 3) 3

|2, -3, 1-3 ¢in/3

2-3cos™ ~3isin~
3 3

2 ) _[49+27 133

(—)2+(¥J2_ 1+27 7

212923 =—C
= 1=|C| =|C|=1
|2 + 32 +33|5|31| +|22] +|23]

|a|s3

|b| =|2132 + 2223 +3321|<[2125| +[2,23| +|232,|
= |bls3
Leis1s4
2

1 i 1 2 1
'z+%=J(Tr+;)cose) +[(r—;)sine) =Jr2+r—2+2(§ose—sm9)

|3+i(z-1D|=|z-1-3i|
Maximum distance of A from (2) =0A +r

=«/_1+_1+~/5=2«/5.

x? -(21) x-1=0

x=[?£__ \2*'2"‘4=i2(¢1+i)

e A(1,3)
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o T - TYIERY

218 Tl S
X =cls z cisEE
T 47 4
3n . ®
2187 _ .
=cis—, cis—
x cis i 3
n
1 . (-3n , 1:) 2187 1 =zisin-—n lem—Sﬁ[
-——:CLS——,CLS"—:x -~ ’
2187 [ 2 J ( 2 2187 4 4
9
18, 184270 0 541
1+2
= g% =-1
i(2n+1)m
= re®=e 9 ,n=12,.... 8

19. Let P(re'®) & Q(re'P)
Point of intersection of tangents at ‘e’ , ‘B’ to circle x2 + y2 =r?is

o+p . a+p i @+B
CcOos rsin—— 2 2
r 2 -1 2 =re = st bl
o — a - a - W +0®
P cos—z—B cos—z—B 1772

2 e T A s 2
20. |z, -2,|® +|2, —24)%2 +|253-2,/°=2(4+9+16)-2(a-b+ b-c+ c-a)

- - >
where a, b, c are position vectors of points z,,2,,23

= Maximum value =58 -2(6 + 12 + 8)(-%) =84

7+1
. Weh Z=
21 e have 334

Simplifying (i.e., rationalizing the denominator), we get
7+ >(3-4i _21+4-28i+3i
3+4i 3-4i 9+16
_25-25i
~ 25

14
Therefore, ( i L] =(1-D¥
3+4i

=1-i

=[(1-D27 =(1+i2 -2i)7
=271
22. |Z-4|+|Z+4|=10
PS+PS'=2a
which implies that foci at 4 and -4 and a =5 as shown in the following figure.
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_5w_$i_ys

Now,  b?=25(1-¢2)=25—(5¢)2

=25-16=9
= b=3
Z lies on the ellipse circumference | Z| denotes the distance from the origin. Therefore,
|Z | max =9
IZ I min =3

Thus, the difference between the maximum and the minimum values of | Z| is
Izlmax_lzlmjn =5-3=2

/ Exercise- -2 : One or More than One Answer is/are Correct .

1. Letz; =re!® and z, =re'?
|?1 +§2|=|Z;|
= |e'°+e‘¢|=|e’°|=1
= (cosB+cos$)? +(sin6 +sin¢)2 =1
1 2n 2n
0 —@) m== 0-p="Zor-2T
= cos(6-¢) 2 > :1)30r3
Lo el (O-9) _pi2n/3 o -i2n/3
L)
z
2. (a) Ifarg ( ;i] = g then z; and z, subtend right-angle at circumcentre origin.
2.
. the chord joining z, and z, will subtend an angle  at ‘3’ such that
O=m/4 if |z|=1
O0<n/4 if |z|>1
0>n/4 if |z]<1
1. 1.9

— + — 4

(®) [z125 +2,24 +2321|=|21|'|zz|'|33|
. %1 23 2z,

e ——
=|2; +2, + 2,4

» ((,1 +23)(2; +23)(2, +zl)]= (21 +33) (25 +24)(z, +32,)
212233 315233
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3.

7.

9.

10.

(d) The triangle formed by joining 2,,23 and 2 is isosceles and right angled at z ;.
4
B(iz)
A(z)

Cli%z)
Method I : Multiplying a complex number by i rotates a vector for z in the anticlockwise
direction by an angle of 90°.
: ZAOB = ZBOC =90°
As shown in figure, the AABC is a right angled isosceles triangle.
Method IT : Let 2, iz,i 2z are vertices A, B and C of the triangle ABC.

|AB| =|BC| also| AB|+|BC|? =| AC)?

Since, | AB| =|BC| also | AB|?+ | BC|? =| AC|?
the AABC is a right angled isosceles triangle.

(z+D) =1+i
z2=-i+2Y8cos E+——2m1t)

8 4

21/8 o

2

Square side length =[

z=4(%—i-§)

4 4

m=0,1,2,3 m=1
2

Roots = 41/4cos(2mn 600)

a+bo+co‘=a

a+bo? +co=a

la|=1 = |a+b —1+J—l +c _1_@ =
2 2 2 2

Check option for z =@

0% +0+1=0 w2+w+1=0

155 2

0 +0+1=0 o“°+0+1=0
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Paragraph for Question Nos. 1 to 2
Sol. f2) + f(2) = @) + f(3)

(az +B)+(@Z+P)=aZ+B+az+p
(a-a)(z-2)=0
Im(a) =0 (Im(2) #0)
f(2) + f(2)=0
a(z+2)+B+p)=0 Cra=a)
Re(B) =0 (Re(2) =0)
| f@)]?>(z +1)?
= 022 4B2>22 422 +1
= (0.2 -Dz?-22 +([32 -D>0VzeR
Paragraph for Question Nos. 3to 5

Uy

Uy

Sol. la -B|=2v7
= (e +B)* - 4ap| =28
= |zf—4(zz +m)|=28
= |m -(4+5i)|=7

greatest (|m|) =16 +25 + 7
least|m|=7 - /16 + 25
Paragraph for Question Nos. 6 to 7
Sol. C;:|3-31|2+|2-2,)%=10 = C;:(x-5)2+y%=1
c,'2;|z—:a1|2 +]2-25]2=16 = C,:(x-5)2 +yt=4
Paragraph for Question Nos. 8 to 9
Z,-2) _24-2, €92, Z3-2y _24-2, ¢10/2
|22 -21] 124 -2, |Z3-24] |Z4-2,
(Z3-21)(23-2,) =(Z4 -2;)? o8
|22 -241123 -24]  |Z4 -2,)?
(2, -2,)(Z3-Z,) _AB-AC
(Ze~20" (14)*
Similarly, others. B(Z(: /)2 (z:zz) BZ,)

B(Zy)

Sol.

1Z,)
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1. LetBC=n,CA=n+1, AB=n+2

—_— ZC =2£A

o [em(2232 o222
2323 Z2-2,

sinC sinA sin2A sinA
= = =

¢ a n+2 n
2 2_ 2
> cosA="t2_, (427 +(@m+ D" -n” n+2
2n 2n+2)(n+1) 2n

= nm*+n+5=(n?+3n+2)(n+2) > n?-3n-4=0=>n=4
biggest side=n+2=6

2> 5 5 o 2
(B) (c-a)(b-¢c)=0= £C=90° = a? +b? =c
= n2+(n+1)2=(n+2)2=>n=3
Area:%.3.4=6=A

e e e T S
laxb+bxc+cxal=24=12

a,az +byb, 3 3
m+2)2 +m+D? -n? _3
2n+2)(n+1) 5
= 5(r12+6n+5)=6(n2 +3n +2)

= n%?-12n-13=0 = n=13
S—c=%(a+b—c)=%(13+14—15)=6
(D) Altitudes are in H.P < sides are in A.P
Also, b>a+c,a>b+c,c>a+b = least value of q =2

-, least value of b=3
3. (A) {0,L,0+1}™ ={0,1,-03}™

0,1,—1,—(02,—0),(0

(B) 20,(x? -x+10)=0 roots are 2 + 30, 2 +3p2
Last number is 3.
(C) Central angle =60° Equilateral A

(D) Putz =1 21 =1, 25 =0, 25 =0*
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A1m(z)

1. o[ /// Re(z)
2<|z|< 4
- 1
Probablhty =Z
2.

3. z2+2=2|z-1 = y?=2x-1
T
arg(z, ‘zz)=z = Y1-Y2=X1 —X;

yE-y3=2(x; -x3)=2(y, —¥2) 2 y1+y,=2 (y, )

QQa

Chapter 12 - Matrices
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e ... Y e

b

bl
R

. MATRICE

@ Exercise-1.: Single Choiée Problems |
1. A= [c?se] [cos® sin@] + [ ing ] [sin® -—cos0]
sin @ —cos O

=[ cos?9 cosesine}_[ sin? 9 -sinBcosO]

=1
sinfcos®  sin2@ —sinBcos®  cos2@
0O 0 -1
2. |A|=|0 -1 0|=1
-1 0 O
0 0 -1yY0O 0 -1 100
A%=|0 -1 0]/0 -1 of=[0 10
-1 0 0J){-1 0 O 001
3 00
3. A=(0 3 0
0 0 3

det (adj (adj (A))) =|A|*=27*

274 _1
5 5
4. AB1=B Al = Cc=(A +B )5 ()5
5. A== A(A?)=I
7. (adjA)A=|A|l
' |A|=xyz -8x -4y -3z +28 =2\ -A =2
8. (x-2)+(x%2-x+3)+(x-7)=0
x2+x-6=0 = (x+3)(x-2)=0
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A

[ 1 —tane] cos20 —sin@cos®| [a -b
10. . -

tan® 1 sin@cos®  cos?@ b a

= a=co0s20, b=sin20
11. P2=1-p

or P3=p-p2_2p_]

or P*=21-3p

or PS5 =-3] +5p

or P =51-8p
12. |adj(adj(A))| =] 4|

= [Al=x+y+2=12

x21l,y21,z2>1
= e, =55
d —c]T

d -b cr 1 [a B
b -L a], adJ(adJ(A))-L d]

a b .
13. LetA-[C d}, adJ(A)=[

14. M=A?" .51

A2m+1

a? + b2

IfFA% =(a® +b2) -1 = AP =(a? +bH)™ .|

M=

15. A2 +5A+6I=I
(A+2D(A+3D=I
= A+ 2] and A + 31 are inverse of each other.

16.AB=3 -5 (12 '5=1°=1
7 -12||7 3| |0 1
(3 -2
17. adj(A) =
j (A) B 2]

18. AAl =]

[cos® 2sin@|[ cos® sin6] [1 0
|sin® cosO ||2sin® cos6 01

2 in? i 10
- |cos ?+4sm ) .32sm0cosg =[ B
3sin0@cosO sin“0+cos“0| [0 1
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20. HA:(; 2), P=( cos9 smG} Q =PT AP, we have

1

pQ@M4pT _ P(PTAP)(PT AP)...(PT AP)PT
2014 times
=PPT)A(PPT)APPT)...(PPT)A(PPT)
Matrix multiplication is associative.

ppT = cos® sin@)(cos® -sin®
" -sin® cos®)|sin® cosd

10
o 3)-n

Hence, PQ 2014PT =A 2014

ao D= 6 D6 )
o Jo o 3
A6 )6

—sin® cos®

1 2n 1 4028
A"= dAZO14=
= (0 1)“ 0 1
2 2
2 )|72] "\s
11
22. |[A7 Y =—==
=175

|(AB)T|=| AB|=|A -(adj A)|=|A||adj (A) |=5x5% =53

" 1 1
~lA ll(AB)TI=I§(AB)T =5—3|AB|=1

3. AgAg=Agp
100
Also, Ag=|0 1 0|=I
001

and Ay A_y =Ag_q =Ag =]
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we get A;l =A_,
However, A;' =-A, and A2 =-I do not hold.
4. A(A®-D-2(A*-D=0
(A2-D(A-2D)=0 . /

P R S AT T AT
T &
% W\

1. (A) Possible non-negative value of |A| =2, 4,8
(B) Sum s 0.
(© |adj(adj(adj A))) | =|A|
least absolute value of |A| =2
= |A|=%2
(D) least|A|=-8
14471 =18 _
|A|
2. (A) Since A is idempotent, A2 =A% =A% =......= A. Now,
 (A+D"=I+"C;A+"CyA% +.....+ "C, A"
=I1+"C1A+"CA+.....+"C,A
=I+("C1+HC2+ ...... +"Cn)A
=1+(2" -DA
= 2"-1=127 = n=7
(B) We have,
I-AT+A+A*+.....+AT)

=1-A®
=1 (if A% =0)
(C) Here matrix A is skew-symmetric and since|A| =|AT| =(-1)"| A|,s0|A|(1-(-D™) =
Asn is odd, hence|A|=0. Hence A is singular.
(D) If A is symmetric, A" is also symmetric for matrix of any order.

=

18| 1| 1
5 (A)-i1 —\F -.([&dx
n

niz
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(B) D =4costcos2t
(C) 3x2 +2px+g<0

5
f(‘g]—o f(-D=0
(D) (2* -2) +1+||b-1]-3| =|siny|
b-1=%3
|siny|=1

1. (AB)2 =AB.AB=A3%B?
(AB)® =(AB)? .AB=A3%B2.4AB-A"B?
(AB)* =(AB)* -AB=A"B®.AB=A"B* = (4B)!® =A10%p"

2 o3
2. 1=tm18) 2 +3° 4,3 L losx—1 o9
nso |32 34 36 3( 1
3
2
m=lim12(i+2—+ ...... J=12x;=12
n»o (22 24 ( 1)
2(1-=
2
a da; das
4. |by by by |=a;byc3 —a;cyb; ...six elements
¢ €2 €3 '

All cannot be simultaneously 1.
5. First element of matrix A,y =286 (10 of sequence 1, 2, 6, 15, ...)

Trace of A;g =286 + 297 + 308 + 319 +...+ 385 =3055
Qaa

Chapter 13 - Permutation and Combinations
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MUTATION AND COMBINATIONS
g-w gt . DvaRgolkage s o

2. (l—)xzclxsu( cl )x3!=8400

31312121 3121212!

3. Number of ways =6 x (% x3 !) =108

4. x> =240
21

5. 6C, x1x41=360
a

6. x?2-5x+3=0<
<:B

=5 a+B=5 opf=3
a B_a2 +B2 =E

S f roots = — + — =
um of roo 5 a oB 2

7. 5C,%x%q+5C5x%5=196
8. (1+2+3+.....+22) ¢y

_ 2009 x2008x2007 +1_, 00 1
~ 2008 x 2007 x 2007 2009 x 2007

= [x]=2008
10. N=p1psp3...... Pms1

No. of factors =(n + 1)2™
11. Number of ways = (11)1x 22
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3

0. Suluion of Advanced Problems in Mathematics for JEE

12.'T'f-—

55
m=5x5x8C, x2|
Tr——
45
n=4x5x8c, x2!
13. Three different digits (not including zero)
%€, %21
Two digits (not including zero)
’c 2 X2
Three digits (including zero)
°%c 2 x1
14. Letno. of elementsin A =n
No. of elements in B =m
2" -2™ =1920=27 x15

= n=11, m=7

n(A U B) =n(A) +n(B) -n(A nB) =15
18. C:iiiisin =41=24
Dieeva =41=24
M...... =4!=24
BCis: =31, =6
®SDb...... =31 =6
©@®ODpwW=
©®WOwWD =

! } 6!

16. P =All A’s together=%; Q=AllBstogethex:=Zl

5! 6l
n(P NQ)=3!; "(PUQ)=§+3—3I=50-6=44

/
17. 55x67 x78 x8% x99 x10! x......x 303!
No. of zero’s =no. of 5's
=6+11+16+21+(2x26)+31=137
18. (x-y)(x+y)=10x337
= x-y=10and x + y =337
x= /A (not possible)

19. Total number of different things =n + 2
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20. Let the numbers are 10 —-d, 10,10 +d.
de{-9,-8,-7,...... ,7,8,9}

22. m=2x5!x5!
n=4I!x5!
23. Total ways=4x4!=96
25. *C,x52x(21)2 =66150
26. Total all letters are different.
= 10° -19%¢ x51=69760
29. M =1440
M=2%.32.5
No. of divisions =6 x3 x2 =36
P =Product of divisors =(1440)8
p=2% .33 cl8
Hence, x =30
30. Case-1 : All digits same =9
Case-2 : Excluding zero :

(i) No’s having 3 digits same : °C, x 2C; x ;_: - 288

4!
2121

=216

(i) No’s having 2 digits same, 2 other same : °C, x

Case-3 : Including zero :
(i) No’s having 3 zero’s : 9

|
(ii) No’s having 2 zero’s : °C; x % =27
. o. 3
(iii) No’s having 1 zero = "C; x Y =27

Hence, total no’s =576
31. Case-I : When two T’s contain exactly one vowel between them,

51x( 5Cy x 5C4 x 41) =15x51x 51
Case-II : When two T’s also contain consonant between them,
41x(3C5) x(7C5 x51) =42 x 51x 51

32. 6666606

6!
666633—)m

6!
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666444 2

3131

33. Five 4 runs + om:Orun:9

51

l'~‘our4runs+tw02runs=i

412!
6!

'l'hree4runs+two3runs+one2runs=ﬁ

Two 4 runs + four3runs=i
214|
= N=96
34. 7C, =21
35. Xy + X3 +X3+X4+x5=101
Let x; =2k +1,x5 =2ky +1,x3 =2k +1,x4 =2k4 +1,x5 =2ks +1
= ky+ky+ky+ky+ks=48; ®5c
36. Total ways = (largest number is 4)
6% -(4% -39 =1121
37. %C, x4!
38. If two points are selected from one side of main diagonal = 6C2.
Then other two points are selected on other side of main diagonal =1.

Total ways = °C, x1=15

39. (9-x1)+(9-x32)+(9-x3)+(9-x4)+(9-x5)=43
= X;+Xy+X3+X4+X5=2
Number of ways = 2*51Cs_; =6C, =15

1. Case-I : All five letters are different.

=5!
Case-1I : Two letters are same and remaining are different,

3¢, x*Cy x :—'l =720

Case-III : Two alike, two other alike and remaining different,

3 3 5!
c L .
2% Cy x 3131 270

Total number of words =1110
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2. fl%k(x-z)m—k 3k =(x + 10
k=0

Coeff. Ofxso = 100C50
Total - Row 1-Row 2
3. Z {|2 for N}
8Csl6 -16 -|6
2
4. =(four odd) + (4 even) + (3 even + 1 odd) + (2 even + 2 odd)
=%C4x 414+ %C, x 414 %C3 x 5C, x 414 4C, x 5C, x 4x 4

=1584

& 3
R B p L IRT P s

Paragraph for Question Nos. 1 to 2

2. Digit 6 always come at last three place digit 5 always come at last four place and digit 4 always
come at last five place.

3¢, x3¢; x3¢; x31=162

!
1. (A) %x 7C, =7560 (B) 5!x 8C, =1800

(C) 7560 — 1800 = 5760 (D) 4!x5C, .%! =720
2. (A) Total ways — (No repeating letter is at odd position)
| w1

212121 (2p)?°

7 . 4l
B) L x8, x2 _210x7
®) 1% S4%3; X

© @ @ HEICS

71x8C, x1=28x71

D) (ﬂ)x(l):ﬂ
21) \2121) (2n3
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g Exercise-5 : Subjective Type Problems

1. °c,x5Cc, =630
7! 91
X——=—
212! 8
4. °c,-8c, =64

2. %c,

5. Case-I: If Ravi is include.
7C5x%Cg =189
Case-II: If Ravi is not include.
7Ce x[3Cy +9C41=119
Total number of ways =308
bcs ~*c, =9
7. 5!-(1+°C, x1) =109
8. Let other two sides are a and b.
a+b>11 0<a<1l, 0<b<11

(ay,a,,as),(by,by) and (¢, ¢y, c3) are alike things so these can be arranged is
8! =4-5~6-7-8=560
21313! 2x6

10. "C,-n=14 = n=7
11. x; + X9 +X3 +...... +X7 +xg =93
leO,X2Z6,X3Z6, ...... x726,x820
Xy + X5 + X3 +......t Xp + Xg =57
No. of ways = %C,
12. *c,(%c;)*=16
13. Let x, objects of one type
x5 objects of second type
x 3 objects of third type
X] + Xy +Xx3=3n
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§ nat:arcombi !. W

0<x;<2n,0<x,<2n,0<x3<2n

Number of ways = 3"*2¢C, -3 x "*1C, =3n2 +3n + 1
14. x+y+z+w=15

x20,y26,2>2, w>1

x+y'+2'+w'=6

Number of ways = °C, =84

Chapter 14 - Binomial Theorem
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@ Exercise-1 : Single hoice Problems 777

s
N

&4

'BINOMIAL THEOREM

e

E
1. Let x=2 2 N=x16_1
a=x2+2x+1 N=(x*-D(x*+D(x8+1)
N=(x*-D(x2 +2x+D(x2 -2x+D(x® +1)
Let y=2204 N=y%-1=(y3-1(y3 +D
B=y?-y+1 =3 -Dy+ Dy -y+1D
8. “Cya%=-5C;a?
3
= oa=-—
10

. Oy =(2+3)"

Let aj =(2-+3)" = a, +a, =integer
= la,]+{o,}+a), =integer={o,}=1-a/,

So,  lim(ay ~[a,])=lim[1-(2-V3)"]=1-0=0 0> {an},a <1)

=(1+190 + 4845 + 38760) - (20 + 1140 + 15504)
=43796 -16664 =27132=3x4x7 x19x 17

1 .12 . 11
g 1432 —2)]—10822 11 pernc, Sgn

5
Tr+1 = nCr g™ T 'yr =12Cr 'xlz"' '(ij
x3
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TR .

12-4r=0 = r=3

T4=12C3 =12X11X10
3:2.1
3 4 5 1 1

9. —+—+—+...... =—-
4! 5! 6! 3! (k+3)!

$r $i__1]1 1

S0+ &l (r+1!| 31 531
= k=50

10. Fox)= D [lr+ D2 "6 12 "0y

r=1
fm)=(n+D? -1
£(30) =960
12. "Cira+"Cy-0?+"C3-0%+......"C, a =(1+ )" -1

b 2mi
—
where g =e " =—2

ag

=220

13. 2%0.3%0 =219.(6)%° =1024(7 - 12 =1024 (7K + 1) =7k’ + 1024 = 7k’ + 1022 + 2
14. %€y +25C) +26C, +......+ BCp =22

= 20%Co + BC, +......+ 2C13) =2% + B,
15. (1+x+x3)" =ag +ayx + apx? + azx? +.. +ay, x2"

differentiate w.r.t. x -

n(1+x+x?)" 1 (1+2x) =a; +2a,x+3a3x% +...+2n "y, X201

Putx=1 n-3" =a; +2a, +3a, +...+2nay, ..
Putx=o 0=a; +2a,0+3a;0? +...+2n‘az"a)2"'1 .(2)
Put x =2 0=a; +2a,0% +3a;0* +...+2naz, 02 «.(3)

M+@2)+ @3
n.3n1 =a, +4a, +7a; +10a;g +...

16. "C,+"C,, =",

%Co+3Cs 4 4 %6548 0y =196,
17. Last digit of 91=0

Last digit of 39966 _ g

Hence last digit 9.
18. x=T, = nCs(3V/3)n-6 . (4-1/3)6
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Yy =Tn__5 = "Cn_6(31/3)6 _(4—1/3)n—6
y=12x
nCn_6(31/3)6(4-1/3)n—6 =12. nC6(31/3)n—6(4—1/3)6
= 12 =(121/3)12—n =n=9
2\’
20. thy = lscr(xz)ls—r (_
- x
Coeff. of x!° =15¢, .25
Coeff. of x° =15¢,, - 210
21. (1+20%1+ 3A+0* A+ w)®
General term = 2C,, 3¢, 4C, SC, x*b+d+e

14 x13

2Ca X 3Cb X 4Cd X sCe = 14C12 or 14C12 = =91

a+b+d+e=12

1 b 2
22. ir'nc" +2i—1'ncr; nin 1Cr—l +n+12n+lcr+l

r=0 r=0 r+ r=0 r=0

= n_zn—l_*_i_(znﬂ_l)
n+1

1. N = 20C7 . 2068 + 20C9 - 20C10 B = 20C20
=(20¢, + 280+ Vi1 #ovwnitk V0)~(2Cs .01 Hossn VG an)
=(2OCZO + 20C2 + ZOC4 + 20C6) _(2OC1 + 2OC3 + 20C5)

2. ForBandDputx=1,-1
For A differentiate with respect to x then put x =0

For C replace x with %
3. i(_l)r 16Cr = 16C0 _ 16C1 + 16C2 _16C3 o 16C4 =1365
r=0

4. lex"Cl =1+—1—x"Cz = n=8,1
2 22
r 16-3r
8 1 4
Tr+l = Cr E X = r=0’4’8

5. LHS=(1+2x% +x)(1+Cx+Cyx? +Cax% +.....)
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7.

RHS=agp +a;x + a2x2 + a3x3 g A

Comparing the coefficients of x, x2, x3,......

Now, 2a,=a; +aj3
Z(nC +2)="C1 +(nC3 +2 "Cl)

n(n 1)+4 ~3n n(n—l)(n—2)
2 6

or n3 —9n2+26n—24=0
2 (n-2)(n?-7n+12)=0 (-~ 8 +52 =36 +24)
or (n-2)(n-3)(n-4) =0

n=2,3,4
zii"c e {0 }[z c][i )2
i=0 j=0 k=0 k=0

(10C6 +19C;) +3(10C, +199¢4) +3(10¢, 4+ 190¢,) 4 (1%¢, 4+ 100,
= 101C7 +3 IOIC8 +3 IOIC9 + IOIC10

(lOlC7 4 101C8) +2(101€8 + 101C9) +(101C9 + 101010) - 10268 +2 . 102C9 Es 102C10
=(12¢, + 192¢0) 4+ (192¢, 4. 102¢, ) = 1056 5 19905 =1%Mces

BCy 1 2r+1 1  6r-13 13 15

>— = >— = <0 = —<r<=
5Cy,, 2 15-2r 2 2r-15 6 2
f(x) =1+ 4 x222 ¢ 4 x99

if f(x) is divided by x + 1, then remainder f(-1) =0
if f(x) is divided by x — 1, then remainder f(1) =10
) =1+ x222 4 x4 4 x666 1 x888) 4 3111 (14 %222 | #4666 x888)

=(14 x 1) (14 x 222 4 x ¥4 4 £ 666 , 888,

2.

(B) P=i "c,=2"

r=0

Q =i "e.(15" =[1+15)"=16"
r=0

= n=4m

(©) 1+6+120+56K
Reminder =15
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3. (A) a?+b*+ab_(a-b)(a®+b? +ab) _a® -b°

a+bh (a-b)(a+bh)  q¢2-p?

j/stﬁ # Eﬁ ¥ 1\/27++J3_§5— +...=%((J@)3 -1%)=1098

®) §(2cos.2 0 -3sin6) =-§-(—2sin2 0-3sin6 +2)

Greatest value =5 at sinf = —% (+4<0<6)

(C) Let (V3+DS=1+Ff
and (V3-D6=f = (V3+D6+(3-16=416=I+1

= 1=415=t;5x83
4 256 n+l
(D) 1+ +x32)...(1+n¥8y 12X _1-x
1-x l—x
= n+1=256

2. Coefficient of x®* =—6+5+8-6=1
7. A+x0% =3¢y +3Cyx+ MO Feorsit MO g

Putx=1 2% =30, 4 MC; 4 IMCy dvnrit M
Putx=0 (=«0%) MmO MG 0 M s ¥
Put x =w? (~0)* =2Cy +MCi0? + MCho* +..... ¢ W

23" +(—m2)3n +(—(0)3n =3[3nC0 + 3"C3 g T + 3"C3n]

10. i 206.21(_1 =218 5 2108 _93(25)21 _g(33 _72!
K=1
Remainder =-8 or 3

11, f(M)="Coa"? -"C1a" 2 +......

_(@-D"
= f(n) = p
£(2007) + £(2008) =37 K
9 9
= M=37K = K=9
a

13. (360 + D* -1="%Co (360)* + *C, -(360)° +...+ Hc . . (360)!
=360[*Co -(360)* + ¢, -(360)2 4.+ 4¢, )
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14. (3|X-ﬂ +(3|x-2l—9)1/5)7
Tg ="Cs -(3%3)2 .31x-29 _567
= 3339 27 |x-2|=4 = x=6,-2

15. 1+ ﬁs’ ¢, + ir-“’c,

r=l1 r=1
1+((1+3)1° =19 () +10.29 =410 4+ 5.210 _ 21045 . 5
a=1B=5
if o, B lies between the roots of f(x) =0
f<0Nf(5)<0

k%<0n16-k%<0
16. S, ="Cy "C +"Cy "Cy +...+ "Cpy - "C, =2"C,
Sn+1 =2n+2cn

Sn+1 ~ 2n+2cn _E
Sn 2"Cn_1 4
(2n+2)(2n+1) 15
n(n +2) 4

= n?-6n+8=0

Chapter 15 - Probability
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=
- Q

PROBABILITY

2. () =3Jx +4/1-x [where x =P(A)]

9
X =5atx=—
fC )max. 25

3. P(AuB):l—P(AuB)_-.%

3

4

= P(B) =P(A uB)+P(Ar\B)—P(A)=§

1\" 31
. 1-|=| === =>n=5
. 1-(3) -5

P(AnB)=%,P(A)=

3Ix2 _ 1
9t 140
31313!
31(3n-3)!
[(n-nN°
@Gn!
(nn?

7. If product of two numbers equal to third number, then possibilities are (2,3,6), (2,4,8)
(2) 5’ 10)‘ » » bl

Probability =

5. Required probability =

6. Required probability =

3 _1
1063 40
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N

9.

10.

11.

12.

13.

14.

Total word =n = il
2121

T(ITANIC| I[TTANIC A[TTINIC
Favourable word =m =g+g+i = P
121 2121
Probability:n—!=i=i
n® 32 64

(n-D! 1.2.3

= “1_
nn- 43

Total case =n =9 x 103
Favourable case =m =(9 x 10%)-64
P =1_L=£7_
9x10% 125
Total case =n =6
Favourable case =m =(31x21) + (21x21) =16

Probability = g - 4_15

E; “No card is king from removed cards”

E, “1 card is king from removed cards”

E3; “2 card is king from removed cards”

E, “3 card is king from removed cards”

Es “4 card is king from removed cards”

F =3 cards are drawn from pack those are kings.

s 40+0+0

S 48 4 48 4 3
5 F Ca  "Cs Ol -6
i=

4
(*¥Cg6 + *8C5) =

C26 26C3 SZC26 ZGC

3
49
4 x C26

) 26 52 26
C267Cs Ca6-C3

1
~(13)(17)(25)

%%, 1 15

Bc, 7 286

15. Let f be function from {1,2,..., 10} to itself total functions possible is 10'°. The number of

one-one onto functions possible is 10!.

10! 91

Hence, the probability of selected function to be one-one onto is ——

1010 10°°
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16.

Let the friends come to the restaurant at 5hx min and 5hy min, respectively, where
x, y €(0,60].

Hence, the sample space consists of all points (x, y) lying In 60 x 60 square as shown above
and for favourable cases, | x - y| < 15, that is -15 < x - y < 15which is shown by shaded region

in the graph shown below :
YA
80 45
45
16
o 15 —*

Hence, the probability that they will meet is given by :
2x ) x 45 x 45

1—2*=1— g 2:1
60 x 60 4) "16

17. Total ways = °!C,

Favourable ways = (Common ratio is 25 + (Common ratio is 3) =16 +2 =18

4 1
1. Probability = Cgx Gy 18

| 1\(, 1), 1), 1 1

. bility =| 1-= -——1[1-=|1=-={...... 1-——
2. robably = -3 $)-g){ )

1 3 5 7 2011 2012!

=—X—=X—=X—X,..... X =

246 8 2012 2212(10061)2
3. WehaveP(E,-)=%=%ori=1,2,3.

.. 1
Also fori# j,P(E; NEj) =Z=P(Ej)P(Ei).Therefore, E; and E; are independent for i *j.

Also, P(El nEz hE3)=%¢P(EI)P(E2)P(E3)

E,,E,,E, are not independent.

4. Max. (P(AB))=P(A) = %


http://www.jeebooks.in

www.jeebooks.in

245

o

T R

Min. (P(A A B)) =P(A) + P(B) - 1= 143

P(AUB)=P(A) +P(B)-P(ANnB) =-1—§-—P(A N B)

P(ANnB)=P(A)-P(ANB) =—§--P(A NB)

p(ﬁ) _P(AnB) _P(B)-P(ANB)
B P(B) P(B)

& _Exercise-3 : Comprehension Type Problems, =5

Paragraph for Question Nos. 1 to 2

1. P(El)=ix1+ixl+—3—x—1-+-ix1 4 _2
10 10 3 10 4 10 5

10 2

1
2. P(BJJ=P(BS”E2)= 1073 =1
Bz PE) 2,18 1 A 1.8

10 2 10 3 10 4

Paragraph for Question Nos. 3to 5

3. Mr A’s 3 digit number is always greater than Mr. B’s 3 digit numbers then A should always pick
digit 9.

Larou S mefEn. 4
Probability = 5 =
C3 X C3 3

8
. C3 x1 _ 1 _ 1
4. Probability = 963 . 803 = 9C3 7Y

5. P(E) = A picks 9 or A does not pick 9 and his number is greater than B

1 21, %y 1) 37
= L 1 —_—— — = —
3 32 : 56
Paragraph for Question Nos. 6 to 7

6. Leta, =number of ways of outcomes of n tosses when no 2 consecutive heads occur

ap =dp_3 +dp-1

AISO, a, =2 (H OrT)
a,=3 (TT or HT or TH)
a3 =5,a4 =8 ......

Qo = 144
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. Probability = 144
2 10

7. [HTHTHTH] T T, T

Number of ways of arranging = ; =4
!

Probability = -+
2 10

Paragraph for Question Nos. 8 to 10
8. 6n>2",neN
n=12,3,4
0. %x (Number of solutions of x + y>4,1< x,y < 6]
36

. Number of solutions of x + y +2>8,1<x,y,2<6
63
_4,30 160 _100
6 36 216 243
10. Probability:ixgx(l—@ =ix£x£=£
6 36 216) 6 36 216 243

Paragraph for Question Nos. 11 to 12

11. Let p, be the probability of being an answer correct from section 1. Then P1 =1/5.Let p, be
the probability of being an answer correct from section 2. Then p, = 1/15.
1 1 1
ired probability is = x — =—
Hence, the required probability is 5 X T
12. Scoring 10 marks from four questions can be donein3 +3 +3 +1=10 ways 50 as to answer 3

questions from section 2 and 1 question from section 1 correctly.

¢, 10¢, l(lT

Hence, the required probability is = °C4 ¥

2 12 112)2. 1 2)2 416
1. [+ =+ === — == ===
3 33 333)\3 33)3 729

8Cs +7C4+°C3+°C3+1%C +1 9
910 . 64

5. Probability =
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3
6. p.-&.g

7Cl 7

6!
21212131

Favourable cases =90 —[31+ 3C, x 3C, x2x2] =48

7. Total ways = x31=90

= S—=—

9. E; — be the event of both getting the correct answer
E 3 — both getting wrong answers.
E — both obtaining same answer.

11 1 1 1) 77
PE S — R — = —— —— | —
E=g1z 5 PED (1 s)(l 12) 96

P —E— =1; P i =L
E, E,) 1001
1

Fim
p[EL). 96 1B
E 1.1 77 14

'96 1001 96
10. Total ways = °C, x 7!
Favourable ways = °C, x7!-(7C3 x31) x(%C, x 41)
(7C3x3)x(°Cyx4) . 15 7

&1 wYeime L
PE= 5y x71 36 12
3
11,3 g L)y L 12 2
£ 5{5x5+2"3x2}+4x{(4x4x2 128
12, 1%tgnd 1,1
46
11
2nd1:t 2.2 b
476 ~
1%t 1.1 ¢
2 36
1 1
zndznd .o 2 d
436
c+d =g
a+b+c+d 5
0oQ

Chapter 16 - Logarithms
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1. log;ox=A x>0
logg(x-2)=B, x-2>0 = x>2
= A% -3AB +2B%<0
= (A-2B)(A-B)<0
= (log x —2log(x —2))(log x —log(x -2)) <0

* Case-l : log x —2log(x-2)<0

and log x —log(x-2)>0 (1)
Case-II : log x —2log(x-2)>0 ‘
and log x —log(x-2)<0 ...(2)
From (1) & (2), x €(4,)

2. (log, )2 =(log, x) —(log, x)* +1 (log, x> 0)

2(log’, x)? -log, x-1=0
(2log, x + ) (log, x-1) =0
log, x = —% (not possible)

log, x=1
3. S =(alogg7)log37 +(blog711ylog7 11 ( logyy 25ylogy; 25

=2710837 +49108711 +Jﬁl°81125 -

469
1)° :
4. a2—3a+3>(x+—) anda? -3a+3>0
x
a2 -3a+2>0

(a-1D(a-2)>0 = ae(-o,1)U(2,x)

=108120 X°; (120)" =x5 =32 = x=2

N
log , 120
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16.

18.

19.
20'

21.

21/3 z1/6
I A
If\’:\':za/z; ﬂ.ﬁ:za/z = z=i
2 5 10
log,(log3(log, ¥)) =0 = y=x3,log, 27=1= y=27

log, ;-2 10° +l°310'1 1074 =_2_3+ 4=§

_ 3-a 4log,2
a=———— = logs2=—; | =3
1+2log 2 Bd= - gl 1+logj2
log,(logy(logs X)) =0 = x=9
logy(log3(log; y)) =0 = y=8
Letlogza=x, logs b= ;£+Z=Z LA

3 8ab=yi3+3=2 37373

a=log,5; b=logs 8; c=logg 11; d=logq; 14
2abcd =2108214 =14

logg17 log, 317

logg23 logs23
Case-I: 2x-3>1 Case-Il : 0<2x-3<1
3x-4>1 0<3x-4<1
5 5 3 5
X>== x>2 X<—=>—<X<—
3 2 3
p<log,oN<p+1 = P=10P*!-107

—q<logipYN<-q+1 = Q=107 -109?
n +1=number of digits =1+ characteristic
log1(0.15)% =20(logp 15 -2) =-16.478

log 5 (log 4(log 19 10°)) =log 2(log 4 16) =1

2log x - log(2x - 75) =2
2
X" _100 = x2-200x+7500=0

2x-75
xlog, aloggylogys _ ,l0gx% _ 4 |

xXVx _ 3272

0,1 xx-gx =>x=2
alas "2 4

If x=1,then it also satisfy.
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B AR W honi o T
—_— . SolieloniofAdvanced Froblems inMashematics for JEE.

23. (log 5 x)2 =2loggs x
= log; x=0 or logy x=2
x=1 or x=9
24, logiox+logipy=2 = xy=100 ...(1)
x—y=15 ...(2)
= x=20’ y=5
1/2
x+l(2x~3) 7
25. 2 N =23
= 24 gekuld = 5x%-14x-3=0
3 x 3
2 2
26. 25(2x-x%+1) +9(2x—x2+1) =3432x—x 1 -52x—x +1
3 5
Let32X-x*+1 _ g ang 52x-x3+1 =b
a?+b2=344
15
15a% -34ab+15b% =0 = (3a-5b)(Sa —3b) =0
Case-1:if%->
b 3
3 2x-x2+1 5
= — ‘ =—
DI
= 2x-x2+1=-1 = x2-2x-2-0
Sum of two values of x =2 .
a 3
Case-2 : if - ==
b 5
3 2x-x2+1 3
O
= 2x-x%2+1=1 = x=0and?2
Sum of all values of x is 4.
27. . a*=bY =c* =d¥
=5 b=a*"Y,c=a**, d=a*/¥

(x x x)
log,(bed) =log, a\” * %/ =
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4
28. B+ D@+ DB+ D+
Multiply and divide by (1 -/5) then
x=-1+%5
(x+D*®=53=125

29. log , 10g 15(v2 + v8) =%

1
logx 108 (3ﬁ)2 3‘\/_ = 5

1 1 1
log,{ﬂ:5 = x=§

1
30. f(n) = §logz n if log g n is integer
=0 otherwise

1
%f(n) =logg 2> +logg 2% +logg2® =1+2+3=6

n=1

32. logo_3(x—1)<log(0_3)2(x—1) = (x-D2>x-1

=2 (x-D(x-2)>0
Also, for log to be defined (x-1)>0

xe€(2,o)
33' "72xz-5x—6 =(49)3l°82‘/§ =73
= 2x% -5x-6=6
2x2-5x-12=0
= 2x+3)(x-4)=0

34. (log, x)* +16(log ; x)*log, %?

= t*+16t2(4-1) (wherelog , x =t)
= t2(t? +64-161)
= t2(t-8)2

Since 1< x<256 = 0<t<8
= Maximum of (t —8)2t? lies att = 4.
Hence, maximum (4 - 8)% - 42 =256
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37. '+ A>0 ’ ;
1+ J(1-4log g A .
log x = ( > 0816 M)

The given equation will have exactly one solution, if

1-4loggA=0 or logmk=%=4'1

A=(16)*" =(2%)/4 =2,-2,2i, - 2i, where i =y-1
But \ is real and positive.
A=2
Number of real values =1
38. Let x be the rational number, then according to question,
x =50 xlogg x
By trial x =100 h
39. v x=log5(1000) =log5(5° x8) =3 +log s 8
and y =log, (2058) =log, (7% x6) =3 +16g, 6 .
= x—}'=1085'8,'—1°87 6>0 ‘ ( iggigillc;:;ggfg 1)
x>y ‘

‘ N 94 ; 52 ” 34
. 7log| —— |+ 5lo +3lo
40 708[5x3] g 23 x3 g 24 x5

=7{4log2 -log5-log3} +5{2log5-3log2 -log 4} + 3 {4log 3 - 4log 2 -log 5}
=log2
41. log;o{tan1°tan2°tan3°...tan 45°...tan87°tan 88°tan 89°}
=log10{tan1°tan2°tan3°...tan45°...co_t3°c0t2ocot 1°}

.=108101=0
’ 111
SHohs 1.1, 1)_ 7
42. log, log,72 4 8 =‘°g7(5+2+§)‘1°g7(5)

=1-log, 8=1-3log, 2

43. ("7 +(9)82%" =(10)8:
> (42497 =(10)%%
= (83)1 =(83)log, 10

1=log, 10 = x=10

4. (1°’°"°")1°"°(%)(1ol°uoy)b'“(’:')_(lolom-)l°"°(§]
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0 : v

45. v log, 2logy, 2 =log,, 2
x>0,2x>0and4x>0andxae1,2x¢1_,4x=e1

= x>0andxa=1,l,l
24

1 1 1
log, x log22x—logz4x
= log; x-log; 2x =log, 4x
= logzx-(1+logzx)=(2+log2x)~
=
=

(log, x)% =2
log, x =142
x =22
x={272 2%}
46. : 2log, x -log,(0.01) =2log,q x -log . (1072)
=2(log g x +1log, 10) - - (rx>0andx=1)

log, x log, 10 ; :
=2 £ —22-2° ’
[log, 10" log,x) 2 rpdech)

=4

47. Let \flog, x=a
a?-2a+1 = a=1
if Jlogax=1 = x=2
48. log,(e?x"*) =log, x>
2+(Inx)%=3Inx
Let Inx=a
a?-3a+2=0 = (a-2)(a-1)=0
= x; =e?,x, =¢
49. M =antilog,,0.6=(32)%¢ =22 =8
N =49" 4971872 | 5-logs4

50. log,(log,(log; x)) =0 = x=9
log3(log(log, ¥)) =0 = y=8
51. [log,/; 10 +|log 4 625 ~log, 5| =|log;,, 10 +log, 5|=1
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2e)
52. 10332-10852- (2a - 1
logs3 ,_1 2ab-1
2a
§5. (x‘3)2-9 = x=6

o vu (5] () ()]

= log,2=8 = q=2V8
58. log 3 (27) -log (3 V%)=, 1_31
@ 8 )=t 2

59. (%T(ﬁ)(%){ % )( % j-lossz

1
‘(l) ‘2-10337.2-7- = 2;./5_
27 27

60. loga (x_—;;g “logz4 = -32(_x'1+ 2us

= x2-11x+2=0

61. logqo 10 =%

log;(log 4 2) =log, /2 =-1
log 4[log 2(256)21% =log 4 16% = 4

- 3_3
log4 8 =log ,; 2 .-

62. A=logs(logs3) = 5* =logs 3
gk+5™ _gk g5-A _gk 3logs5 _g. 3k
63. log,o b* =2n-logg a?
logqo b
logqa
64. 2* =37 =67" =k (let)
x=log, k, y=logz k, z=-loggk

.1.+l+l=logk2+logk3—logk6=0
y 2

=log,b=n

X
65. (V2 -13=5/2-7
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66.

69. 1

76.

1 1

—-=log, b
1 3 3 2°¢ 17
=— l b=—— - =
1#logg b 4=)08‘I 4= l+log, b 6
Let log, x=t

5t2 -26t +5=0 = (5t -1)(t -5) =0

Either x=y> or y =x°

1 1 " )
- = -D°= -3log, x+1=0
logsx logyx—1 ~ (083X ~D"=logsx = (logy )" -3log,

1 .
log , x+§1°82)'+%logzz =2 x,/;J;=4

1
1083)'+§1°83x+-;'10832=2 =>Vx-y-Jz=9

1
10842+§log4x+%log4y=2 :)J;.J;.z =16 =M=24

1 lo 1/49 -lo 5
—|.2'°87 +7 %8s
(#)

ixl.’.?

log,(3 - x) -log, % +log,(5-x) =%+log2(x+7)

= log,(3-x)(5-x)=log,(x+7)
= x?-9x+8=0 = x=8
logs x=log,5 =>x=5,%

lx _ lllog3 x%-2log, 9 =(x _7)7

either x=2 or logs x% -2log,9=7
(logz x-4)(2log3; x+1) =0
9*147=43*"+))

Let 3* =t
t2 t 2 ;
—+7=4/Z4+1] = t2-12t+27=0
9 3

t-3)(t-9)=0
Ifa>1

log, 10>1log, 3>log, e>log, 2
= logpa<logza<log,a<log,a
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78. 210g4 2* =i§ =5

r=1 r=1

79. log3 2 +logz 5=log; 10
log3 9<logs 10 <log, 27
80. sin30=3s5in6 - 4sin% @

k(3 1Y) 3( 1) 4/ 1\3
—la*+—|==|a+=|-= =
2( a3] 2( a) s(‘”aJ

81. 2x-3>0Nx2 -5x-6>0N2x-3 %1

3
x>§n(x—6)(x+1)>0r\x¢2

= (6,x)

1. 6(logx)? +logx-1=0
(Blogx-D(2logx+1) =0
x=10"3 or x=10"V2

3. 3(logqq 2)x? -(1-logp2)x=2logp2-x
log102(3x2 +x-2)=0
logp2(x+D(3x-2)=0
Roots of this eq. arex=-1,§
Sum of coeff. =2log, 2 (irrational)
Discriminant = b? - 4ac =25(log 4 2)? (irrational)
4. A=min.(x?2-2x+7)V xeR = A=6
B=min.(x? -2x+7)V xe[2,0) = B=7
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@ _Exercise-3 : Comprehension Type Pm@ TR s
Paragraph for Question Nos. 1 to 3

1. If o;=4, then 3*<N<3%

If a,=2, then 52<N<53

= 81<N<125
8. If o;=5 then 3°<N<3

If ay=3, then 53<N<5*
If a3=2, then 72<N<73

= 243<N<343
Paragraph for Question Nos. 4 to 5

Sol. |x? - y?|=221

Paragraph for Question Nos. 6 to 7
Sol. (1+ 4logp2(2p))2 +(1+log, p)2 =(1+log, 4p)?

Let log, p=t
2
(1+2(¥D +(1+0%2=3+1)2 =>t=log,p=2

9 Exercise-4 : Matching Type Problems /i + (7%=

1. (A) a=3((7 +D-(7-1)=6
b=+/1296 =36
(B) a=(3+D-(\3-1=2
b=(3 +v2)-(3-+2)=22
©) a=(2+1, b=(2-1
(D) a=2++3, b=2-3

-5 : Subjective Type Problems

1. N=61031040 '6210&05 =6103101000 =63 =216
2. logb(al°32b)=loga(bl°32")



http://www.jeebooks.in

www.jeebooks.in

258 T tgiion of Advanced Problems in Mathematics for JEE.
= logy a=log, b = a=bora= -11; (not possible)
log,(c-(b-a)?)=3 = c=a°

= Minimum value of c=8 ata =2
3. log, 729 =6log, 3
if this is an integer, then b=3,32,33,36

4. Case-1:If x+%>1 = x>-%

8
then (x-5)%<(2x-3)? = 3x2-2x-16>0 = xe(a,wj

Case-2 : If 0<x+g<1 = —%<x<—§
then (x-52%>@2x-3)2 = xe(—2,—%) -
there is no negative integral value of x. \

1
lo x+—)
5. é a(log‘l x)(logp a)(log, 5) _ 3 (logyo x-1) _ 9( $100 2

5
6 .s(loglo X—l) _3(10210 X—l) =3(10310 X+1)
; .
6 _5(10810 x-1) == 3 cai* 4 3 '310310 X
3
6 .500810x-1) _ 10 .glogio x
3
logyo x-2
E) "
E
= | log1gx-2=0
= x =100
Integer part of log ; 100 is 4.
1 a+b) logsa+logsh
6. 085 3 )° 2
a+b 4
= log s = =log 5(ab)
= (a+b)2=9ab = a%-7ab+b2 =0
a* +b* +2a°%b? = 4942
4 14
- a+b’ L

a?p?
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8. logo Vit+x +3logyp Vi-x=2 +logqo «/1-7x +logyo V1+ x

= logyoV1-x=1
V1-x=10 = x=-99 (not possible)
9. x2=1+6log, y
y2-2%y_22x+1 g
= y=2*1and y=-2%
if y=-2% (not possible, because y > 0)
if  y=2%+
= logg y=x+1
x?=1+3log, y
= x2=1+3(x+1)
x%-3x-4=0
= (x-49)(x+D=0
‘ x, =4
= ¥ =25=32
xg=-1
= y2=2°=1

log 5| x1x2Y1Y 2| =log; 128 =7
10. log; log; V7477 =log; log;(77/8) =log,(7/8) =1-3log, 2

a=3

logls 10815 ISVISV 15‘\/1_5- =10815 log15(1515/16)

15
=10g15(R) =1—410g15 2

=

b=4
Then a+b=7
1
l+x=1-y
x==y

logy_y (1+2y) +logy_y (1-2y) =2
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12.

13.

14.

15.

log;_y (1-4y%) =2
1-4y2=1+y% -2y
5y%-2y=0

2

= 0’ _—

¥ .8 5
But y =0 rejected.

logb n=2
log, (2b) =log , 2 +log,, b=2

1
log, 2+§=2
08,23 = nag¥

if logpn=2 = b=nl/2=213

n-b=2%3 .9V3 _g

log, x+ A =2

logy‘x
= log, x=1 = x=y
x2+y=12
= x? +x-12=0
= (x+4)(x-3)=0
= x=—4o0rx=3
but x>0, then x=3
xy =9
y*=xr

if x=2y then y% =(2y)Y

= 2ylog y = ylog(2y)

if y#0 then logy? =log(2y)

= yi=2y = y=2
x?2+y%=5y2=20

(log, 4 +log,(4* +D)log,(4* +1) =3

Let log,(4* +1) =t
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t2+2t-3=0 = t=—30|;1
log,(4* +D=1 = 4*=1 = x=0

17. x2+4x+3=0 (x>0)

18. 10331/4 (logng x) =4 = log gogaﬁ o =1
= logs x=1 = x=5
Qaa

Chapter 17 - Straight Lines
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W

> % =

STRAIGHT LINES

1. Letratiobei:1 :6}‘_'3=o, L
A+1 2
3.
AY
C(2+2r, n+2)
22
(43
~ o o
o3
/
if (a, sin a) lie inside the triangle, then a € (0, ©)
711 9x79
4- X = 3
13+1Im 13 +11m
if x is an integer, thenm =6
2
6. 7(1) +2c(lJ—1=o
x x
my +mgy =4mym, = c=2
10.

Y
(0.8)

(0.3)
(8.0)_

/(-4,0) Io \*x
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1 2

: ~a*=72 28
13 2a (e, 20)

a=+12
Centroid =(16, 16) or (-16, - 16)
14. gx)=ax+b
g =2
= a+b=2
8(3)=0

= 2a=-2

(8,8) (2a, a)

a=-1
b=3
g(x)=-x+3
cot[cos'l(lsinx|+|cosx|) —sin~!(|sinx|) +|cos x|]
sin x| +|cos x| € [1, 2]
= cot[cos™ 1-sin~11]=0=g(3)
15. Points A and B are mirror images about y = x.
Point P will lie on the L bisector of line joining A and B = P lie on y =x.

m
16. 4m?3 -3am? -8a’m +8=0<>m,
mj
mymomsg =-2
mg =2 ('.'mlmz =—1)

18. 2x2 +3y?2 -5x(y’c"'x)=o

Coefficient of x2 + coefficient of y% =0

= C
5+5?"‘=0 = m+C=0 YR

Then the equation of family of line is y =m(x - 1)
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“ . "_" il At e N '!.':.‘_7‘;‘ Oy R
- . D L g { m‘

20. Equation of line BC is y =7x - 10
Equation of lineCD is y =x + 2

Area of rhombus = W = E
(7-1 3
AB3)
C(-6,0 oy =x
21, —=29 +
3 '," y=-x
B ll ‘\\
3 (-3,93)

22. y=%(x—9)+6

23. Acute angle bisector is
7x -y __(x—y) m-y=0
50 V2 '

x-y=0
= y=2x
- -12
24. Eitherx=yorx=ﬂy—1—2‘or =3x—+45y—\=>(1,1)
25. Co-ordinate of point A(—E,E) | y
7 7 B @?—\
1 11 1 A
ZoX—X—=— 0,312)
Ar (AABC) > X 5 %728
7 - tvx

26. /P

X1 +4+1
3
= x;=7and y, =-2

Co-ordinate of centroid G(4,1) = 4
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27. *4\*}{:\"
R L R T
The image of y =|x — 1| w.rt. y-axisis y =[x+ 1| = y=+(x +1)
Required solution =(y —=(x + 1)) (y +(x+ 1)) =0
Q(4,5)
L ]
R(m,m)
28.
*P'(4,1)
6 bttt »X
Image of (1, 4) about the line y = x is (4,1) = P'(4,1) Q(4,5) and R(m, m) are collinear.
= m=4
2o, AD_AB_10_2

CD BC 5 1
B(5, 1)

A(-1,-T7) D Cc(1,4)

2
30. 4c(2'-) —(z)+6=0has one root is-3 = c=-3
x x 4

33. x + _X_(E.LE)- + .1 =0
a 2ac c
= a(y+2)+c(2x+y)=0
Passes through a fixed point (1, - 2)

2
1(y 2(y) 1 m
3. m— = = = —=0
4 b[ J +h(X)+a <2m

X
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. . x y Y
35. Equation of line is —+ ==
2h 2k (0,2k)
if it passes through fixed point (x,, y;) P(h,k)
X3 N
—_—_ == 1 L

86. OA:0OB=\:1> K=§

B(9/5,9/10) 4x+2y-9=0

0¢(0,0)
A 2x+y+6=0
A(-12/5, -6/5)
X=2y
37. G(l, Z)
3
A(1,1)
(_1 12) (3l2)
(-3,3)B C(5,3)

38. Diagonals are perpendicular.
39. Let point on the line x + y =4 is (a,4 —a).

A a
|[4(@) +3(4-a) 10':1 = a2+4a—21=0< !
a2

l 5 |
= a;+a;=-4 = b +by;=12
40. Equation of altitude on BC A(-3,4)
x+4y=13
Equation of altitude on AB e 2x+3y=6
. _ =0 B
\ 227::: 7y +19 T C(=317, 16/7)
1(57)
77
41. Equation of lineis(3x+4y +5)+A(4x+6y —-6)=0
= “B+4) 7, o a=l
4 + 6\ 5 2
PUR o W . ROy

(o]
|
N
@®

X -
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sv R(7.5)
2 ‘
P Q(8,0)

= S(-2,4)
1 a a 1
44, Area=—{a+1 a+1 1|=1
2(a+2 a 1

45. (x-y?=1
= x-y=1 and x-y+1=0
46. AB subtend an acute angle at point C, then
a?+(a+D%>4

= ae(—oo,—ﬁ—lju[ﬁ—l,oo]
2 2
48. h=cos6
‘ k=2sin0
2
h2+k—=1 '
4 :
= 4x% +y?=4 E o
) =

50. Let the point of reﬂgcﬁon is (h, k).
h-a k-0 -2(a+at?)
= = =X
1 -t 142

51.

R(6,-7)
52. Let (x,y) and (X,Y) be the old and the new coordinates, respectively. Since the axes are
rotated in the anticlockwise direction, 6 = +60°. Therefore,

x| _[cos60° -sin60°|[X
y| [sin60° cos60° ||Y

- HEEAmdli
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= (X2 +3Y2 -243XY) -(3X2 + Y2 + 243XY) = 4a?
= -2x2 +2¥2 - 4+3XY =442
= - X2 -23XY =242

which is the required equation,

583. The following figure depicts the condition. By observation from the figure, AABC is clearly an
obtuse angled and isosceles triangle.

Alternate solution : The following figure depicts the condition.
YA

ERON

N x+3y-4=0
(2,-2)

= =X

x+y-4=0
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From the figure, we get

A:3x+y=4and y=-x=>x=2;y=-2

B: (1,1 by solving the equations.
C:x+3y-4=0and y=-x =>x=-2;y=2

Thus, AB =BC =41+9 =10
AC=+42 +4% =42

_10+10-16(2) <0
2(+10)(+10)
Therefore, the given triangle is isosceles and obtuse angled triangle.

Ya=Y1i Y§—=Y3
Xg=Xy *g=Xp

56.

= Points are collinear.

57. 3h=acost + bsint +1

3k =asint - bcost

= (Bh-1?+(3k)2 =(acost + bsint)? + (asint — beost)? =a? + b2
58. Equation of line LA

a -l-a

Lines passes from (4, 3).
62. The given triangle is equilateral. Therefore, the orthocentre of the triangle is same as centroid

of the triangle. Thus, the orthocentre, that is, the centroid is given by -

5+0+(5/2) 0+0+(5V3/2) (5 5)
2°243

=1L

3 ’ 3
63. Using homogenization,

3x2 —y? —Zx(y—cmx)+4y(y_cm)=0

Coefficient of x2 + Coefficient of y2 =0

(22

C=-m-2

o B80°A\[.760°
P(-1,0) [N\O(0.0)
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Y ) ~
Or MI( one.A

e
o than -
ombb A diad e

1. Letlinebe£+%=1

a
a+b=9 and ab=20
= a=5,b=4 or a=4,b=5
2. Centroid is (4, gj
2 3 -5
3. |t2 t -6[=0 = t2+t-6=0
3 -2 -
2
4. b(l) +6[ZJ+a=o
x x
bm? +6m +a=0
if m =1is root of the equation
= a+b=-6
if m =-1is root of the equation
= a+b=6
. 3
6. Co-ordinate of other two points 0,2 ﬁ;
(1:t2cos9,«/§j:2$in6) 2
(1,43)
(112[£J,J§iz(l)]
2 2 2
(1++3,¥3 +Dand(1-v3,V3 -1 5 2o

8. Image of A(3, - 1) about angle bisector x —4y + 10 =0 is A'(a, b).
a-3 _b+1_-2(3+4+10)

_ A3,-1)
1 4 17 o
= A'(1,7) x—4y+10=0
Let pointB(xl, s 10) onthelinex-4y +10=0
B .
If mid-point of AB lie on the line 6x + 10y =59 A

6 XL*3 ), 10 X1 t10-4) oo
2 8

= B(10,5) ~
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8. x+y=2andx-3y=6
Meet at (3,-1)
4. Image of A(2, - 4) about x + y =2 lie on BC.

"2_“2=y2—+4=_2(i)

1 1 2

o

(9]

= Xo =6,y2 =0
Image of A(2, - 4) about x -3y =6 lie on BC.
X3 =2 _ys+4_ o8

1 -3 10
2 4
= X =—, =
3 5 Y3 5
Equ. of lineBC, x+7y=6
s 3(1,3) and C(6, 0)
33

=21 4224234 42" =202" -]

(B) Family of line (x + y + 2) + A(2x — y + 4) =0 always passes from (-2, 0).
If almost one tangent can be drawn from (-2, 0) then
S, =4-8g-36+4g2<0
g2 -2g-8<0

(C) 2sin7x-cos2x =cos2x

= cos2x=0 or sin7x=%
co®3m . _m 5t 13n 17 257 29n 37t 4ln
4’ 4 6) 6 b 6 b 6 ) 6 ’ 6 E) 6 ’ 6

(D) a + b =tan65°tan 70° — tan 65° - tan 70°
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tan135° = tan 65° + tan 70 =1
1-tan 65° + tan 70°

= tan65°tan 70°-tan 65° - tan 70° = 1
3. (A) cos40°-2cos 40°sin 10° = cos 40° — (sin50° -sin 30°)

I & 1
(B) 3 20 4 |=0 = (3-20)(1+31)=0
1 1 -3
k 2-2k 1
© |-k+1 2k 1|=0 = 2k2+k-1=0
-4-k 6-2k 1
=>k=—1,l
2

(D) é(%)k =(%)3 +(2l)4 +(%)s Foon, =%
@ _Exercise-5 : Subjective Type Problems %

1. A=132
2. ax+by +c=3x-4y+c
= a=3,b=-4
Distance of 3x — 4y + ¢ from A(3,1) is 1.
- [9-4+cl_,
5
_ |c+5|=5
Also,3x -4y +c=0 and 3x -4y +5=0 lie on same side of A
= c+5>0
= c+5=5 = ¢=0
3. xy(x+y-2)=0 y
a+a*-2<0 (a>0) ©, 2)
= a=1
ol 20~
X+y=2

5. PQ =32 N )
3
QR SPQ Q Q(—1'6)

6. x*(y?-x%=0
has 3 different lines x =0,y =x and y =-x.
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Straight Lines ‘ s 273
10
8. 2<a< ?
> X
9. Describe a circle whose diameter is AB.
centre =(1,0)
Radius =2
Let ‘m’ the slope of the line passing through (4, 1). (4.1)
—1) =m(x — 4) intersect the circle A
(y-D=m( ) e =) TR

1 distance from centre < radius of circle.
-3m+1
m2+1

9m? —-6m+1<4m? + 4

me[6-“/9_6 6+\/9_6]_{1’1}

<2

10 ° 10 5
2 6
Ay +Ag=—=—
Ay tAz 105
5(A; +A3) =6
10. g:i =§b=§.
b 3

Chapter 18 - Circle
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@ _Exercise-1 : Single Choice Problems

l.

4.

S.

a2 - —rp? =155 d? —(r +1)* =5 = ryry =50

CP=§=\/(h—l)2 +(k-1)2

Locus of point P(h, k) is

D2 a(v_D23
(x-D°+(y-1 7

PT=/16+16-8-8-7 =3
= TT'=2BT =2 -3cos 45°=3+2

It will be circle with diametric ends as (1,1) and (4,2) i.e., point of T
intersection.
(—4.4)

J19
Let centroid be (h, k).
= h=cosa+sma+1, k=smu—cosa+2

3 3

= 3h-1=cosa +sina, 3k-2=sina —cosa,
= (Bh-12 +(3k-2)% =2

” (‘)(,2)3
3 3 9
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9. Q(-3,0)

Length of tangent =PQ =42 + 12 -5 =12

10.
D(12,17)
a
a cosb
A
%( c
asing| ¢\
a cosf
2] 90°-6
O] acosh BL asind M

OA=asin®=12, DL=asin®+acosf®=17
acos0=5
C =(acosO +asinb,acosB) =(17,5)
12. Centroid divide the line joining orthocentre and circumcentre in 2 : 1.

AY
B(0,1)
G I" \“
2 o 1 0(0,0) e _— A(1.0) >X
H (1 +cosf 1+sinf B e
(h,k) 3 ' 3 (cos8, sinB)C
sl h=1+cosf, k=1+sin6

(x-D%+(y-D%=1
13. Co-ordinate of centre is C(1, 1).
(x-D2+(y-D2=1
x2+y?-2x-2y+1=0
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Solution ofAdvar_wed,Pr_oblgms in Mathematics for JEE

14.

15.

19.

20.

21'

22.

23.

26‘

x(0) + y(0) + glx+0) + f(y +0) =0
= g+ fy=0

T
=2Rcos =
a cos =
= a=4+3 cm
Area of AABC =ga2 =123 em?
Image of centre C,(5,0) about the line y =x + 3 is 2 +y2-10x=0
X2-5_y-0_-2(5+3)
1 =] 1% g2
= CZ(_3) 8) ’:"‘"-\‘
Equation of reflected circle is Y= {‘ ooy,
(x+3)2+(y-8)%=25 Sl
x=4
X=
(0,0
Let the equation of line is 3x + 4y =C
Lot 3 = C =15 (in first quadrant)
C;(5,0),C(3,-1),C3(3/2,2) do not lie on straight line.
Let equation of diameter is 3x + 5y =C
= c=7
Equation of circle is
(x+D(x-2)+(y-2)(y-3)+A(x-3y+7)=0
If its radius is 5.
= A=zt1
Equation of circle is (x -1)(x -3) +(y -4)(y -2) =0 y
(1.4)
A
(23)
of
Equation of tangent at 0(0, 0).
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27. Equation of normal at 0(0, 0)

y=-x
. 1 1 . «
Centre( 0| —— [0 +| —
[o(-F)o+(%)
3 1 1 1 1
= Elthﬂ(——,—)or(_,__)
V2'V2) (27 2
28. Here, C,Cy=n +r, (Condition for external touch)

80. The triangle is right angled and the radical centre will be the orthocentre of the triangle.
32. Equation of common chord is 6x + 14 y+({+m)=0
If it passes through (1, - 4).Then, [+m =50

33. x? +y? -6x+8y=0
Distance of line from centre <
9-16-25_ 32
5 5
Shortest distance:s?z .'5=§

37. Equation of required circle :
S:(x-D? +(_y—1)2 +A(x-y)=0
$':x? +y2 +2y-3=0
Common chord of S=0and S'=0is S -S'=0
A-2)x-(AL+4)y+5=0
Centre of S': (0, - 1) lies on common chord = A =-9
S:(x-D2+(y-D%2-9(x-y)=0
= r=i
| )
40. Point lie inside the circle k? + (k +2)% <4 = 2k? + 4k <0; -2 < k<0

41. The length of the normal is
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o

dy’ 2
y 1+[aj ‘

‘ . 5 2 :.:
The length of radius vector of a point (x, y) on the curve is | xi + yi|, that is \/xz +y°,itis
given that

Jx? +y? =|yl{1+ ()2
Squaring on both sides of this equation, we get
x2+y?=y?[1+(y"?

2
2, .2_.2,  2fd
= x“ + =y + ho
y =y +y (dx)
2
= xz = Q
[’ dx)
dy dy
= —_— ==
Yy dx xory dx X
dy
Now, b S
y e X
= ydy =xdx
Integrating on both sides, we get
2 2
=X e
2 2
= x? —_y2 =2corx2—y2=constant
This answer does not exist in the given options. So, consider the other alternative.
ydy =-xdx
Integrating on both sides, we get
2 2
2 2
.
=5 x* + y“ =constant

and this constant is > 0 in practical sense.

44, Length of chord =2v32-5=4
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47. Family of circles touching the line y = x at the point (4, 4) is
(x-D%+(y-D2+My-x)=0
We need to find the member of this family which has length of chord =6+/2 on x + y =0. For
different A’s, we get different circles.
x2+y2 _8x-8y+32+Ay-Ax=0
= x2+y2 4+ X(-8-1) + y(-8 +1) +32=0 (D

Now,

OA=DC =42

DE =32 =%§ (given)
Therefore, R?%=(3v2)% +(442)2
= "2—2=so = 2%=100 = A=2%10

Substituting A =-10 in eq. (1), we get
x%2+y?+2x-18y+32=0

[Substituting A = 10; in eq. (1); we get x2 + y2-18x+ 2y +32 =0, which does not exist in
the given options]
Note : From eq. (1), we get

2 2
R2=(Radius)2=g2+fz—c=o”+48) +(k-;8) -32=7
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48. Slope of line normal to circle and perpendicular to line

m=-2 =tan@
2

Co-ordinate of point lie on normal at a dist. of 3 from centre

(113(%},—213(%}] y=2x+11

@ Exerciee2 One o Morsthan One Ao ifre GO aimt i

2 — LN
(—5.3\) /

3. x2+y? —x(g]w(%-zm'l a):O

2 2
=> Length of chord =2J[%J + (% —sin! a)

7. (x+2)% +( y-3) 2is nothing but square of distance between (x, y) and (-2, 3) where (x,y)is
point lies on the circle.
Centre =(-4,5), r=16+25+40 =9
Clearly, (-2,3) is lies inside the circle.
PC=2V2 a=PA% =(9 +242)2
b=PB? =(9 -2+42)?
a+b=178, a-b=7242
8. Let point of intersection P(h, k)
Equation of chord of contact is
hx + ky =a?

If it is tangent to x2 + y% —2ax =0

A

ha - a?

Jh? + k2

=
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9. Equation of tangent to circle il (5.5)
y—3 =g(x—2):ts/13 1+%

= 2y=3rx+13, 2y=3x-13

x2-2_¥-3_ (13 08 <1
= =-l33] =¢LS
3 2 13
x3-2_y3-3_ (-13
3 2 (13) = St

10. 2x2=98 = x%2 =49 =>x=17

> (8, 5)

(8.-9)

Paragraph for Question Nos. 4 to 6
4. S:x?2+y?+x(20-9)+y(3L-12) +53 -27A =0
C:x%+y%2-4x-6y-3=0
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Equétion ofline: S-C=0

or x(2\ -5) + y(3A -6) + 56 ~27A =0
or 5x+6y-56=0 or 2x+3y-27=0
= x=2, y=§

3

5. Centre of C lies on common chord of S and C.
= (2,3) lies on x(2\ - 5) + y(3\ —6) + 56 - 271, =0
= S:x? +y? -5x-6y-1=0
6. Difference of squares of lengths of tangents from A and B is 3, which is equal to| AP 2 _BP?|.
Paragraph for Question Nos. 7 to 8

7. Max. dist. between any two arbitrary points =2 -

y
y=x

(1,1)
X

(1-1)

Paragraph for Question Nos. 9 to 10
Sol. LetP(h,k)

Ly =vh% +k? -4
L, =vh* +k* - 4h
If Lf=L3L3+16
= (W2 +k?-4)2%=(h?+k?-4n)(h* +k?-4k) +16
= (h+k)(h? +k*-2h-2k) =0

Ci:x+y=0

Cp:x?+y?-2x-2y=0
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W Exercise-5 : Subjective Type Problems &

1. Equation of chord of contact w.r.t. P

hx+ky=1
Equation of common chord is .) .

A-3)x+(21L+2)y +3=0 B
A-3_2+2_
h k
= Equation of locus is 6x -3y -8 =0
2. By using system of circles any circle passing through (1, 1) and (-2, 1) is

=

(x-Dx+2)+(y-D2+A(y-D=0" ..()

Given circles x2+y2-1=0 ...(2)
Now radical axis of (1) and (2) is

(x-2y)+My-1D=0 ::(3)

Radical centre of given circles is (0,0).
So, eq. (3) is passing through (0, 0).

A=0

Put) =0 in eq. (1) we get required circle.

3. Yotang=3
x 4

4. x2+y?-26x+12y+210
(x-13)2 +(y+6)%2 +5

(13,-6)
5. S=x?+y2+2gx+2fy+c=0
= 2g+2f=—c-2 «..(1)
(1, 1) satisfy circle.
= 2g+2f+c=-2

= c=0
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and g+ f=-1
. Length of tangent=,/8 + 4g+ 4f + ¢ =2
6. Length of common external tangent
c0s(90° - B +90° - C +30°) =cos 60°

2
L~ \
2.2)

1 +r2?"d2
\

2?’17'2
==1| x=2 x=5

N

From diagram common points are 3.
10. (C,C3)2 =rf + 1}
18=2r% = r2=9

 (2,4)

(2,32)

Y4
o

11. (2-1)

R -

12. PQ =PA=PB
Jh-D% +(k-2)% =62 —(h-3)? (k- 4)2
= h?+k%*-4h-6k-3=0

13. c=3,a®+b%=36
Length of chord AB =2\/r2 -p?

2
2c

QQQ

Chapter 19 - Parabola
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@ _Exercise-1 : Single Choice Problems 1
1. P'Q'=PQ cos(90°-0)

ci (t2<1)
Vvt +1

(P'Q) in =22

2. Equatioh of circle with SP as diameter
(x—4)(x —%)+y(y -6)=0 ‘
Centre [é . 3) and radius = =]
8 8
Equation of normal at P(4,6) is

4x+3y=34
2

252 —285+9—34 15
fch d=2 e ] -
Length of chor (8) 5 2

3. The diagonals are the focal chord.

AS =1+t2 =¢ (say)
1 1 1

1 1
._+——=1 S ———=
c (g_c) (AS CS a)

£Ry

s

= c=—,5
4
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i o JEE

L i N " Salution of Advanced Problems in Mather

A(l,l), B(4,4),C(4,-4) andu(l,—l)
4 4

Area of trapzium = %(2 +8) x -%5
4. For normal chord t, =-t, —ti
1

Also chord substends an angle of 90° at the vertex
tit,=-4 = t3=8
9. (y—x+2)+My+x-2)=0
The family of lines passes through (2, 0).
The chord is x =2 and end points are (2, + 4). '

10- t2=—t1 —3 q,'}h
ty S
2: ¢ 2
Rttty g 2 t2t,
2
Put the value of t, and eliminate t; we get
4 K?
h_2=k—2+7 = a=2,b=4,c=2 Q(t3 2t,)
11. The parabola is (y-12=4(x-1). The coordinates of P(1+tZ,1+ 2t;) and
Q(1+t2,1+2¢,).
Here S(2,1) is the focus. The coordinates of T are G.M. of abscissa and A.M. of ordinates of P
and Q.
= ST? =16 .. SP-SQ=5T?

12. Let P(t,) and Q(t,) are point of y2 =8x
2t2 +2t2=17 and (2t%)(2t3)=11
ST2=SP-SQ =2(1+t)2(1+t3) =34 + 4 + 11

ST =49
2 -1 -a A
; = —  =——=-2_(slo
13 ay=x2 = oY 2% B (slope of normal)
dx
aB _ ; 2
= x1=-2—‘K and 'y, =—-— put(xl»yl)lnay=x
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= 2log y =log x +log ¢ / '

= y%=ex put(3,1) 5

15. (x-a)% =—(y —(a +4))

The curve passes through (2, 0)
(2-0)2==(0-(a +4))

a?-54=0 = a=0ora=5

(x-52%=—(y-9) puty=0=> x=2,8 Alzol  \B@20) C
16. y =(tan60°) x is the focal chord. P
Coordinates of P and Q are intersection of y =+/3 x with parabola /
4 -4 60°
3 ’ e < >
P(4, 4«/’ ), Q ( : Jg] | T
Find 1 bisector of PQ. 3
\

17. The director circle 6f the parabola is its directrix (x + 11 =0).Now apply condition of tangency.

18. The following figure depicts the condition. Chord of contact of a point A(x 4 , y 4 ) with respect
to y2 =4xis y 4y =2(x + x,). Since this chord passes through the point (3, 1), we have

Ya =2(XA +3)
yl} ' B

(Xas YA)A

' =

AB and AC are tangents to the parabola.
BC is chord of contact of point A with respect to the parabola y2 = 4ax.
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Given that point A lies on x2 + y2 =25, we have
xi +y2 =25
x% +4(x, +3)2=25
xi +4(x3 +9+6x,)=25

5x3 +24x, +36-25=0

R

5x% +24x, +11=0

W _Exercise-2 : One or More than One Anigwer is/are Cor

1. Equation of normal at P(at2,2at) is

P(at?, 2at)
y =—tx +2at +at>
G(4a +at?,-2at)
= Locus of point G(h,K) is GhK)
'y% =4a(x - 4a) (a®, -2at)Q

@ Exercise-3 : Comprehension Type Problems} =25

Paragraph for Question Nos. 1 to 3

Sol. Tangent and normal are angle bisectors of focal radius and perpendicular to directrix.
Circle ‘C’ circumscribing AABP is
(x=-5)(x+3)+(y-D(y+4=0
Length of latus rectum = 4(242) =842
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Parabola

iExercise-s : Subjective Type Problems:x;,-;g'

1. B=2a?+40 -2 sid1)
-B=20? - 40 -2 (2 \ o f)
(1)&2) = 4a%-4=0= a=t1 3
Put a=1,B=2+4-2=4 (~o—P)
A(l, 4),B(-1, -4)
AB% =1? =(J4+64)% =68

" R=(a+b,_(a+b]2]’ M=[a+b,—a2 -sz
2 2 2 2

= h2 2
PQ=}’+b2=—b—ﬂ—(x—b) R

b-a P * Q

y+b%==(b+a)(x-b)

y==(b+a)(x-b)-b?

b
A, =J.[[—(a+b)(x—b)—b2]+x2]dx

b
—p)2 3 _ 133
=—(a+b)—(x b) —b2x+ X _(a-Db) b)
2 6
a
i € a1
Area of APQR =A, ==| b _p2 1
a+b a+b)2 g
2 2
-p3
R; >Ry —-R,,Ry > Ry —R3,wegetA, _{a-b)
3' mAB XmBC :—1
-2 8 -2
= =
(t; +t3) (t3 +t3)
= (tl +t2)(t2 +t3)=—4
Similarly,
map XMcep =-1
= (tl +t4)(t3 +t4)=—4
= (tq +t3)(ty +1t3) =(t; +t4)(t3 +1t4)
Solving this
t2 +t4
S, S |
t; +t3

QaQ

Chapter 20 - Ellipse
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1. Length of perpendicular from C(0, 0) to the tangent at P(ZJ— cos9, 2+/2 cos @) is

-1
cos? @ & sin?@
12 8

CF =

Equation of normal at P is ZJ—g 242 éy =12 -8 which meets the major axis at
cos sin

The minimum length of intercept will be possible when
y=3 or y=-3 = AB=8

\

—

S .
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Mmm+ A - T R LT 4 291
& __x_ -1
dc« 2y

Put x =2y in the equation of ellipse
The point lies in I quad = (2,1)

» 4, Equation of tangent at P is VAL\I4 o2
P |ae, 2
ex+y=a "a )
= e= Z a= E /—— » X
3 3 k __/% _ b_z)
1045 Ta
and e ol
9
2
Length of latus rectum = 20 4800
a 27

Area bounded by circle & ellipse = na? - nab = na(a - b)

S{F{ + S,F
%z J(S1F1)(S,F;) =416

Product of perpendiculars from two foci of an ellipse upon any tangent is equal to the
square of semi-minor axis.
f(k? +2k +5)> f(k+11)

= k? +2k+5<k+11 = ke(-3,2)

8. Since sides of the square are tangent and perpendicular to each other,
so the vertices lie on director circle //\
2
x% +y%=16 +b? =(1—20-) ‘_10/
= b=3 542 542
A_MHB) L,
T T
Xxq + py

10.

[ V]

T =S5, =>px+qy+( )-1=P2+q2+Pq—1
= p2+q*=-pg = p=0,9=0

The combined equation of pair of tangents drawn from a point (x,,y;) to the ellipse

2 2
sz—+-'zz——1=0isT2 =S8, . Therefore,

a’? b
2 2 2 2 2
(_u&_l) A gf| B Ay
a® b a? b?

(12 b2
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' Solution of Advanced Problems in Mathematics for JEE

2 2 2
4x X 2 4 2
—+2y-1| =[— -1|| —+2“-1
(9 Y ] (9 vy ](9 ]

= 3x2 +7y2? —16xy +8x +36y =52 =0

_2vh® -ab
" a+b
where, a =3,b=7 and h =-8. Therefore,
_2/64-21 43
10 s
Note : o is acute angle between the pair of tangents. Therefore,
(@+b-0)2 =a? + b2 +c? +2ab-2ac - 2bc
Alternate solution : Any line passing through the point (4, 2) is given by
y-2=m(x-4)
y=mx-4m+2

For this line to be tangent to the given ellipse, put this y into the equation of the ellipse and
make

= . tana

tana

D=0
That is,

x2

—9—+(mx—4m+2)2=1

(1+9m?)x? + x(36m -72m?) +16(9)m? -16(9m +27 =0
Now,
D=0 = B2-4AC=0
= (36m-72m%)% -4(1+9m?)(16-9m? -16 -9m +27) =0
= (36m)%(1-2m)? -36(1+9m?)(16m? —16m +3) =0
= m2(1+4m? -4m)-36(16m? -16m +3 +9-16m* -9.16m + 27m2) =0
=

7m? -16m +3 =0

Now,
i my —mz _ ‘J(;] +m2)2_4m1m2
*= l1+mym, 1+mym,
(16_)’_4.3
W7 2 7(\16*-4.3.7
= tana = 3 ol 7 —
1+—

7
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%
os
w0

)
L

<,
§

Paragraph for Question Nos. 1 to 2

2
(x1 = x3)% +(y; - y3)? =4(2)2(§]

ey + %)% +(y1 +¥2)% - 4(x1 x5 + y15) =12
2% +22 -4(1+1) =12
(v x3x, and y,y, are L distance of the foci from their tangents

=b2=12%)
= h? +k2 =5
1+ h?
. 2 - - -
2. 2x-h)=1 = x =
1+k2
Qy-Kk)=1 = y= 2%

QQQ

Chapter 21 - Hyperbola
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W Exercise-1 : Single Choice Problems 17

. 1 )
1. The normalis y -4 = 7 (x = 1). Put the value of y in xy = 4 we get co-ordinates.

3. ¢2=a’m?-b? = 2 =22m2 - (A3 +22 +21)2

220 = m2>2(%+r+12

A% + A + 1has minimum value % =>m?> 2

16

4. The asymptotes are y =+ % x and the double ordinate be

P[h,?—«/hz -4] and P'[h,—?xfhz -4J

= (PQ)(PQ") =3
5. 2ae=5 and 2a=3

. N N |
8 (12)
1 1 - )
—_—t——=] = e ==
4

6. The equation of normal at (2sec6, tan6) is 2xcos® + ycot =5

(5.5)

CIIN

Equal intercepts = sin@ = %
Also touches ellipse = a2 + b2 =23—5 v 2 =a%m? 4 p2

7. Let locus of point be (h, k).
Equation of chord of contact is hx + ky =4

For tangent, x( <o hx) =1has two equal roots.

k
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- i -
= hk=4 = xy=4
8 x? _Zi_ Xxcosa + ysina . 0
" 16 18 p =

= Coeff.ofx2+coeff.ofy2 =0 = P=+12

2
The chord xcosa + ysina +12 =0 js tangent to the circle x2 + y? =(g) = %=6

9. Let the rectangular hyperbola be x2 - y? =a? and the point be (asec, atan6).
a;a; + by b, =(acos6) ( 20 ) +(_acose)(2asin9]

cos 9 sin@ cos9

" gnee -

se-2 : One or More than One Answer is/are Gotree

3. Let(t, %) be any point on xy =1

xy =1
= xy'+y=0
= y':i
X
y' L
= st
¢2
- zb_,2
a

= aand b are of opp. sign.

Chapter 22 - Compound Angles
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I

COMPOUND ANGLES

{

W Exercise-1 : Single Choice Problems

2. asinx + b(2 cosccos x) =q
o —asinx
cosc=—————
2bcos x
= T (asec x — atan x) differentiate w.r.t. x
asecxtanx—aséc2x=0
. a
= sinx =—
a
3
3. th'M<—l
1-3tan“ x
.3
t 2t tz +1<0 (Lettanx =t )
1-3t
-— 4 —
1 t2<0 =5 (t 1)(t+1)<
1-3t (32 -1
1
= te| —,1
e
4. itan(rA)tan((r+1)A}=i [%]=tan9A—9tanA=_m
r=1 r=1 tanA tanA
5. f(x) =2 cosec 2x + sec x + cosec x
’1+sinx+cosx
sin x cos x

, sin® x + sin? x —cos? x — cos? x
f(x)= 2 2 - = X
8in“ xcos“ x

]
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I _x
f(x)mm \/5_1 atx—z

6. cosec 6 + cosec (60°-6) —cosec (60°+9)
where 0 =10°

10. -;-(Zsinxcosx +2cos? x) =%(sin2x +c0s2x + 1)

tanA tanB

11. 7§'=f=k : (k>0), if2sin A =+/3sinB
2tan A J_tanB 243k V3 x5k 1

L. o o
~ rwia g e «/1+3k2 “J145Kk2 V5

12. Gives equations can be written as
2cosa +9cosd =-6cosp —7cosy ey
2sina ~9sind =6sinp - 7siny | -+(2)
Square and add equation (1) and (2),
= 4+36+36[cosacosd -sindsina] =36 + 49 + 84 [cosPcosy —sinPsiny]
= 36[cos(a + 8)] =84 [cos(B + )]
cos(a+8) 84 7 m

————— — m+n=10
cos(B+y) 36 3 n
13. w_ L:—Zsece
1-sin20 cos0
14. A= icos—-cos—+cos-4—n+cos6—n—cosz—n+cos—4—+cos8—n—B
e 7 7 7 7 7 7
15. anp=Xal
. z 3
o
tana 2 2
tanca +tanf

L ciniloa ) e ALY W
tan(a+f) 1-tanatanf P 4

2
17. f(x)=-2sin® x+sinx+2V xe [%,?"J

Letsin x =t

1
f(t)=-2t%2+t+2 V te [E’I:I
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iii; N e s e e

1 _3
18.1+ (cos® A —sin? B) —cos Acos B =1+ cos(A + B) cos(A — B) —E[cos(A + B) + cos(A - B)] =2

19. (25inx—cosecx)2+(tanx—cotx)2 =0
si_nzx=% A tan?x=1

20. cos?A=sinA-tanA = cos® A=sin’A

21. f(x) =(J§+ 1]sinx+[‘/§2+ 1) cosx=(-‘/%lJ (sin x + cos x)

2
22. A=B+C
= tanAtanBtanC =tanA —tanB -tanC
23. E =sin A +sin2B +sin3C
E=3,2.243 _,
5 55
15,24 ) 39-25_14
25 25 25 25
24. cos AcosC +cos AcosC wcotC o A'+B+C=n)

cosAsinC +cosAsinC

) ) 2cos| 1Y sin(uJ
sino —siny _ 2 2 )
cosy-cosa . (a+y). (a-y
2 2

26. cos % COSLCOSL ...... cosi.cosi =_Sin—x
256 128 64 4 2 256sin[ X
256

(sin 7o + sin 5a) + 5(sin 5a + sin 3a) + 12(sin 3o + sina)
sin 6a. + 5sin 4o + 12 sin2a
_ 2sin6a cosa +5(2sin 4a cosa) + 12(2sin 2 cos o)
sin6o. + 5sin 4o + 12sin 2q,
28. tan? A +tan? B +tan® C =tan AtanB +tanBtanC + tan AtanC
= tanA=tanB=tanC

T
A=B=C=—
B 3

25.

27.

=2cosa

29. 108 ginx |COSX[+108 o5 [SiNX[=2 = 10ggn, |cosx|=1 = |cos x| =| sin x|

2

30. f(x)=sin® x +cos® x=1-3sin? xcos x=1—%sin2 2x
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31.

32.

33.

34.
35'

36.

37.

38.

39.

www.jeebooks.in

_ 2sina x[(1+sina)—c0sa - 2sina[(1+sina) -cosa]
Y =1+ cosa +sina (1+sina)-cosa]_ (1+sina)? -cos? a
_l+sina —cosa
~ 1l+sina

tan’A  cot’A _sin®A cos’A

1+tan?A 1+cot?A COSA  sinA
_sin*A+cos*A 1-2sin®Acos® A
"~ sinAcosA sinAcosA
=sec Acosec A —-2sinAcos A

Jisme+J1+sme_ 2 2
1+sin® V1-sin® [7_gr2g |cos

y =(sin? @ + cosec 20 + 2) + (cos? 0 +sec2 0 +2) =7 + (tan? 6 + cot 2 0) 2 9

log , sin x —log 5 cos x —log ;(1-tan x) —log ,(1+tanx) =-1
tan x tan x 1 2
(——):—1 = ——=- = tan2x=-
1-tan? x 3

sin@+cosec6=2 = sinB=cosecO=1; (x+122)
x

(tan® + cot ©) (tan2 0 + cot2 0 - 1) =52

(tan® + cot 8) {(tan 6 + cot 8) % —3} =52

Let tan6 + cot0 =t
t3-3t-52=0 = t=4
tan2 0 + cot2 0 =(tan® + cot0)2 -2 =14
-5<3sinx—-4cosx<5
10<3sinx —4cosx +15<20
log 4o 10 <log 20(3sinx —4cosx + 15) <log 5, 20
x2+y%=9

Let x =3 cos6, y =3sin@
4a% +9b% =16

4
Leta=2cos¢, =:—3-8m4>

4a?x? + 9b%y? —12abxy =(2ax -3by)?
=(12cosBcos¢ — 12sinOsin¢) 2 =144 cos2(0 + ¢)
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40. A?=sin2-sin+/3 4 y=sinx

sinv3 >sin2
A%<0 ]
B2 =cos2 -cos/3 bl
M |
cos+/3 >cos2 0 157Y3 2 3.14
B2<0
4 y=cosx

0 1.5?\,'\:;

Both A and B are not real numbers.
41. (2¥ +27* -2c0sx) (3**™ +3™* " 4 2¢cosx) (5™ X + 5% —2cosx) =0

X -X
If 2+T2=cosx = x=0
3X+K +3—X—ﬂ
If —2—=—cosx = Xx=-T
n-x X-T
If 5—;5— =C0S X (Not possible)
There are two real values of x.
42. esinx _e—sinx _4=0
g2sinx _4esinx —-1=0
= eS"* =2+./5
If einx =2 4.5
=5 sinx =In (2 + V5) [In(2 ++/5) > 1, Not possible]
If eX =245 (2-+/5<0) Not possible

There is no solution.
43. Jasin*a + 4sin®a-cos?a +4cos’*(n/4-a/2)

=,/4sjn2 a +2[1+cos(n/2-a)]

=2|sina|+2 +2sina

=-2sina +2 +2sina =2 (If1r<u<32~"thensinu<0)
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5 . sin% cos -
* (cosﬁ-smﬁJ cos£+ smg
12 12
=c°sﬁ"sm 12 _2/1-sinn/6 _ 275
smﬁ cos = sm1t/6

45.  tan(100°+125°) = _2n100°+tan125° _
1-tan 100°tan 125°

= tan 100°+tan 125°+ tan 100° tan 125°=1

46. Ifsinx +sin®x=1 = sinx=1-sin? x = sinx =cos? x

8 g , .
cos® x +2¢cos® x + cos? x =sin* x + 2sin x + sin? x

=sin? x(sin? x + 2sin x + 1)
=(1-sinx) (2 +sin x)

=2-sinx-sin®x=1
47. let x=5c0s6, y =5sin0

0<3x+4y<25 (s 3x+4y>0)
48. 5co0s20 +2cosz(g) +1=0

1
10cos?0+cosf-3=0 = cose=5,—2

5
49, sinB:%where0<B<nandtan|3>0

then cosP = %

Slzisin(a +B) —gcos(a +B)] coseco. =5
5 .

50. sin(x+§)+cos(x+§)=\/_2_[cos%sin(x-gJ+smz cos( _)] ﬁsm(x*-i_;)

6

. Sn - T —l
This attained maximum value when x + T = x= -
51, sin2x —cos2x =2a -1
J2<2a-15+2
1-2 14 2
2 2
52, (cos 12°-cos 24°-cos 48°-cos 84°) (cos 36° cos 72°) -cos 60°

(~cos 12°-cos 24°-cos 48°:c0s 96°) (cos 36° cos 72°) - cos 60°
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_sin(2‘XI2°) . J§~+1x~/§-l x_}____l_
2%sin12° 4 4 2 128
53. 2c0s?0+cosf +1
7 1
=— at cosf=-—
Y min 8 4
Ymax =4 at cosf=1

Y max =3_2
Ymin 7

—_————

-1/ -1
54. tanx __—Btanx tazn 3 +1<0;—tan = <0

1-3tan? x 3tan? x -1
(tan2x+l)(tanx+l)(tanx—l)

<0
(~/§tanx+1)(\/§tanx—1)
n T
= —<XxX<-—
6 4
SS. a=2Rsin£=2rtanE
n n
R r
al2

56. (cos12°+cos132°) + (cos84°+cos156°)
12°+132° 12°-132°
=2cos cos +
2 2
=2¢0s72°cos 60°+2 cos 120° cos 36°

=2xJ_—5-—lx}-+2x(—l)xJ§+1=_l
4 2 2 4 2

1 [Zsinecose 25in30cos 30 % 25in90cos96 + 2sin 279cos'279i|

2cos 347+156° +2156° cos 34°-156°

57. - c0s8c0s30 | c0s98c0s30  c0s90c0s276 05270 cos 816

2
_1[sin(36-6) - sin(96 - 30) & sin(276 - 99)
2| cosBcos30 cos36cos90 m

[tan819-tan3]=-l-[w]

sin(816 - 276) ]
cos276cos 810

1
2 2| cosOcos819
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4 cos20° + 1) _ 25in 40° + sin 20° . zsin(6oo_2oo) +sin 20° _Jg
cos 20° cos 20° - co0s 20° -

59. Let us draw the graph of
(x) = s' in_
f m(z)

58. sin20° [

and g(x) =cos(xn)
On the same xy-plane as shown in the following figure.
y
\\\‘ !
0 1‘\‘ ) X

From this graphical representation, it is clear that y is strictly increasing in (g > %)

Because for all values of x,

5 7
—< X< —
2 2
That is, sin(ﬂ) <0
2
and cos(xn) <0
which imply that % >0

which means that y is strictly increasing.

60. 8sin0sin30[ 150 )=c0569
4sin20

sin 30 sin 80 =cos 60 cos
cos 50 —cos 116 =cos 76 + cos 50
cos70 +cos1160 =0
2c0s90-cos26 =0

.

1 . 1 ‘ 3
61. tanA=-—- = sinA=—; COSA=—-—
3 V10 - 410

63. (2cos60)2 =(1-sin6)* = sin9=10rsin6="—53
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64. sin9+;=2 = sinf =1
sin@

65. tan29+cot29=a = tan36+cot39=\/a+2(a—1)=52
66. tanA=—tanC=i-
12

cosB =-cosD =—% = tanD =-;—

67. \/tanze—sinze=w/tanzesin26=|tan63in9|
sin 10° + sin 20°
68, ———— " _ °=2 —
€0s 10° + cos 20° AR15 wd =rl3
69. (sin?0)3 + (cos2 0)3 =(sin? @ + cos> 0)(sin* 6 + cos* 6 —sin? 0¢cos? 0)
=1-3sin%0cos? @

70. tanx+1_sec2x+2 =:‘(tanx+1)z—(sec2x+2)
tanx -1 tan? x-1

tan? x -1
2tanx -2 2
= =
tan?x-1 tanx+1

71, L —tANG L5450+ cos(20 — 180°)]
cota +tano

= (cos2 a —sin? a) + cos 20 =2 cos 20,

9. l+tana ) 1+tanc::nj+1
l-tana l1-tana

1+tan2(% +a) =sec2(% +0.) =cosec2(%—a)

tana +sina _
1+cosa
74. (cos2a + cos5a) —(cos3a + cos4a)

7o 3a 7a o
b N — —-2C0S— :COS —
2cos 2 cos ) D) 2

73. tana

R A 7
2cos77a[cos§—(1—cos%:|=—4smismacos7a
(1+sinmsin[3)2
2
—tan cosa. cosf
75. c032y=1 zy= g
l+tan®y . 1+sinasinp
cosa cosp

(cosa cosB)2 —(1+sirmncosB)2 _ [1+ cos(a -B)1[cos (a +B) -1
(cosacosp)? +(1+sinasinB)? (coso cosp)? +(1+sina sinp)?



http://www.jeebooks.in

www.jeebooks.in

76. X =23—1t a4 quadrant)

coSX +COS2X +C0S3X +...+cos 100x =

2

sin50x (IOIx) 1
.cos| ——

. X

sin=

2

32—7t+cosa. ot A O L
3 3

8

3

T
77. cos® 0°+ cos 3 + cos

1-2(cos60°—cos80°) 2 cos80°
2sin10° T 2sin10°

79. (x+5)% +(y -12)% =142

Let x=-5+14co0s6, y =12 + 14sin6

= x?+y? =365+336sin6 - 140 cos

80. tan® =A has three distinct solution in [0,2#] = A =0 and 6 =0, «, 2.
J1+tana +\/1—tana 2
l-tana l+tano 1

78.

81.

—tan?q

82. 3sinB + 4cos0 =5(%sin9 + %cos(-)) =5sin(0 + 53°)

83. f(n)= lnIcos r

r=1
f(4) =cos1-cos2-cos3-cos4<0
f(5) =cos1-cos2-cos3-cos4-cos5<0
(p? -¢*? _(4tanAsinA)? _

84. 3 16
Pq tan? A —sin® A
T
85. O<sina <cosa <1 ae(o,z)

(sina) *® < (sina) " ®

(cosa) “** < (cosa) ¥

86. 32sin % sin 5—24 =16(cos2A —cos3A)

=16[(2cos% A -1) —(4cos® A -3 cosA)]
87. cosa cosp - sina sinp +sina cosp —cosasinp =0
cosa(cosP —sinp) + sina(cosp —sinP) =0
(cosp —sinP)(cosa +sina) =0
cosa =-sina (. cosp =sinp)
tana =-1
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88. 2¥=3Y =67% =k

x=log, k,y =logs k,z=-log¢ k
1 1 1

—+—+==0

x y z

2 2
89. (sina +sinp)? +(cosa + cosp)? =(_(,_251) +(%)

2 +2cos(a —B) = 11702 =4cosz(ﬂ)
(65) : 2

90. p?=a%+b%+ 2\/(a2 cos? 0 + b2 sin% 0) (a2 sin2 0 + b2 cos? 0)

=a? +b% +2ya?b? +(a* + b* —2a%b?)sin2 Bcos2 0
& sin(379 d z

in(3"0) cos(3 ?) =lztan(3r+le)_tan(3f0)=lp
r-0cos(370)cos(3"10) 2/ E

92. When 270°< 0 < 360°, we have
1/2(1 +cos0) = (2 cos? g)

which is non-negative. Now, the above equation can be written as

91. Q=

J2(1+cosB) =2 cosg
' 0
=-2C0S — ( cos9 <0 when 135°< o <180°
2 2 2

Now, let us consider that ,/2 + ,/2 (1+cos0)

which is not-negative. That is,
\/2+,/2(1+cose) =1’2—2cosg
S /
=2 1—cosg=J§ 2sin2 &
4

;

=2|sin—

4

. 0
B 23’"2 ( sin> >0 when 185 8 90°J
4 2 4
93. We know that —/2 < sinx + cos x < +/2

Whenx=—3—:-,we have sin x + cos x = —/2
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L, TE L. RN G T
e e R

whenx=—37n,wehavey=—\/2_+1<o

which implies that options (1) and (2) are incorrect,

T Y
Now, atx=z,wehavesmx+cosx=\/—2-

That is, (sin 4x + cos 4x)? # 2. Therefore, y # v/2 + 2 for any x € R,
which implies that option (4) is incorrect.

Note : The maximum value of sin x + cos x is 2, for x =§ and the maximum value of

(sin4x +cos4x)? is 2, forx=1"—6.

94. (cosx +cos _y)2 + (sin x + sin y)2 =(-cos2)? + (—sinz:)2

2+2cos(x-y)=1
1 L1 1 sin50°sin 70° +sin 10°sin 70° - sin 10° sin 50°

" §in10° sin50° sin70° sin 10° sin 50° sin 70°

%(cosZO°-cos 120° + cos 60° — cos 80° — cos 40° + cos 60°)

‘lsin30°
4
1(3
—| =+ ¢c0s20° -2 cos 60° cos 20°
2\2
= 1 =6
—sin30°
4

1. cot 12°cot 24° cot 48°[cot 28° cot(60°-28°) cot(60°+28°)] =(cot 12° cot 48°)(cot 24° cot 84°)

_cot 36° . cot 72° -1
"~ cot72°  cot36°

2. cot* x-2(1+cot? x) +a? =0
= cot* x-2cot? x+a%-2=0
= (cotzx—l)2 =3-a2
to have atleast one solution
3-a%220
= a?-3<0

ae[—/3,V3]
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4.

Integral values -1, 0, 1

Sum =0
a tanl>tan'1 = tan1>£—
(B) sin1> cos1
sin57.3°> cos 57.3°
© tanl<sinl (not possible)
Because tan57.3 > 1> sin 57.3°

D) cosl< ™

4
= cos (cos1) > cos(g—)

(A) tan1> landsin1<1, thenlogg,, tan1<0

(B) 1+tan3 <1landcosl< 1, then logcos1 (1+tan3) >0

(C) cos® +sec6>2 andlog,, 5< 1, then log log 10 9(c0s 6 +sec6) <0
(D) 2sin18°<1and tan15°< 1, then 108 1an15° 25in18°> 0

Putsina = g cosa, =- =
1+tan2(5) 1+tan2(§)
Given M:E , /
sinf3 1
Option () SMZe+P)+sinB _3+1 0 ¢ and D method)

sin(2a +B) —sinp 3 -1
tan(a +f) =2tana
Option (B) 3sinf =sin(2a +f)
2§inB =sin(2a +B) —sinp
2sinp =2 cos(a +B)sina
Option (D) 3sinf =sin{a + (o +B)}
A 3sinP =sina cos(a +B) + cos a. sin (o +B)
Subtract from (B) option
2sinP =cosasin(a + )

. _cosp  cos(2a +p)
Option (A) cotf -3 cot(2a +p) = sinf 3 sin(2a +B)

_cosp _3 cos(2a +B) _ 2sin(a +B)sinq,
= sinp 3sinp sinp

=4tana (from D)

Also cota +cot(a +P) = %cot a (fromC)
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Now multiply the two relations,

7. sin(x +20°) =sin(x + 40°) + sin(x - 40°)
sin(x +20°) -sin(x - 40°) =sin(x + 40°)
cos(x —10°) =sin(x + 40°) = cos[90°x + 40°)]
= x =30° now check the option, only (a) and (b) satisfy
8. 2Z(cos x cos y) + 2X(sin x sin y)+3=0
(Zcosx)? +(Zsinx)? =0
= Zcosx=0 and ZIsinx=0

cos3x +cos3y +cos3z = 4(cos® x + cos® y + cos® 2) - 3(cos x + cos y +cos8z)

=12cos xcos ycosz
9, 0<sinx<1 O<cosx<1
If sin” x +cos" x =1 n=2
sin” x +cos" x>1 n<2
sin” x +cos" x<1 n>2
10. If x =sin(o —pB) sin(y - 8)

2x =cos(a —B —y +8) —cos(a. —B +y —8)
y =sin(f - 7y) sin(a - 8)

= 2y =cos(B-y—-a +8)—cos(B-y+a -3)
z =sin(y —a) sin(p - 8)
= 2z =cos(y —a. - +38) —cos(y —a +B +3)

2x+2y+2z=0 = x+y+2z=0
If x+y+z=0then x3+y®+2%=3xz
11. X2 + 4XY +Y 2 =(xcos0 - ysin6)? + (xsin® + y cos)?
: +4(xcos0 - ysinB) (xsin® + y cos6)
=x2 +y? +4{x? sinecose—yzsinecosef xy(cos? 0 —sin? )}
= x2(1+ 4sin0cos8) + y2(1 - 4sin6cos6) +4‘):‘ty(cos2 6 —sin? 9)
cos?0-sin?6=0

- e=-:- (0<6<n/2)

x2+4XY +Y2=3x2-y
= A=3andB=-1
12. (A) 2(a+d)=2(b+¢)
1 _1-tan220°
tan40°  2tan20°
= tan 20° + 2 tan 50° = tan 70°

2

(B) tan 50° =
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= 2a+2b=2¢c

(D) tan 20°-2tan 10°=tan20°tan? 10°> 0
= tan 20°> 2 tan 10°

= b>a and d>¢

18. (&) 1(2sin75°cos75°) = Lin 1500 1
2 2 4

(B) log3® =2 +log} (irrational)
(C) log3-log$ =log§ =1+log? (irrational)

(D) 8-logd _g-1/3 _1
2

14. a -B =sin xcos x(cos? x —sin? x) =%sin2xcoszx=%sin4x

a+p =sinxcosx=%sin2x

15. V2 ++y2+2cos 46 =2+ 2(1+cos 46)

=\}2 ++4cos? 20
=2 +2|cos20|

If n<20<3n/2 then g<9<371t

V2 +2[cos 20| =+2 ~2¢0s26 =2 sin 6| =2sin O

If 32—n<-29<2n then 371!<‘6<1r

V2 +2]cos26] =2 +2c0526 =2 |cos8| = -2 cosh

16. 1+tana +tan?a =tan3
= 1+tan?a =tana(tan?a -1)

1 1 . 1
sin® x + cos® x 1-3sin? xcos? x 1-3sin? xcos2

19. logq sin x +10g g cos x + 21og o cot x + log, tan x = -1
log 1(sin x - cos x - cot x) =k =log cos? x = -1

20. tanA +tanB +tanC =tan AtanBtanC

3 6 3 6
O o,
tanC @nc @ 2*““%nc mnc

= tan?C =9 = tanC =3
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I S,

(1-€0tX) |1 cot x) -cosec 2 x

1.
: sin? x

=(1-cot x)(1+cot? x)
1 2 2 2n 2 4n
22. f(x)-i 2sin” x + 2sin x+? +28in x+~3—J

tanx 1-3tan?x
= =
tan3x 3 -tan? x

28, y

tan2x=1-3y>o

3-y
24, +2sin(A -B) =cos B (sin B -sin® B) ~sin B (cos B + cos® B)
=-sinBcosB
1 sin2B
=--sin2B = sin(A-B)=-
2 22
1 1 1
25. a>——— 0> 1 < <4
sin® x + cos® x 1-3sin? xcos? x 1-3sin? xcos? x

26. 1+tano +tan?q =tan® o
= 1+tan?a =tana(tan?o - 1)

\

-3 : Comprehension Type Probleﬁw et

Paragraph for Question Nos. 1 to 3

1. 8=286.5° (IV quadrant) [<0,m >0
2. tan(-1042°) = -tan(1080° —38°) =tan 38°< tan 45°

8. 6=4011° (I quadrant) [>0,m>0

Paragraph for Question Nos. 4 to 6
a=sina b=sin (a + ESEJ c =sin(o. + ?RJ

2n n
p=cosa. q=cos(a + ?) r=cos[a +-3—)
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. . 2n : 4r
4. a+b+c=sina +sin a+—3— + sin .a+? :

=sina +2sin_(a + 1) cos (%) =0

. 4n
5. ab+bc+ac=sinasin(a +23—n)+sin(a +23—n)sin(a +%t-)+sinasm(a +—)

3
1[  2=n 2n 2n 4n 4n)|_-3
=— —_— — ScA — - 2 + — = —
2{cos 3 cos(2a+ 3 )+cos 3 cos(2a + 27) + cos 3 CO{ o 3 ﬂ 2
2n) . 4n 4r) . 2n . 2m V3
q os(u+ 5 )sm[cw 3] cos(a+ 3 )sm(ow 3) sin 3 "2
Paragraph for Question Nos. 7 to 8
7. tan A =7 + 443 =cot C A
vtanA +cotC =\/2\/7 +443
=202 +3) =V/4+2.3 !
' =43 +1 .
AC) _ V2 +6 —1no V2
8. logm(a)—logﬁ( W )—logﬁ=1

Paragraph for Question Nos. 9 to 10
9. Ina AABC, cotA+cotB +cotC2 V3 = cotf> 3

: 2 a
10. cot®-cotA=cotB +cotC = sin(A—9)=w
sinBsinC
.2 g .2 i
; sin“ B -sin® ; sin“Csin®
sin(B-0) =——— andsin(C-0) =—————~
( ) sinAsinC ( ) sin Asin B

Paragraph for Question Nos. 11 to 12

x . X
cosE + smE
11. f(x) =
X . X
cos —|—|sin—
2 2
x . X X
-cos— +sin— 1-tan—
12. ¥ cXen o f)-—2 2. 2
2 2 b's

e
-cos—-sin= 1+tan=
g g )
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1. (A)If A+B=45° then (1+tanA)(1+tanB)=2
(B) a®-5a<6sinx V xeR

a?-5a<-6
a?-5a+6<0 = (a-3)(a-2)<0

4
1 4 2
(a+—) —(a4+——1 +2) (a+l) —(a2+—1J

©

2
Fad bl ey
a
(a+z) +a?+ L (a+1) +a2+—1—2 ‘

a a a

D) i‘,(x—k)2 =(x-D? +(x-2)2 +(x-3)2=0 No real root B
k=1

1-tan?(n/ 4-x)

2. (A) y= = =cos(n /2 -2x) =sin2x
1+tan“(n/ 4 -x)
®) OSlogs(Ssmx—IIZ;osx+26)Sl

2
(C) y=-2sin? x + cosx + 3 =2 cos? x+cosx+1=2(cosx+%) +§

(D) y=4sin? 0 + 4sinBcosO + cos? 6 =(2sin6 + cos6) >

1 2
4. (A) coszx=(§—sinx)
= (5sinx —4) (5sinx +3) =0
4 or 3
= smx—5 5
' 0
(B) cot5=1+cote
. 20 :
= 2cos —2-=COSB+Sm9
A L
= Sme— - 2 ’2
© f(x)=~sin x +8sin” x +2
) f(X)e[z’Q]

@2x2+5x+27) (Dl)
(2x-1)2 2

(D) log
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- 2x% -9x-26<0
= —ZSxSE
2

5. (A) f(x)=-2sin?x+sinx -6
Ymin =-9 at sinx=-1
ym,=—% at sinx=i—
(B) f(x)=2cos?x+6
Ymin =6; Ymax =8
© f(x)=%[4sin2x—1+cos2x+3(1+cos2x)]

1
=§[2 +4sin2x + 4 cos2x]

=1+2(sin2x + cos2x)
Ymax =1+2v2; ypn =1-242

D) f0x)=+2 sin(;’;- +sin x)

ise-5 : Subjectivé Type Problers™ *

5in 80° sin 65° sin 35° __ sin80°sin65°  sin80°sin65° 1
25in35°c0s 15°+25in 35°c0s 35°  2(cos 15°+c0s35°) 4 cos 25° cos 10° 4

2. If A+B=45°
(1-cotA)(1-cotB)=2

= (1-cot23°)(1-cot22°)=2
3. 4x% —7x+1=0

tanA +tanB =—

e N I |

tanA-tanB =—
tanA +tanB _7
1-tanA+tanB 3
4sin2(A + B) - 7sin(A + B) cos(A +B) +cos®(A + B)
=4tan2(A +B)-7tan(A +B) +1
1+tan2(A + B B

H

tan(A +B) =

'
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(18-2)x180° (n -2) x 180°
18 + n +60°=360° = n=9

5. 10(1-cos2a)? +15(1 + cos2a)? = 24

= (5cos20 + 12 =0 = cos2a=—%=> tan2m=g

it v 3" T Sn 31'I Sn 3n
. tan t — — — —
6 (8 8)( an 8 ~tan )+tan[ )(tan.__tan_)

8 8
7n Sn)( 7n n 9n 7 9 7 9
+tan(—— __tan_)+t (__TI__TE) j—tan—”):tan—ﬂ-tanf:O
8 8 8 8 8
cosz—n+2cos2£ 4(c0s2—“+2cos2E sin®  4[1+2c0s2" |sin®
g 71 7 _ 7 7) -7 7
4 T 2% " 4n - 3n
COS —COs —— in —— i
7 7 sSin 7 sm—7—
4(1+2cos—n)sin;
= =4
sinzt—(3—4sin2 E)
7 7
8. a?sec?200°=c? tan? 200° + d2 + 2cd tan 200°
b2 sec?200°=c2 + d2 tan? 200° - 2cd tan 200°
= a2 +b%=c? +42

(asec 200° — ctan200°) 2 = d2
(bsec 200° + dtan 200°)2 =2
=5 (c? +d?) (sec?200° + tan? 200°) + (2bd - 2ac) sec 200°tan 200° = ¢2 + g2
= (c2 +d?) (2tan? 200°) =(2ac - 2bd) sec 200° tan 200°
2(c® +d?) _2sec200°_ 2 -2
ac-bd ~ tan200° sin200° sin20°
7 o 10~ 8n 7n on

9n
9. 2cos-X cos>r 2 4 €os 2= =C0S—— + COS— + COS = + oS =% =0
o5 1= €0s T+ cos T T T % = :

10, 056 —cos30 +cos36 —cos 96 +¢c0s96 —cos176 _cosH -cos176 _

sin30 —sin0 + sin90 —sin30+sin176 —sin9%  sin170—sin _ ' 0
11. 8abc =85in10°sin 50°sin 70°=1
a+b _ sin 10°+sin 50° _ 25in 30°cos 20° =i
c sin70° sin 70°
1+1_1= 1 i | =sin50°sin70°+sir\ 10°sin 70°-sin 10°sin 50° -6
a b ¢ sin10° sin50° sin70° sin 10°sin 50°sin 70°


http://www.jeebooks.in

www.jeebooks.in

12. 1| 4sin®0 + 4sin® 9+2—“)+4sm3(9+ﬁ)
4 3 3

. 4n :
=%[3sin9 -sin36 +3sin{(9 +23_n) -sin(36 +2n) +3sm(e+ —5—) —sm(39+ 41t)}]

13.

14.

15.

16.

17.

=13)sin6 +sin[0+ 2% ) +sin[6+3%)| ~3sin30 [=-2sin30
4 3,7 " 3 4

si 2r _nor-1
%=i(tan2’ ~tan2"!) =tan2" -tan1
r=1€0s2" cos re1

X =secO-tan6, y=cosec +cotf
— 1+.cose _1-sin® (1-sin8)(1+ cosB) =1
sin@ cos0 sin® -cos6®
cos 18° —cos 72° =2 sin 45°sin 27°
=+/25in27°

3(sinl1-cos1)* + 6(sin 1+ cos 1)2 + 4(sin6 1+ cos® 1)
=3(1-2sin1cos1)? + 6(1+2sin1lcos1) + 4(1-3sin2 1cos? 1)
=3(1+ 4sin? 1cos? 1-4sin1cos 1) +10+12sin1cos1-12sin? 1cos? 1
=13

3sm2x+2coszx + 33 =28

3 sin 2x+2cos? x
Let 38in2x+2¢08’x _p 12 _ 98t 4270 = ¢=1,27
If t=1= sin2x+2cos®x=0

2cosx(sinx+cosx)=0 = x=

b

ISR

3n 7n
44

Ift =27

= sin2x+2cos?x=3 (Not possible)

T 3n 7n

(sin2a —cos2a)? +8sin4a =1+ 7sin4a =1 (atq=§,7’_
4

18. (sin® + cosec 0) 2 + (cos0 + sec6) 2

19.

=5+cosec? 0 +sec? 9
=7 +tan?@ +cot?9
29

tan 20° + tan 40° + tan 80° - tan 60°
_ 5in 20° cos 80° + sin 80° cos 20° 4 5in 40°cos 60° - sin 60° cos 40°
c0s 20° cos 80° €0s 40° cos 60°
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sin 100° _ sin 20° d

~ c0s20°cos 80° €os 40° cos 60°
_ sin80° 25in 20°
" €0s20°cos 80° cos 40°
_ sin 80° cos 40° - sin 40° cos 80° _ sin 40°
€05 20° cos 40° cos 80° " c0520°cos 40°cos 80°
_ 8sin 40°sin 20°
"~ sin(8x20°)
20. 1+c0s10xcos6x =2 cos? 8x +sin2 8x
2 +¢c0s16x + cos 4x =2(1 + cos 16x) +1-cos16x
= cos4x=1

=8sin 40°

x=n?n(n=0,:tl,:i:2,i3 ....... )
If 360°< k < 540°

= k=450° (n=5)
21. €0s20°+25in2 55°=1+ /2 sin k° -
=c0s20° + 1-cos110°
=1+ cos20° + sin 20°
=1+ +/25in(45°+20°)
=> k=65
23. tan19x = c0s96°+¢0s6° _ _2cos51°cos 45° = _cot51° = tan 141°

€c0s 96°—-cos 6° 2sin 51°sin 45°,
= 19x=180°n + 141

24 2s5in40°+sin20° _ 2sin(60° —20°) + sin 20°

cos 20° cos 30° cos 20°cos 30°
sin BE
7 4r -3
25. cosz—n+cosi1£+cos6—n—l= 7 ‘cos— —-1=—
7 7 LT 2
sin 7

11
26. g(cos 2A —cos3A) = ry

11
g[zcoszA—1—4cosSA+3cosA]=?
= k=4

27. 3sin? x + 4cos? x =3 +cos? x
28. tanq + tanp =12
tana-tanB=—3
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tana +tanf
1-tanatanf

99, _C0S24 cos;SB +(sm 1.8 c0s9° _ s 18°]
25sin 33°sin“ 57° sin9°
€c0s24°c0s33° sin9° o
sin57°cos24° -~ sin9° .

30. tan® 1+c0s20)\(1+cos40)\(1+cos80
cos 20 . cos 46 cos 86

sin 6 (2cos2 9](20052 ZGJ[Zcosz 49] _8sinBcosHcos20cos 46 _sin8O

= = =tan8
cosO| cos20 cos 40 cos 86 cos 86 cos 86 0

tan(a +B) =

2 2

31. y=sin“ x+cos x+tan2x+cot2x+cosec2x+sec2x+6

y=9+2(tan? x + cot2 x) > 13

QaQ

Chapter 23 - Trigonometric Equations
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1.: Single Choice Problems % X

A tanzx—seczy=§6£—3=—2—a2 = 6a2 +5a-6=0

. [tan(x + y) —cot(x + y)1? +(x+ D2 =0
= x=-1 and tan®(x+y)=1

s
X+y=nnt—
o 4

sinx+cosx=1

sin(x+%)=-j—§

et E-E

x=nn+(-1) i

. sin?(sin x) - 3sin(sinx) +2=0

{sin(sin x) — 2}{sin(sin x) -1} =0

Equation has no solution.

tan2x =tan6x = sin4x=0
4x =m,2n,3m,...... ,11xn
cor2m 3t 1l

i — e i

But X, 3n , on , 7= , In lin are rejected. So number of solutions =5.

. 3sin? x -6sinx —sinx+2=0
(3sinx -1 (sinx-2) =0
sin x # 2, then

sinx =—
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w.of Advanced Problems in Mathematics for JEE

sinx = %-has 6 solutions for x € [0, 5n]

75 cos0 +cos20 =-1
= 2c0s%0 +cos0 =0
= cos0 =0 or cose=——;-
E 2z 4n 3z
2’37372

in [0, 27) max. (sin x, cos x) =% has two solutions.

9. (cot? x +2+/3 cot x + 3) + (cot? x + 1) + (4cosec x + 4) =0
(cot x ++/3)2 + (cosec x +2)2 =0

= cotx=-+3 and cosecx=-2
10. sin? x =sin? 3x '
= 3x=nntx
x=n—n, x=n—n,hence general solution is 2 ,
4 2 4
11. sinx>0
= 8sin? xcos? x =1
= 2sin?2x=1
= cos4x =0

x=(2n+1)§ (nel

12. COS X +C0S2X +€0S3X +cos4x +cos5x =5
= cosx=1nc052x=lncos3x=lmcos4x=lmc035x=1
x=2nnnx=nnnx=2ﬂnx=2ﬂnx=2ﬂ‘.,
3 4 5
= x=2nn
13. (2sinx-cos¢ecx)2+(tanx—cot.7c)2 =0

2

: 1
= sin x=5ntan2x=1 = x=n1t:t3
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14. cos® 3x + cos® 5x = (2 cosdxcos x)*
cos® 3x + cos3 5x = (cos 5x + cos3x)°
= 3cos5xcos3x(cos5x +cos3x) =0
= cos5xcos3x -cos4xcosx =0
18. sin1%0 100 100 00, _0

16. sinf<landsec? 4621 =sinf=sec46=1; 9=§

x=1+cos x =1and cos?

X = sin

17. (4sin? x + cosec?x) + (tan? x +cot2 x) =6

(2sin x — cosec x)2 +(tanx—cotx)2 =0

= 2sinx=cosecx and tanx=cotx
18. sin*6-2sin%0+1=2
(sin20-1)2 =2=cos* 0 (not possible)

19. cos(P sin x) =sin(P cos x)

cos(P sin x) =cos(§ —Pcos x)
. n
Psmx+Pcosx=2nn+§

Psinx — P cos x =2nn —%

-2Sx52
=) AN
sinf| — [=1
3 v
= _n \
3 2

<

cos2x > |sin x|

sinx>0 sinx<0
1-2sin? x -sinx>0 _
2sin? x-+ 2sinx —sinx -1<0 2sin? x -2sinx +sinx -1<0
(2sinx -1 (sinx +1) <0 (2sinx +1D(sinx-1)<0

T T T 1 ] 1
A0 12 <4 0 A
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22. sin* x +cos* x =sin x cos x
1

1-2sin? xcos! x =sin x cos x

2y2+y-1=0
Qy-D(y+D=0
1 '
y=3 y=-1
2sinxcosx =1 sin xcosx # -1
sin2x =1
2x=£,5—1c
2 2
n Sm
X=—,—
4 4

28. sin>X alnsinX=—1
2 2

24. cos20=sin’0 =>sin29=% =:>sin(9=ii

B

25. bsin@=-c-acos®
b2(1-cos20) =c? + a? cos 20 — 2accos O
= (a2 +b?)cos20 -2accos® +(c2 -b2) =0
¢ —b?
23 4 b2 L)
a®(1-5in26) =c? + b sin20 - 2bcsin @

(a? + b?)sin20 —2bcsin® + (c? -a?)=0

cosa -cosP =

\ 2 2
; ; c“ -
sina -sinf = 5 £ @
a? + b2
a? - p?

cos(a +P) =cosa cosP —sina sinp =

a® + b2
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1. 2c0s26+2v2cos0-3=0

(V2 cos0 + D2=4 = cose=ior_—3 (Not possible)
TR R

3. 4sin3x + 52> 4cos2x + 5sin x
= (sinx-1)(4sinx+1)2<0V xeR

4. 4cosx(2-3sin? x) +cos2x+1=0
cosx(3cosx +2)(2cosx-1)=0
Least difference =g -

5. cos xcosbx =-1
Case-1: cosx=1 and cos6bx=-1

Not possible
Case-2: cos6bx=1 and cosx=-1
’ = x=2n-1Dn,(nel)
7 2k =sin? 2x - 2sin2x -2
Let sin2x =t tel[-1,1]
31
2k=t2-2t-2 = ke[__?:’f]

8. f(6) =(cos9 —cos —g) (cose —cos 1—“) (cose —coss?ﬂ) (cose —cos '78_7!) =cos*0-cos?0+ 81

. : . 2 2
4sin? xcos? x + 4sin* x — 4sin? xcos X _tan? x =

4cos? x —4sin? xcos? x

1
tanx=*—
= 3

. . 1
10. tan@(1-sin26) + cot6(1—cos?6) +1+sin20=0=> sm26=—§

11, 2[%sm6+—?cose]=—(3€—3)2 -2
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Paragraph for Question Nos. 1 to 3
1. h(x) = f2(x) + g%(x) =2 + 2sin 4x

= 8cos4x20
= cos4x20

Longest interval = %

2. 2+2$in4x=4
= sin4x=1

T
= x=04n+1)—
_ 8
3. sin3x + cos x =cos 3x + sin x
= sin3x —sin x =cos3x — cos x
= 2sin xcos2x =-2sin 2xsin x
= sinx =0 or tan2x=-1
3n 7n
= x=0,n or =—,—
8 8

@ Exercise’a : Matching Type Problems I

2
2 )
1. (A) cos x=(§—smx)
= (5sinx-4)(5sinx+3)=0
sinx=i or —E
= . 5 5
0
(B) cot§=1+cot9
= 2coszg=cose+sin9
3
= sinf=1 = 6-—?1‘%
© f(x) =-sin* x +8sin? x + 2
= (x) e[2,9]
(2x +5x +27) 1
(D) log, —— 88 =20 (x>—)
B2 k-2 2

= 2x2-9x-26<0
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= ' —2stl—3
2

2. (A) sinx=1,cosy=1 or sinx=-1, cosy=-1
(B) f'(x)=cosx+sinx-K '

= k242
©) |x*-1<1 and |2x?-5|<1
= x2=2

(D) sinx +sin y =sin(x + y)
L[ X+Yy xX=-y X
= 2sin| —Z =
( 2 )cos[ 2 ) 2sin

= sin(x;yJ=0 or cos(x_y

2

= Xx+y=2nn or x="2_’t il

N TN
%
N[+
b
Nat”’
(o]
o
(7]
N
x
+
=
N

3

1. Let sinx-1=a, cosx—-1=b, sinx=c
= a3+b3+c3=(a+b+c)3

= a+b=0or b+c=0o0rc+a=0

. ; ; 1
sinx+cosx=2 or sinx+cosx=1 or smx:E

= Total solution =5
2. siny -2014cosy =1

T

3, 2sin6x
sinx -1
= sin6x>0

T T 7
= "E(o’gju(s’Z)

<0
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l1+tan? x-2+/2tanx<0

= erS—n:xGEEUEEE
8’8 8’6 8’ 8

4. sin* x-4sin? x+(2+ k) =0

Let sin? x =t tel0,1]
£3 -4t +(2+k)=0

f0) f(H<0
(k+2)(k-)<0 = -2<k<1

A

)
WZMIS /;N
-3\ 9 'n/a\v't/Z

$-1

2sin* x -3sin? x +1=0 = (2sin? x - D (sin% x = 1) =0

6. 2sin? x +sin%2x=2

sin2x + cos2x =tan x
2tanx + 1-tan? x =tan x(1 + tan? x)
= tan’x+tan® x-tanx-1=0 = (1+tanx)(tanx-1)=0
2cos? x +sinx<2
2sin? x —sinx20
sinx(2sinx-1)20
7. (3cotO+1(cotd+3)=0

cot9=-%andcot9=—3

0=a,m+a 9=£-a,n+§—a
8. (8cos40-3)(cot® —tan0)2 =12
2
8(2cos220-1)-3| 405720 .,
sin? 20

16cos* 20 ~8c0s220-3 =0
= (4c08%20-3)(4c0s220+1)=0

V3

= co820 =+ —
2
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2x=2

9. 2sin? x + 4sin? X cos

2sin* x -3sin2 x+1=0 = (sin? x-1)(2sin2 x-1) =0

sinx=ii,il

V2

sin2x + cos2x =tan x
2tanx +1—tan2x
l+tan®x 1+tan?x

= tan®x+tan?x—-tanx-1=0

(tan x + 1)2(tanx—1) =0

2cos? x +sinx<2
2sin? x -sinx>0

sinx(2sinx-1)2>0

Chapter 24 - Solution of Triangles
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i —'S_ SOLUTION OF TRIANGLES

’ Exercise-1 : Single Choice Problems

1 cotA+cotB _cosAsinB +cosBsinA _ sin? C i ¢?
* - " (i : - 2,32 .2
cotC (sinAsinB)C(_)SC (sin Asin B) cosC b2 +b% -c¢
sinC 2ab
_ 22 18
-y °
9
2. ABIC=£+("_A) A
2 2
T (B+C)
=—+
2 2
N
B (o]
3. %[(ZRcosA)z +a?][(2R cos B)? + b21[(2R cosC)? + 2]

%[(212 cos A)? + (2R sin A)*][(2R cos B)? + (2R sin B)2][(2R cosC)? + (2R sinC)2]

=R®
4. B =60°

2sin? B=3sin?C = sinC =— = C =45°

V2
5- mn'A"tan£=l
2 2 3

s-b 1 2 a+c

—— R w— b‘— —'b bzz A- . .

p 3:: 33= 2 = (AM.2G.M.)
6 cosAcosBcosCZ s -2RcosAcosBcosC2ta A
. A NA=2Rcos A cosB -cosC - [](tan A)
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‘Splinian of Triangles . oa/ A wisikabitens

sin AsinBsinC

=2RcosA-cosB-cosC-———— "~ —92RsinAsinBsinC
cos AcosBcosC
e. In ABAD, £= .AD
sin® sin60°
In ACAD D 4D

> sin(75°-0) sin 45°
I?D sin60° = CD sin 45°
sin6 sin(75°-0)
sin@ _ BDsin60° 1

= =— =
sin(75°-0) CD sin45° .6
9. Length of angle bisector AD = 2be cos A
b+c 2
; 2ac B
Length of angle bisector BE = —— cos —
a+c 2
Length of angle bisector CF = el cos )
a+b 2
3 3
HM = s gre avd 1.1.1
+ + e
2bc  2ac 2ab a b c
10. 2b=a+c

2sinB =sin A +sinC
B B . (A+C A—C) . B 1
in—cos— |=2 cos — [=>sin—=——+
2(2s1n2c052) sm( 2 j ( 2

2 22
- inB +sinC
11. ZCOS(BZC')=b+C=Sm

a sinA
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If AABC is an equilateral triangle then ADEF and A I,1,1, are also equilateral triangle

Side of ADEF =1unit=> Ar(ADEF) = g

1
e 1 A
14. AD = ’l‘cos§= :
X+ = X+ = 12
. p X 1/X
1
ADoy =—
max 2 B c
V3a 3
15. r=T,R=%,rI =%=> r,R,r arein A.P

16. sin(B + C)sin(B -C) =sin(A + B)sin(A - B)
sin? B —sin?C =sin2 A —sin2 B

= 2sin® B =sin? A +sin? C
= 2b2% =a? 4 ¢2 (Using sine rule)
17. Gii(A4.B)= R0 REB e )
l1-tanAtanB
= tanC=Z=sinC=L
4 V65
Using sine rule
__¢c 65
“2sinCc 14
18. CosA % cosB ” cosC
a b c
b2+c2-a? a?+c?-b? a%+b%-(? =a2 +b? +¢2 _(@a+b+c)% —2(ab+ be + ac)
2abc 2abc 2abc 2abc 2abc
19. a+c+b+c=a2+b2+ac+bc=c2(a+b+c)=c2(23)=2‘R=£
b a ab abc 4RA  r 1
20. a®(sinB-1)=b? +c% —~a® =2bccosA=> cosA<0
21. 2R’ £ -

= = — =2R
sin(r - A) sinA
= R'=R
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N R R R S e e S
22- a =-\’d1d2
—‘-1—1- =acos0, % =asin®
1=4sin6cosO

= sin26=—;-=> 20 =30°

23. (m+n)cot9=mcota—ncotB
(2 + 1) cot® =2 cota —cotp A
Put cot0=%,cot[5=cot(%—a)=tana b
We have 1= ~tano = tan2q +tano —-2=0 -
tano - 9
tana =1 S =45° 2?1

24. Circumradius of equilateral A,R = T—

2sin60° /3

i W2 21?
Diagonal of square =2R = a2 =2R .. a=R+2 = f .. Area of square = =
22 +(/6)2-(B3+D? _3-1

46 22
26. Ifa,b,carein A.P

25. cosb =

. B
= 2sinB =sinA+sinC=>sm§-=

27. cos(A-B) = =

1-tan? ——A =
2 31 (A—B) 1
— = tan| —— —

2, 12 _ .2
a“+b“-c® 1
= " == =c=6
cosC 2ab 8
28. (b+c)cos(B +C) + (¢ + a)cos(C + A) + (a + b) cos(A + B)

=—{(bcosA + acosB) +(ccosA + acosC) +(ccos B + bcosC)]=—{a+b+c]=-30
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30. 4A=E,43=.2l,4c=ﬂ5
7 7 7
: ( 2 2 2
(a® =b2)(b? ~c2)(c? —a?) =a?p2c2[1-2_ |1 |[1-2
a? b2 c?
p
=a?b?c?|1- 7 [t 7 1———47 =a?b?c?
sin? sin2—1t sz_n
7
360 h='L
243
Ar(AABC) = Ar(AAPB) + Ar(ABPC) + Ar( AAPC)
V3 5 1 a
Ta =§a(h+h1+h2) = h.1+h2=ﬁ
' 62 +72 - x2
37. cos60°=———— = -
i TOaAB
2ab m
39. CD = -
a+bcos R
__ab D
a+b a
42, a+b+c=48 =
a=20 b A
b+c=28
= a+b>c,a+c>b
= 20+b>28-b,20+c>28-c
= b>4,c>4
43. In an equilateral triangle
a=b=c
(a+b+c)(b+c-a)(c+a-b)(a+b-c)
44. =
4b“c
_2s(2s-2a)(25-2b)(2s-2¢) _ ,(2(s—-a) \((s=b)(s-c) 2 A
45. R =4r
R =4(4R sin%singsin%)

1=16$in2%-cose =8(1-cos0)cosO
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46. ADMN = AAMN = DM =AM

=—(a® +b? + ¢ -3abo)

=-(a+b+c)(a? +b? +¢2 —ab-bc-ac)

R 2n 4n
. A=_,B=_,C=—
a8 7 7

7
( 2 2 2
l—b—2 l—c— l—a— =
a b2 c?
( sin2271t 2 4n 2T
7 7
1- 1- 1 =A
Sian 221! 2ﬁ
\ 7 7 7
(
sin2 X _sin2 2% |(5in2 28 _gp2 4n ) (G2 dn _ o
7 7 7 7 7 |-a
R . 22T . 24n
sin“ = sin“ =— sin® —
\ 7 7 7
= A=1(sin? A —sin? B =sin(A - B) -sin(A + B))
A A A
49. =— = ) T =
n s=a" 8 o B lewe
r1r2r3_ 33

P (5-a)(s-b(s-0)
s-a s-b s-c

o )

w

50. sinA=2 B
S
: 4
sinB =— S
5 3
SinC=l ]
c y A
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,,.,"?nmv.‘"u _eb o S

4R sin é cos E cos E + 4R cos isin E cos 9

n+rn _ 2 2 2 2 2 2
51. =
1+cosC 2cos2£
2
2R (sin % cos g + cos 1} sin g]
= =2R
c
cos —
2
53. cosB:sinza+cos’2a—(1+sinacosa) =l
2sino cosa 2

55. Since we need to compute the radius of an escribed circle, we would be needing the length of
all the sides of the given triangle ABC.
From the question, we already know AB = AC =5.
For finding the length of side BC, let us draw a line AD which is the bisector of angle BAC, as
shown in the figure below.
ZBAD = Z/DAC =15°

Therefore, sin 15°= L and sin15° = E
AB 5 2.2
Therefore, BD =5sin15°= w
242
We also know that BC =2BD - >X
5(+/3 -1
Therefore, BC =(—J§—)
Now, we know that the required radius
A AB +BC +CA A
= — | =] —|tan| —
n stan(z) ( > J (2]
5+ EJ%_—I)— +5
= —-—23— (tan15°) =(M (2_J§)
22
56. ED=BE—BD=%—CcosB ' N
=g_c(a2 +c? —bz)
2 2ac
b2 -2
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57. 2R(sinAcosBcosC + cos Asin B cosC + cos.Acos B sinC)
=2R(sin(A + B) cosC + cos A cos Bsin C)

=R(2sinAsinBsing) = %€ _A _Ts
4R? R R
58. In AMFE, 22954 _op i
sin B

= R; =RcosA E
Similarly, R, =R cosB 7
and Ry =RcosC
Ry +Ry +R4 =R(cosA+cosB+cosC)s%R B D ¢

59. Ar(AABC) = Ar (AOAB) + Ar (AOBC) + Ar (AOAC)

8 =%R2(sina +sinp +siny)

= sina+sinﬁ+siny=%

‘ Exercise-2 : One or More than One Answer is/are Correct f = -

L. x% —r(nry +ryry +113)x + (ryryrs =D =0
xz —(r1r2r3)x+(r1r27'3 _1) =0

= Rootsare 1 and ryryr3 —1
A

)

80° 30°
B=H a
3. R=2r,r=(s-a)tan30°= -;—tan 30°= sis irrational = A is irrational

C

r, =stan30°=3r (rational)
4. D+E+F=1
2
5. a=4,b=8,lc =60°

2, 12 _ a2
cosC=l=E_+_b__i_=>c=4\/§
2 2ab
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= £C =90°
7. LBOC=2/ZA
ZBIC =7/2 + A2
ZBHC=n-A
8. V3x2-4x++3<0

= (@x—l)(x—ﬁ)(o :i<x<.\/§

V3
30°< A,B < 60° = 60°<C <120°
9. cos20=2cos20-1
1 2
—=2c0s“—-1
2
1
2c052£—1+—
8 V2
2T \/5+1
cos“ —=
8 g8
R I
cosc=ﬂ_—c then solve it
2ab
11. (33inA+4cosB)2+(4sinB+3cosA)2=37; 9 +16 + 24sin(A + B) =37
12, b*c_ 2
a 1
A
sl N N

13. ZA,ZB,ZC AP = ZB =60°
a? +102 g2

cos60° = T

14. A= % absinC

&bzﬁ = inA;—Singlesin.«lxsinB
2
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15. 3cosA =cos(B -C) -cos(B +C) = 2co8A =008 A ~C) =~cos(A + 2()
2 =(tan Asin 2C - cos2C)

A e
reNension |
Loutntidadut e

L (m A n B n C
2. r'=4rsin| —-Z |sin| 2 _2 L
r (4 4)5 (4 4)81"(4 4)

r . (n A n B n C
—=4sin| —-— —-——— - -
- (4 4)°°s(4 4)°°s(4 4)

: A B C
=]1- — +sin— +sin —
sin sin S

Paragraph for Question Nos. 3 to 4
3. Ar(ADEF)

=2R2sin(Z A \sin[Z_B)gin[2_C
=2R sm(2 2)m(2 ZJsm(z 2)

=2R% cos 2 cos 3 cos =
=2R coszcos2 2

Ar(AABC) _ 2R*sinAsinBsinC

Ar(ADEF) ~ ,p2 (A 0 oB 0 C
2R coszcos2 )

. A. B, .C
=8sin—sin—sin—< 1
2 2 2

Paragraph for Question Nos. 5 to 6
Sol. ¢/2=R= =82

2r=a+b-c¢ ‘
= a+b=98 (1)
a? +b? =c? =(82)2 (@)

= a=18,b=80
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Paragraph for Question Nos. 7 to 8

Sol. AA1=§_§
n 1 n 1(n A
LAy=—-—(LA))==-=| === A
222(‘)22(22) .
=£+é C1 B1
4 4
n 1 ‘ .
éAa:E—_(éAz) g "
A
3n_A ;
8 8
n
éAn =£(l—l+l—l ........ (-D"A

Paragraph for Question Nos. 11 to 13

Sol. log(1+ EJ+loga—logb=log2
a

= a+c=2b

(c—a) x* +2bx +(a + ) =0 has equal roots, then

a? +b2% =¢2

Paragraph for Question Nos. 14 to 16

Sol. PE= EDA,FC __ED
sinC A sinB . A
2 2
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P

= BE+EC=a= ED (smB+sinC) Je At

. A
sin —
2
asinész
= ED= 2
b+c
¢ bie 2
. A
2bC . é asm;sz
b+c 2 b+c
s I 2sinBsinC _ sinBsinC
a

2sinBsinC + 2sin 2 g sinz(B + g]

Hence, =3
: 1
1-=
3

(B) b2 +c? —a? =2bccos A =54
bccosA=27=a® =>a=3
b2 +c? 63
o 9
(C) Circumcentre of AABC is (-1,0).
Point A lie on the circle (x + D% + y2 =4 = x2 + y2 +2x-3=0
(D) (cos@sin® +6) =6(sin® —cos6) => 36 +sin? Ocos? § + 125in O cosO =36(1 —2sin 6 cos6)

Let sinBcosO =t
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t2+84t=0=t=0
Ifsin@ =0 = cosO

=-1=>0==n
fcos0=0 = sinf=1 =0="

3. r1r2+r3r2 +nr; =Sz = S$=42
1 1 1 1
—+t—+—=- = r=8
n Ty I3 r

— = A=336
4. User=—,n = Ty = , Paim
s ! S—a A s-b ™3 s—a
© r=4Rsin%sin£sin£

2
and similarly r, , Ty,T3

2. Z0,E0, =90°, E is the orthocentre of A 0, EO, A
x V3
=— ;x=1
sin30° sin120° D
1 ekl ' 30 c
3. 5r(AD+AE)=5 3
%r(BF +BD)=10 A
BF + BD rcotz + rcot2 D, E
= =2
AD + AE rcot5+rcoté i
C -
' cos — B 3 c
Applying C and D, 2__3
.. A-B
sin
2
4. A1A2A3 =(r1r2r3)2 =( S x S " S 2
A3 ré s-a s-b s-¢
(s-a)+(s-b)+(s-¢)

3 2[(s-a)(s-b)(s-c))¥3
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83

G-0G-Be-0>>
Minimum value =1

maaBy, _AB__ AM
sin150° sin7°
In AACM AC AM

’ Sin(97°-0) sin@

sin @ = 2sin 7°sin(97°-0)
sin 6 =sin 6 - cos(104°-6)
c0s(104°-6) =0

6=14°

=
=
=
=
AH BH CH R R2 ,
s S e e =—(si i 2C
2 BETF (acosA +bcosB + ccosC) A(sm2A+sm28+sm )

2

=—4§ sinAsinBsinC = besinA =

2

c _ AA
§eGC sin(B+é)
2
A . .
AAlcosE=smB+smC (R=1

A B C
AA, cos — + BB, cos— + CC cos —
172 1™ 71Ty

=2
= sinA +sinB +sinC

ax? + bx + ¢ =0 has equal roots, then

b? =4ac il
ﬂaﬁ+£n£=g+£=a2+c2 =b2 +2accosB
sinC sinA ¢ a ac ac
=4 +2cosB

cotﬂ,cotg,cotg is AP
2 2 2

In AABC,
A B C A B C
— - t — =cot —-cot —-cot —
cot2+cot +co 2 c 2 2 5

A C
ot —-cot—=3
= c 2 2

AM 2 GM
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A C
cot — + cot — .
el 4 2"cotﬂ-cotE = cotE-Z«/!?
2 2 2 2

10. (R? -4Rr+4r2) +(4r% -12r+9) =0
(R-292% +(2r-3)2 =0
= r =3 y R=2r
3 2
AABC is an equilateral triangle.
11. In ABCP,
3 _FKC
sin60° sin®
PC =2+/35in0

: 232 .9
12. b+c=2abcosC+2~/§absmC=(a +b“-c*)+12

2b 2b
13. R=3,A=6
Pypge =DE + EF + DF =R(sin2A + sin 2B + sin2C)
=4Rsin AsinBsinC
=4R[iisinA]=l(zA)=4
2R 2R R
ooa

Chapter 25 - Ipverse Trigonometric Functions
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INVERSE TRIGONOMETRIC
_FUNCTIONS

2. (cot™! x)(g -cot™! x) +2cot™! Jc—gcot‘1 b'e +3(2E —tan~! x) -6>0

—(cot™ )% +5c0t 1 x —650
(cot™? x)? —~5(cot ™! x)+6<0
(cot'lx—S)(cot’1 x-2)<0
2<cot™! x<3
.cot3<x<cot2 C.: cot"lxisdeCreasing)
8. 1+tan®(tan™ 2) + 1+ cot2(cot 1 3) =14 22 , 1+3%2=15
4.i}mq[m+n2+m+n-«n+n?qn+nq
n=1 1+(n+1)4—(n+1)2

5. cot™! (Veosa) —tan™! (Veosa) =x
L 2tan-1 Veosa = x

2
=tan~! vJeoso

1-tanX

Vcosa =\2

1+tan£
2

—VCosq
\

-1 = sinx=tan2 &
1+ vcosq 2

SN E]
N x

= tan

N %


http://www.jeebooks.in

www.jeebooks.in

344 T Solktion of Advanced Problems in Mathematics for JEE

7. cos'l(l -x)+mcos! x= %n

Domain x € [0, 1]
cos™1(1- x)+mcos™ x>0 ¢-m>0)

There is no solution.

8. 2tan™! (2x-1)=cos™ ! x

A

2x-120 1>2x>0 o '
xZ% _:1_// +
o

Only one solution
9. Put x=2sin0, y =3cosb

x y sin® cos0
22 e TR e e
—S:/—n_zg+-c—3279—2=—lonly
10. (cos! x)% —(sin™t x)2>0 = (cos™ x +sin™! x)(cos? x —sin”! x)>0
= cos™ x-sin"! x>0 _
=~ T _osinlx>0 = -Z<sintx<l = Slgxc—
2 2 4 2

11. f(x)=x%+7x+k(k-3)=0
f(0)<0 (. ke(0,3))
= o andp are of opposite sign.

tan™ o + tan'l(l) +tan™ B +tan”" (%) =0
a

12. f(x)=a+ 2bcos™! x
Df H [—1, 1]
f(x) is decreasing function.
= f(-)=1 = a+2bn=1
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and f(1)=“1 = a=-1
2 5 2
18. Let tan'x=t =t +(§—t) =i

3t -nm -7
=>t=—orT = tan~ x-—4— = x=-1

y
w 2 /TX /7§ i’
-51:/2 ~2n /-3n/2 ><}/ 3n/2 5n/2

15. 1<sin~(cos™ (sin™? (tan™! XN < 5

sin1<cos™ (sin™} (tan™? xN<1

cos(sin 1) 2 sin ! (tan

x)2cosl
sin(cos(sin 1)) > tan™! x > sin(cos 1)
tan(sin(cos(sin1))) > x > tan (sin(cos 1))

16. x+l=—2sin(cos‘1 y) = x=-land y=0
X

17. tan"'1+tan! 2 +tan™! 3

tan~! 14w tan~Y 2= | =x
1-6

18. Let tanlx= 0,6e a2

2 2

20 +cos ! cos20 = 20<0
9<0 = tan' x<0 = x<0

19. o| ™2 "3ni2| 23

16(x? + y2) - 48nx + 167y + 3122 =0

2
x? + y? —3mc+1ty+317g =0



http://www.jeebooks.in

www.jeebooks.in

2 2 2

3n), n)’ 9nm

- + — =
(" 2) +(y z) 16

22. sin"!(sin8) =3n -8 =t
tan ! (tan8) =8 -3n =—t
f®) + f(~t) =A

2=)
23. Graphs of y =3sin™! x and y =n(1-x) are
X S

1

1\
y=n(1-x)

P LT [N

3n

Clearly one point of intersection
24. D;:[-1,1]

f(x)w=§+6atx=l
FCO i =-§—2 atx=-1
- 1 -1 1 -1 1 C -1 1
27. tan”!| = | +tan (—) tan (—J+...= tan (%)
(3) 7 13 rel 2 Er+1

=) (tan"}(r+ 1) —tan" (1))

r=1

1

1 . .o YD+29) _ _1(1J=1 gt} 1. 4 T
28. Ecos X =tan ————-—1_(1/4)x(2/9) tan 2 2" tan 2 -Ecos :

+ =

4

2
- 1 »
[using 2tan™ x=cos’1[:+z2]for x.>.0] =5 cos ! %

1 1

29. tan?(sin! x)>1= —125<sin“

-1(1+2x4 A1 1+4x8)+cot_1(1+8x16
30. cot (——4 )-&-cot (-——8_4 =g |

T n g i T
X<——0r—<sim " x<—
4 4 2
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L

=cot " (2) = cot "1 (4) + cot "' (4) - cot " (B) + cot ! (8) - cot 1 (16) 4.
=cot '(2) '
83, sin (14 %) is defined for x < 0 and sin '.:r--;t ~cos 'V -lgxgl,

The given equation is sin !

which can be written as

x+sin (14 x) =cos! x

g-m“‘x+§—cos"(1+x)-cos"'x
= r-cos'(1+x)m2c0s! x
= 0087 (=1-X) =2r -cos~! (22 - )
= cos“(-l—x)+cos“(2x’-1)-2n
= 008 (-1-x) =cos ' (2x? -1 =1
= -l-x=2x?-1la-]
= x=0

which implies that the total number of solutions sin ™! x +sin ™ (1+ x) =cos ™ x is only one.

3
. o 2 o e o n
88. (sin™' x) - (cos™! x)3 + (sin! x)(cos %) (sin™! x —cos™! x) =F—

16
3
(sin™ x —cos™! x){(sin~! x)2 + (cos™! x)2 + (2 cos~! xsin-! x)} =71t—6
3
(sin™ x —cos™ x)(sin~?! x +cos~! x)2 =71t—‘5
2 _3
3wl =, g T
sin! x-cos? x)—=1_
. ) 4 16
2sintx-Z.F
2 4
2sin"! x =37
4
] 3n
Sin " X=—
8

. 3x x
X =sin— or cos =
8 8

35. f(:r)-=tnn“[-“1“‘2 ‘1]

X

1+ x? -1
x
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x) -(V1+xh2) AR
b 241442 o
Y= 2
w/1+x l
———=——>0 always
x2(V1+x2)
X — © y—1
X - y—--1
tan"(-1- 1)
n
-—,— 0
( 2’ 4) {0}
40. cos 1.7r+<:ot‘lx=7\.‘v’xe[—1,1]
ke[£,7—n
4 4
41, x3 +bx? +x+1=0
f(-)=b-c<0
fl0O)=1>0
= -l<a<0
a=-B
Be(0,1)
y=-2tan‘1(cosecB)-tan'l(zsmB)
cos? B
=—(1t+tan"1 _ZCOSBz )—tan‘1 “sn B =-n
1-cosec“B cos? B

42. f(x)=-;—+cot'l{—x}
T =3 T
Z<cot {_X}SE

43. sin!(sin3) + tan"(tan3) + sec " (sec 3)
(n-3)+(3-m)+3=3

44. (2nn,0)nel

45. f(x)=sin"1([x]-1)+2cos }([x] -2)
-1<[x]-1<1 = 0<[x]<2
-1<[x]-2<1 = 1<5[x]<3 = [x]=1lor2
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LExercise-z : One or More than One Answer is/are Correct = ﬁ

2. cos~ x:tan xﬁ xe[O,l]

2
tan'l[ A J=tan'] x
x

= x2=9Y1-x% = x¥+x2 -1=0
x2=E
2
3 tan(cos 12 +tan™? %)-tan(tan‘l(t—?n

5. sin‘l(x2 -6x+ 12—7) =sin1 k

where -1<k<1

+ X
y=x-6x+] Al ed A
2

3
o _ e, i T o T
6. (sin™ x—cos™? x)((sin™! x)2 + (cos™? x)2 +2sin~! xcos~! x) = F_

16

. | -1 L -1 n T
= SsIn ~ X -—Cos x=z = Cos x=§ $X=COS§

B T s o ey e > .(5‘

' Exercise-3 : Comprehensnon Type Problems e w-mf‘ &

Paragraph for Question Nos. 1 to 2
1. a=2n
b=-3
2. a=0
b=3
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@ Exercise-4 : Matching Type Problems

3. (A) 33n=%[2+(n—1)2] = n=9

(B) xe[-1,1] = cos™! x;l-cot'1 xXe [—},—742]

(C) cos6=|1+sinB| = cos®>0
Sq. both sides,
= cos?0=1+sin%0+2sind
sin@=0orsin®=-1
Number of solution =3

D) a=x(x-1)
Possible values of a are 6, 12, 20, 30.
4. (A) tan'(3)+tan"1(-3)=0 A | ; i ;
(B) 1+sinx=2cos? x ; i i i
= 2sin? x+sinx-1=0 E E ; §
(2sinx - D (sinx + 1) =0 DAL LAl ed
© X =0t g %: ~i~_~ 53-; 521:
472 . VARV
D) f)=x3+x%+4x+2sinx E E : ‘a:
f(x) =3x2 +2x+4+2cosx>0 : : il : o

and f(0)=0

e

@ Exercise-5 : Subjective Type Problems

.......

1. 5-2n>x2 —4x
x% -4x+(2n-5)<0

2-«/9—2n<x<2+\/9-21r = A=9

. B r
2. T

.A.C
=4R —sin—
IB4sm2 2

. B n . A G
°__|=—— = BI, =4Rsin—cos—
sm(90 2] B, 1 v 2 2

(I1,)? =(BN)? +(BI;)? =16stin2% (D)
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o A . ek, . Wiy
1,15 cos (90 - —2-) =a (by using-pedal triangle)

I2I3 =4RCOS§

(I15)> =16R2c052§ . (2)

From (1) & (2) we get A =16

i el
= (&) ()
()7 (3 {0 () - (3)

-1( 16 63
= —t: 1| =2 =— g e
an (63) Cos (65)

6. cos‘1(|alog§(cosx)—7|) =cos™?(|log Z(cos x) -1))
|310g§(cosx)—7|=llog§(cosx)—1|
Let logZ(cosx) =t

|3t—7|=|t—]l
= t=3andt=2
= cos:c=6"‘/5 and 62

QQaQ

Chapter 26 - Vector & 3Dimensional Geometry
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VECTOR & 3DIMENSIONAL
. GEOMETRY

@ Exercise-1: Single Choice Problems [T ST

1. Perpendicular distance from origin

d=—o-PB -
va? +b% +¢?
2
2. p
o 2

T a?+b%+c
1o 3 .
2. Areaoftn'angle:—2—|qxb|=3

i - = 12
= |a||blsinZ=6 = |a|lbl=—=

g

3
e T
a-b=|d|| b|cos—§=2J§

s sy Y - o - - - -
4. |c=a*=8=|c]*-2c-a+|a?=8=|c|>-2|c|+1=0 = | c|2=1

- - " i - -
Also, axb=21+2j+k = |axb|=3
' - - = =k 1
|(be)xc|=|axb||c|sm%=3-1-5-_—%
4
s8; =—
S. cos 0, 5
4
cosfy, =—
0SS0y 5
= cos?0; +sin?0; =1
B
7. x(&'x b)-(ax b)=4«ﬁ3— (abcos%:l) = b=1

Ma2b? —(a-b)2) =43
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8. x(3{ +2] +4k) + y(2 +2Kk) + (41 + 2] +3K) =a(xd + 3] + 70)
= B-a)x+2y+4z=0
2x —ay +22z =0
4x+2y+(@B-a)z=0
For non-trivial solution

3-a 2 4
2 - 2 =0
4 2 3-a
e e T
a-a a-b a-c
e e e T -»> 5> -
9. |b-a b-b b-c|l=[a b c]?
e e e T '
c-a ¢c-b c-c

- - > -
10. | c|?=4(ax b)? +9b? = 4(a?b? —(a-b)2)+9b% =192

- - - - - - - -
c+3b=2axb = c2+9b2+6b-c =4(a’b? -(a-b)?)

= 6-4-4192cos6=-288 =>cose=§

-

O - TP 2 i 9 5 5 o o
11. |a-2b|2+|b-2 c|?+| c-2al? =5a* +5b° +5c* -4(a-b+b-c+c-a

)

e T e T -3
=15-4(a-b+b-c+c-a)<15-4 —2—)=21

+

- 2 5> o> = -2 _3
a-b+b-c+c-az—
2
- - n ->2 —>2 - -
12. 16]a||b|sin§=3|a| +3|b|2+6|a|| bl
= 32 -10ab+3b%=0 = (3a-b)(a-3b)=0
_ - - - - _
Now OC - AB =(a + b)-(b - a)=| OC|| AB|cos®
’ 2 _ 2 2_,2 ingb=3a)
4 b* -a =cose=9a2 a2 (using
Ja? +b%a? + b2 9a? +a

cose=-‘l
5
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16.

354 Solution of Advanced Problems in Mathematics for JEE
0 1
tan— = ==
2 3
-_ 1] — — A
13. AM=§(AB+AC)
2 A3 B0
14. |3 3 5(=0 =22 -30+2=0
A2 2
= -
15. (a+b—c) l(b+c—a)x(c+a b)J
= —’ =¥ e T e R N e e e T

(a+b-0): (bxc+bxa+exa-cxb- axch ax by 2(a+b—c) «(bxc+cxa)

- - -

=2([a b c]+[b c a]) 4[a b c]
(de)x(&+l3)=(é-(a+B))B—(E-(a+5))a=(1+a-b)(b-a)

_ — - — —

17. Angle between planes is angle between nl and nz,where nl = AB x AC andny = AD x AC

n1 =-2{ +4j-3k, n, =6i‘+3j—6k

= a A -

-~ ~ -~ a % ~ ~ -~
18. a) =x3i +y1j+21k, az=x3l+yyj+2z3k and a3=x3l+y3j+23k are mutually

22. Onsolving, Ax=C and Bx=D

perpendicular unit vectors, then

UL BIETCL N o B £ LT
[a; a; azl=|xy y; 2z[=%1
X3 Y3 23

1 3
x=|2 x=]1
3 2

P=(1,2,3), Q =(3,1,2)
x—1=y—2=z—3=7L
1 1 1
A+1L,A+2,A+3) lies on plane
A+6=9 = A=1
= P'=(3,4,5)
Similarly Q'=(5,3,4)

PP':
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Now check the options.
b [
23. AM=(a-Di+j
== 2
BM =(a - 1i
a-1 10
CM (o - 3)1+2]+2karecoplanar,thena 2 0 0(=0
a-3 2 2
i
24, Normal vector is parallel to PQ P(1,-2,3)
xl—l__yl +2_Zl "3_)\‘
1 -1 1
= X1 =?\.+1,y1 =—2—k,21 =3+A
Mid point of PQ is lie on the plane Q(Xq, Y1, 24)
- _3
5 -8 11
gt gty
25, a-b|=1
T
0s0 =—
= 2

260

27. V

Volume of parallelopiped =[d¢ b axb]=sin26 =%

Equation of line PQ
x-8 y-7 %-1
1 2 -6
Point Q(3 +A,7 +24,1-61)
If1thesonplane3x+2y+11z 9, then
25

A==
59

=A

- > -
=[a b c]

- - 5 o =» = = - -> - = =
Vy=[la+b-2¢c 3a-2b+c a-4b+2c]=15[a b c]
Line represented by x + ay —b=0, ¢y + z —d =0 is parallel to

(i‘+af)x(c1°+12)=af—f+clz
Line represented by-x+a'y+b'=0,c'y -z +d' =0is parallel to
(-a'Px(c'j-k)y=ai+]j+ck
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It these two lines are perpendiculay, then

a' e

29, Bquation of hne PQ

a'=)

ra(@-2) 430+ (@ +5) + 0

=

It point Q lies on plane, then
M‘lg
7

——

> N ~ 10
PQ=mi +Su)+nuk=—y +
W)+ 27

Co-ordinate of Q(2 + u,Su-2,3 +

300, 00¢
277 27

- - - -
S0. (\!\M\\-a\(h\x)
e e e e ) - e -
(@ ) d-(d. ;)c-(o c)b -(a-d) ¢
= (a-d)c=(b-c)a vA
-~ (0,1)

31. Let r=xa+y (-ﬁ.O)ﬂ'\(f 7.0)
- - \ X
r(r+6)=7

= x’+(y#3)a-16
Area of quadrilateral =87
3. He-axCr-al_, 5
2 ll-sx:l P(p)
2 q
Also, ;*kn q+ky r=0
- - - a
= p:-kl q—kz r=0 Q(Q) R(?)
= kl $k2*1=4
= ky, +ky =3
34. Let length, breadth and heightofrectangularboxbea,b,cmspectively
;‘Gf#Ci A2
Rebj ok S
- (a,0,c) (0,0,0) [(0,b,0
ar b: cp : (98,0
O--—l+§] 'Q'Ek Q
X% (a,0,0)
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36.

37.

38.

39,

Similarly, cos¢ = —-31

N - - - - - -
r=a(mxn)+bmx1)+c(l xm)

-5 > > - - -
where [Imn]=4, r-1=4q, r m—4b, r-n=4c
which imply that

. .a+b+c 1
> 5 - 5 4
r-(l+m+n).

. 1 22— B
The volume tetrahedron is given by k =€[a bcel=[abec]=6k

The volume of parallelepiped is given by

-5 5 > - - -

[a- bb+2c 3a c] [ab+2c3a c]+[—bb+2c3a c]

e e - 5> - e e -»> o5 -

=[ab3a- c]+[a2c3a cl]+[-bb3a- c]+[—b2c3a c]

=[ab—c]+[—b2c3a]=—[ab c]—6[ab c]

>

=-7[ab ¢]
Volume is 42 k.
We know that the equation of the plane passing through the line of intersection of planes
p1 =0and p, =0is
p1 +Apz =0
That is,
(x+2y+2z-10) +A(3x+y-2-5)=0 (D)
Since, this plane passes through the origin (0, 0, 0) satisfies this equation. This implies that
(-10) +A(-5) =0
= A=-2
Substituting the value of A in Eq. (1), we get
(x+2y+2-10)-2(8x+y-2-5)=0
That is, -5x+3z=0
= 5x-3z=0
Let the point P(x prYps% p) be the required point.
The distance of the point from x-axis is [y 2 + 3 2.

The distance from the point (1, - 1,2)1s
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B/ lionof dvanced Prablems in Mathematics for JEE

Yo, D2 +(y, +D2 4(z, -2)°

= Yi+3p =06, =D +(y, + D% +(z, -2)2
= x§—2xp+2yp-4zp+6=0

Therefore, the locus of point P is
x2-2x+2y-4z+6=0

@ Exercise-2 : One or More than One Answer is/are Correct

3. Point P on line L,
P(2 +A,14+7A,-2-5))
Point P on line L, ‘
P(4+r,-3+r,-r) = A=-1, r=-3
Acute angle between L, and L, ;

cos =E
15

Equation of plane containing L, and L, 1sx+2y+32 +2=0
4. a= b+(bxc)

d-b=1and a-é¢=b-¢

|a—-b|=|bxé| = sin0=0 (- 0=b0)

la+b+é>=3+2(a-b+b-é+a-8)=5+4(b-o)

5. If these two lines are coplanar, then —j+pk

A A /
1 -1y : (31 - 2] - 4k)
1 p 2/=0

2 0 5

&
=

L G-+l T 0
= 2u“ -50-1=0

6. {x[(a-)xi1+jx[(a-R xf1+kx(a-H)xkl=0
2a-G+]+0)=0 = @x-D+Qy-1]+@z-1k=0
=>x=y=z=-21-
”. [ng —c)xd exf] (axb) [(CXd)X(CXf)] (de) [(exf)x(axb)]
=(exf)-[(axb)><(c><d)]

=@x D) (exd)fle-1cxd o«
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10.

11.

12.

13.

14.

www.jeebooks.in

s A e T S e I
=lc d flla b el-[c d ella b f]
Similarly, solve other 2.
- - - - - -
3(a-b)+(b-c)+2(c-d)=0
— N
e
BC+2CD=BA
1+2
-
b=2¢+Ad

-
|b|3=4+22 +41(%)=16 = A=-4,3

Ly:x=y=g

Shortest distance = 1

V2

Equation of plane containing line L, and parallel to L,
y-2+1=0

" w 1
Distance of o from this plane = —
nen pane=7

-
= [abcl(sinx+cosy+2)=0

= sinx=-1 and cosy =-1
- - - - e e e T e T > -
(axb)x(cxd)=[(axb)-dlc-(axb-c)d=rc+sd

- 5 - - -5 o - —
where r=[a b clands=-[a b c]las c and d are non-collinear.
- -

— -
d] and k=[a c¢ d]

A -~

c

- a - a - & P A

Here, a=1+2j), p=2i+a +10k and y =121 +20j + ak
1 2 0

- - -
@, P and y are non-coplanar or linearly independent for all a.

Hence, (a, b, ¢) is the correct answer.
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360 Solution of Advanced Problems in Mathematics for JEE

19. Let r=.\'f+)§+sﬁ
Ifrxf=}+12 = ¢yﬁ+s:i=3+f(
= r=xi-j+k
- -~ -~ -~ -~ -~ -~ -~
Ifrxj=i+k = xk-szi=i+k
r=i+yi-k
20. (A) See dot product
(©) y=In(e™? +¢¥)
2

eY —e7? =g

21. (-3 -4),6+31,2)) =(-2 =4, 7 +p,p)

e

W Exercise-3 : Comprehension Type Problems

Paragraph for Question Nos. 1 to 3
1. AB=BC
pv.of H=j+r({-j+k)

_— —

Also, AH - BC =0
= [(r-2)+(1=0j+rkl-(-j +2k) =0

= r-1+2r=0 = r=%
i 2] k
. PV =—t == +—
2. pv.ofH 3+3 :
L, 23 j 2k
==l +=+—
p.v. of centroid 31 stg
-
3(p.v.) of centroid - p.v.of H
pv.ofS= ) S P

1
y coordinate of S = E

3. Let P=(a,b,c)
= (@a-2)2+b%+c2=a?+(b-D%+c

1
= P=(1)Ell)

2_ 2
=a®+b% +(c-2)2 =q2 + b2 4 ¢2

PA =

Nw
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Paragraph for Question Nos. 4 to 6

- - el
4. PQ=(b-a)cosd (where 6 angle between AB and plane) B()

- - -
[(b-a)xn|

-‘ '
Il P Tn=d
; A
5. Equationofline APis r =a+An

- - -
For point P(a +An)-n =d

-
In|?
d - - - -
- -a-‘n - = 5 -
P| a+ A'isa+2 d=n nn
2 22
[n]| [n|
|3—) > - ' I—» - —)l
6. Distance =|BQ - AP|= ‘n—-d_a-n-d_(b-n)n
- - -
| [n| [n| ’ | [n] ’

Paragraph for Question Nos. 7 to 9
7. B(3‘+2}~,—1-3A.,2—7») L
d, of Ly <21, -31+3,1-A> >E<
- A R A
L, is parallel to plane r-(2i + j —k) =5 A NL
: 4L -3 +3-1+A=0
2A=-2 =>A=-1
B(1,2,3)
-> i P A w a A
So, equation of L, is r =(3i =4j + k) +A(i -3j —k)
8. Equation of plane contain L; & L, is

x-3 y+1 z-2
0 3 1 (=0

=1 6 2
Le, (x-3)(6-6)+(y+1D(O0+1)+(z-2)(0+3)=0
y+32—5=0

9. Any point of Ly is(3+2A,-1-31,2-2)
if on plane =, then


http://www.jeebooks.in

www.jeebooks.in

Sol.

Sol.

2(3+2\) +1(-1-30)-1(2-1) =5

2L=2 =>2~=1
Q(S)_4;1)
if on xy plane, then 2-A=0 =>A=2
R(7’—7,0)
3 41
Volume of tetrahedran==-[0A O R]==|5 4 1|==
6 6 7 -7 0 3

Paragraph for Question Nos. 10 to 11
Use crammer rule,
Intersect at a unique point = D #0
Do not have any common point of intersection.
= D =0and atleast any one of D, D, ,D, is non-zero (condition of no solution)

Paragraph for Question Nos. 12 to 14

- - -
laj=|b|=|e|=r

a+ +c
2
PVofE:
3 A(?)
- - -
2> 3a+b +2c¢
e=
6
- I_; -
+c
PVofG g—a+3

2> 5 o
= a-(b-¢)=0
—_ —
OA 1 BC
AABC must be isosceles with base BC.
— —_
| AC|=| AB|
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13.

14.

15.

16.

17.

A R TR S SN - -
3a+b+2¢ a+b+ec a+b -

_— — o
GE'CD=0=> 6 3 s 2 -C |=

e G T ) —F =
= (a-b)-¢=0= AB 10C
ABC must be isosceles with base AB.

Circumcentre and centroid lie on median through C.
Orthocenter also lie on median through C.

—_——— —

[AB AC AB x AC] = (AB AC)2

> o> o o5 o 2,
(axb+bxec+ecxa)

—_——r — - 2 o5 - .
[AE AG AE xAG] = (AExAG)’- {1 (axb+bxc+cxa)}
—_— —
=L(AnxAC)2
324

Paragraph for Question Nos. 15 to 16

D(3,-1,2) AB lies along (0, 1,2)
CD lies along (3, -2,0)
Equation of plane containing AB line
x-1 y-1 z-1
0 1 2 [=2(x-D+2(y-D-(z-D=0
2 -2 0
ContainingCDHne2(x—1)+2(yf1)—(z—2)=0
r=(3,-1,2)+d(1,0,0)
Equation of ABC plane is x = 1.
Paragraph for Question Nos. 17 to 18
- -
r| 2P 2b and Q 3b+2a
5
\
[t oy 5
MELLLY P
S
B+l a1
> M _ A 3p 2 10

=—_and = =—
S(u+1) A+1 S5(u+1) 5(;ns1):”1 9
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— —| 12 =2
18. Ar(AOPA)—— OP x OA =§- -—9(3b+2a)xa:|-—(bxa)
_ — — — = = - b
Ar(PQBR)——’ 0Q x OB — OP x R‘=% 3"‘;2‘ xb-—(3b+2a)x—

s x-1 +2 4 2 et 1
1. (A) Line =7 =il is along the vector a=-2i+3j-k and line

N 4

% b d
j+k. Herea Lb.

2 ~

—)
r=Gi-j+k+td +j+k)is along the vector b =1+

3-1 -1-(-2) 1-0
Also, -2 3 -1 |#0
1 1 1
(B) The direction ratios of the linex — y +3z -4=0=2x+ y -3z +5=0 are
i ] k
1 -1 2|=i+7]+3k
2 1 3

Hence, the give two lines are parallel.
(C) The given lines are

(x=t—3,y=2t+1,z=—3t—2)and-;=(t+1){+(2t+3)J°+(—t—9)l€,
x+3___y—1___z+23ndx—1=y—3=z+9
1 -2 -3 1 2 -1
The lines are perpendicular as (1) (1) +(-2)(2) + (-3)(-1) =0
-3-1 1-3 -2-(-9)
Also, i -2 -3 |=0

or

Hence, the lines are intersecting.
_’ oy 3 r :‘ 1 » _> fal ~ A~
(D) The givenlinesare r =(1 +3j —k) +t(2i - j -k)and r =(~{ -2 +58) +s(f-—2f+312).
4
1-(-1) 3-(-2) -1-5
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CTVE o o 2 ™Y ey - — nany B - — -
‘ i e d : ‘ %
3 - e 3 o2 s
r v

Hence, the lines are coplanar and hence intersecting (as the lines are not parallel).

- - — e e T B T - 5 5
2. (A) If a, b and c are mutually perpendicular, then[ax b bx ¢ cxal=[a b c]?

- 5 -
=(lallbl|c? =16

- - - -
(B) Given a and b are two unit vectors, i.e.,| a| =| b| = 1and angle between them is g

- -I-; \/_

- - - -
sm6=masin£=|axb|; 32 fax B
- - 2

| al| b|

- =5 5 5 o i > 5 > S5-
Now[a b+axb bl=[a bbl+[aaxbbl=0+[aaxb ]

> 5 5 5 o ol g 3
=(axb)-(bxa)=—|axb|*=-=

- - - >
(C) If b and c are orthogonal, b- ¢ =0

s s . - - -
Also, it is given that bx ¢ = a

- -5 o

- - - o
Now[a+b+¢ a+b b+c

1=

(because a is a unit vector)
- 5 -5
D) [x y al=0

- > -
Therefore, x, y and a are coplanar.

- 5

[x,y b1=0

- > -
Therefore, x, y and b are coplanar.

-5

Also, [abc]=0

- - -
Therefore, a, b and ¢ are coplanar.

From (i), (ii) and (iii)
- - - - o5
X,y and c are coplanar, Therefore, [x, y ¢]=0
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366
@ Exercise-5 : Subjective Type Problems , *) ... 74

1. Line L is the shortest distance line of given lines.
2. (@ b &=[bx¢ &xa axbl=[a b &2

~

= [@ b &=1
Projectionofl;+éon&x5=(b+c)'(?Xb)=[a bAC]
|@x b| |@xb|
1
3. Letl=m=n=—
V2
—> g, —>2 3.5 s A0 e e T
4. OC =a“(a+ b)*+B*(ax b)? +2apla-(ax b)+ b-(ax b)]
2
= 1=a2(1+1+2-1-1%)+32-14[?} +0 -.(1)
—_ s — — P
Also, OB - OC =| OB|| OCIcos§
= ot-l-l-l+ot~1=l e ..(2)
2 2 3

> - [0 -1/2]>
— — V
v [1/2 o |'°
- - [0 _1/2]3—)
V3-va= vo

Adding all the equations,

- —
—v’n—vo=(A+A2+A3+ ...... A" vo

0 —1/2] =
=

A=
where [1 /2 0
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3 3 9 27
(I+ﬁJB=A
3

B=§1(3I+A)'1A

1
7. detM, = ( L ) ] .
k=0

2k+D! (2k+2)!) 11 @2n+2)!

- -
8. la+b|=+3
= Squaring both sides

. - -5 - -
r=(axb)sinx+(bx c)ecosy+2(cxa)
T
a=[bc alcosy
b

i =2
*0=2[c ab]

= >
*¢=sinx[a b c]
= sinx+cosy+2=o

R e R I


http://www.jeebooks.in

www.jeebooks.in

Soluition of Advanced Problems in Mathematics for JEE

10. New equation of plane : 4x + 7y + 4z + 81+ A (5x + 3y + 10z —25) =0
(4+50M)4+(7+30)7+(4+100)4=0

= A=-1
= Equation of plane : x -4y + 62 —-106 =0
distance=ﬁ= 212
V53
- o5 o
18. oxpu=v

QaQ
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